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Abstract

In this paper, the concepts of pairwise fuzzy Baire bitopological spaces are
introduced and characterizations of pairwise fuzzy Baire bitopological spaces
are studied. Several exzamples are given to illustrate the concepts introduced in
this paper.
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1 Introduction

The concepts of fuzzy sets and fuzzy set operations were first introduced by
L.A.Zadeh in his classical paper [14] in the year 1965. Thereafter the paper of
C.L.Chang [4] in 1968 paved the way for the subsequent tremendous growth
of the numerous fuzzy topological concepts. Since then much attention has
been paid to generalize the basic concepts of general topology in fuzzy setting
and thus a modern theory of fuzzy topology has been developed. In recent
years, fuzzy topology has been found to be very useful in solving many prac-
tical problems. Shihong Du et.al [8] are currently working to fuzzify the very
successful 9 - intersection Egenhofer model for depicting topological relations
in Geographic Information Systems (GIS) query. Tang [9] has used a slightly
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changed version of Chang’s fuzzy topological spaces to model spatial objects
for GIS databases and Structured Query Language (SQL) for GIS. In 1989,
Kandil [7] introduced the concept of fuzzy bitopological spaces. The concepts
of Baire spaces in fuzzy setting was introduced and studied by G.Thangaraj
and S.Anjalmose in [12]. The concepts of Baire bitopological spaces have been
studied extensively in classical topology in [1], [2], [5] and [6]. In this paper
the concepts of pairwise fuzzy Baire bitopological spaces are introduced and
several characterizations of pairwise fuzzy Baire bitopological spaces are stud-
ied. Several examples are given to illustrate the concepts introduced in this

paper.

2 Preliminaries

Now we introduce some basic notions and results used in the sequel. In this
work by (X,T) or simply by X, we will denote a fuzzy topological space due
to Chang, (1968). By a fuzzy bitopological space Kandil, (1989) we mean
an ordered triple (X, T3, T,) where T and T; are fuzzy topologies on the non-
empty set X. The complement " of a fuzzy set \ is defined by A (z) = 1—A(x)
for z € X.

Definition 2.1 Let A and p be any two fuzzy sets in (X, T). Then we define
AV X —0,1] as follows : (AV p)(x) = Max{\(x),u(x)}. Also we define
AN X —[0,1] as follows : (A A p)(x) = Min{\(z), u(z)}.

Definition 2.2 Let (X,T) be a fuzzy topological space and \ be any fuzzy
set in (X,T). We define int(A\) = V{u/p < A\,p € T} and cl(N) = AM{p/A <
p,l —peT}.

For any fuzzy set A in a fuzzy topological space (X, T), it is easy to see
that 1 — cl(A) = int(1 — X) and 1 —int(\) = cl(1 — N)[3].

Definition 2.3 [10] A fuzzy set X in a fuzzy topological space (X,T) is
called fuzzy dense if there exists no fuzzy closed set p in (X,T) such that
A< pu<l.

Definition 2.4 [13] A fuzzy set X in a fuzzy bitopological space (X, T, T3)
is called a pairwise fuzzy dense set if cly cly, (N) = clp,clr (X)) = 1.

Definition 2.5 [10] A fuzzy set \ in a fuzzy topological space (X, T) is
called fuzzy mowhere dense if there exists no non - zero fuzzy open set p in
(X,T) such that p < cl(X). That is, intcl(N\) = 0.
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Definition 2.6 [11] A fuzzy topological space (X, T) is called a fuzzy open
hereditarily irresolvable space if intcl(X) # 0, then int(X) # 0 for any non-zero
fuzzy set X in (X, T).

Definition 2.7 [13] A fuzzy bitopological space (X, T1,Ts) is called a pair-
wise fuzzy open hereditarily irresolvable space if intr,cly, (N) # 0, for any
T —fuzzy open set X\ in (X, Ty, Ty) implies that int,(X) # 0 and inty clr, (1) #
0 for any To—fuzzy open set p in (X, Ty, Ty) implies that intr (u) # 0.

3 Pairwise Fuzzy Nowhere Dense Sets
Motivated by the classical concept introduced in [6] we shall now define :

Definition 3.1 A fuzzy set A in a fuzzy bitopological space (X,Ty,T3) is
called a pairwise fuzzy nowhere dense set if inty, cly, (X) = intr,cly, (N) = 0.

Example 3.1 Let X = {a,b,c}. The fuzzy sets A, p and v are defined on
X as follows :

A: X — [0,1] is defined as A(a) = 0.5
p: X —[0,1] is defined as p(a) = 0.6
v:X —[0,1] is defined as v(a) = 0.4

Clearly T = {0,\,1} and T, = {0,pu,1} are fuzzy topologies on X and by
easy computations, clp,(v) = 1 —p ; cp(v) = 1 =X intr, (1 —p) = 0
intr,(1 — A) = 0. Then intpclr,(v) = intr,cly, (v) = 0 and hence v is a
pairwise fuzzy nowhere dense set in (X, T}, T3).

Remarks: The complement of a pairwise fuzzy nowhere dense set in a
fuzzy bitopological space need not be a pairwise fuzzy nowhere dense set. For,
consider the above example 3.1. By easy computations, we have intr, clr, (1 —
v) =1+# 0 and intp,cly, (1 —v) =1 # 0. Hence 1 — v is not a pairwise fuzzy
nowhere dense set in (X, 77,75,), whereas v is a pairwise fuzzy nowhere dense
set in (X, T, T5).

Proposition 3.1 If A is a fuzzy T,—closed set with intr,(A\) =0, (i=1,2),
in a fuzzy bitopological space (X, Ty, T3) , then X is a pairwise fuzzy nowhere
dense set in (X, T1,Ts).

Proof. Let A be a fuzzy T;—closed set in (X,77,75), (i = 1,2) . Then
clr,(A) = X and clp,(A) = A. Also we have intr, (\) = 0 and intp,(A) = 0.
Then intr, (clr,(A)) = 0 and intr,(cly, (A)) = 0 implies that intp,clr,(N) =
intr,cly, (A) = 0. Therefore A is a pairwise fuzzy nowhere dense set in (X, 71, T3).
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Proposition 3.2 If A\ is a pairwise fuzzy nowhere dense set in a fuzzy
bitopological space (X,T1,T3), then inty,(A) =0, (i=1,2).

Proof. Let A be a pairwise fuzzy nowhere dense set in (X, T}, 73). Then we
have intr, cly,(X) = intp,clr, (A) = 0. Now A < clp, (A\) implies that intr, (A) <
intg,cly,(A). Then inty, (A\) = 0. Also A < clr, (N) implies that intr,(A) <
intr,cly, (A). Then intr,(\) = 0.

Proposition 3.3 If A\ is a pairwise fuzzy nowhere dense set in a fuzzy
bitopological space (X,T1,T3), then 1 — X\ is a pairwise fuzzy dense set in
<X7 T17T2)'

Proof. Let A be a pairwise fuzzy nowhere dense set in (X, T}, T3). Then we
have inty, clp, (X) = intp,cly (A) = 0. Now 1 —intqclp,(A) =1 —0=1. Then
clr, (1 —clr, (X)) = 1, which implies that clyintr, (1—X) = 1. But clpintp, (1 —
A) < clpclr,(1 —X). Hence 1 < clpclp, (1 — X). That is, clpclr, (1 — A) = 1.
Also 1 —intpelp (A) =1 — 0 = 1. Then we have clp, (1 — clr, (X)) = 1, which
implies that clrinty, (1 — ) = 1. But cpintp (1 — A) < cpelr (1 — N).
Hence 1 < clpelp (1 — N). That is, clpcly (1 — X) = 1. Hence we have
clr,clr, (1 —X) = clp,cly, (1 —X) = 1. Therefore, 1 — X is a pairwise fuzzy dense
set in (X, 71, T3).

Remarks: If \ is a pairwise fuzzy dense set in (X,7},73) , then 1 — A
need not be a pairwise fuzzy nowhere dense set in (X, 7},73). For, consider
the following example:

Example 3.2 Let X = {a,b,c¢}. The fuzzy sets \; : X — [0,1], (i =
1,2,3) and p; : X — [0,1], (5 =1,2,3) are defined as follows :

— [0,1] is defined as Aj(a) = 0.2; A(b) =0.3; Ai(c) =04.
—> [0,1] is defined as Aa(a) = 0.5; Aa(b) = 0.4; A2(c) =0.7.
[0 1] is defined as A3(a) = 0.4; A3(b) = 0.5; A3(c) = 0.6.

— [0, 1] is defined as pi(a) = 0.4; ui(b) =0; pi(c) =0

1 c .
,u — [0,1] is defined as ps(a) = 0.7; pa(b) = 0.2; pa(c) =0.
w3 : X — [0,1] is defined as ps(a) = 0.5; ps(b) =0; ps(c) =0.3.

Clearly T7 = {0, A1, Ao, 1} and Ty = {0, g, o, 1} are fuzzy topologies on X.
By easy computations, clr,cly, (1 — A1) = ¢l (1) = 1 and clpelp (1 — A\y) =
clr,(1—X1) = 1 and therefore 1 — \; is a pairwise fuzzy dense set in (X, 71, T3).
Also we have inty clp, (A1) = intp (1 — pa) = A # 0 and intpcly (M) =
intT2(1 — /\1) = U2 7é 0. That iS, mtTlclTZ()\l) 7& 0 and intTQClTl()\l) 7£ 0.
Hence \; is not a pairwise fuzzy nowhere dense set in (X, 7}, T5).

Proposition 3.4 If A is a Th—fuzzy open, T1—fuzzy dense and a T1—fuzzy
open, To—fuzzy dense set in a fuzzy bitopological space (X,Ty,T5), then 1 — X
is a pairwise fuzzy nowhere dense set in (X,T1,T5).
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Proof. Let A be a Ty—fuzzy open, T} —fuzzy dense in (X,77,7T5). Then
1 — X is a Ty—fuzzy closed set and clr, (\) = 1. Hence clr,(1 —A) =1 — X and
1 — ¢l (A) = 0 which implies that clr,(1 — A) =1 — X and int, (1 — X) = 0.
Therefore intr cly, (1 — A) = 0. Also X is a Ty —fuzzy open, To—fuzzy dense
set in (X, Ty, Ty) implies that 1 — X is a Ty —fuzzy closed set and clz,(A) = 1.
Hence we have clp, (1 —A) =1 — X and 1 — clp,(A) = 0. Then clp, (1 — \) =
1 — X and intg, (1 — A) = 0 implies that intg,clp (1 — A) = 0. Hence we have
intr,cly, (1 — X\) = intrycly, (1 — X) = 0. Therefore 1 — X is a pairwise fuzzy
nowhere dense set in (X, 77, 73).

Proposition 3.5 If X is a To—fuzzy open, Ti—fuzzy dense and a T1— fuzzy
open, To—fuzzy dense set in a fuzzy bitopological space (X, Ty, Tz) and if p <
(1 =), then p is a pairwise fuzzy nowhere dense set in (X, Ty, T3).

Proof. Since A is a Ty—fuzzy open, T1—fuzzy dense and a T7—fuzzy open,
Ty—fuzzy dense set in a fuzzy bitopological space (X, T1,T5), by Proposition
3.4, 1 — X is a pairwise fuzzy nowhere dense set in (X, 77,75). Then we have
intrcly,(1 — X) = 0 and intrcly (1 — A) = 0. Now p < (1 — A)implies
that intr, cly, (1) < intpclr, (1 — X) and intr,cly, (@) < intpclp, (1 — X). Hence
inty,clr,(p) < 0 and intg,cly, (1) < 0. That is, inty, cly, (@) = intp,cly (1) = 0.
Therefore p is a pairwise fuzzy nowhere dense set in (X, T}, 73).

Theorem 3.1 [13] If the fuzzy bitopological space (X, Ty, T3) is a pairwise
fuzzy open hereditarily irresolvable bitopological space and if inty,(A\) = 0 for
a Ty —fuzzy open set X in (X, T1,T3) and inty, () = 0 for a To—fuzzy open set
woin (X, Ty, Ty), then intp,cly, (A) = 0 and intp cly,(u) = 0.

Proposition 3.6 If\isaT; (i = 1,2) fuzzy closed and a T; (i = 1,2) fuzzy
dense set in a fuzzy open hereditarily irresolvable bitopological space (X, Ty, T3),
then 1 — X is a pairwise fuzzy nowhere dense set in (X, Ty, Ts).

Proof. LetA be a T; (i = 1,2) fuzzy closed and a T; (i = 1,2) fuzzy dense
set in (X,7T1,T,). Then 1 — X is a T; (i = 1,2) fuzzy open set in (X, Ty, Ts)
and clpy, (A\) =1, clp,(A) = 1. Now 1 —¢lp, (A\) =0, 1 — ¢lp,(A) = 0 implies that
intr, (1 —X) = 0, intr,(1 — A) = 0. Since (X,T1,T3) is an open hereditarily
irresolvable space, intr,(1 — X) = 0, where 1 — X\ is a T} fuzzy open set in
(X, Ty, T3) and inty, (1—X) = 0, where 1—\ is a Ty fuzzy open set in (X, 71, T3),
implies that intr,cly, (1 — A) = 0 and intrcly, (1 — ) = 0. Hence 1 — X\ is a
pairwise fuzzy nowhere dense set in (X, 77, 75).

Remarks: If A and p are pairwise fuzzy nowhere dense sets in (X, T3, 1),
then AV p need not be a pairwise fuzzy nowhere dense set in (X, T}, T3). For,
consider the following example :
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Example 3.3 Let X = {a,b,c}. The fuzzy sets \; : X — [0,1], (i =1,2,3)
and p; : X —[0,1], (j =1,2,3) are defined as follows :

A1 2 X — [0,1] is defined as A\(a) = 0.5 (b) =0.7; Ai(c) =0.6.
Ay 0 X — [0, 1] is defined as Ag(a) = 0.4 )\Q(b) =0.6; Aa(c) =0.5.
A3 1 X — [0,1] is defined as A3(a) = 0.6; A3(b) = 0.5; A3(c) = 0.4.
p1: X — [0,1] is defined as pi(a) = 0.8; u1(b) =0.5; ui(c) =0.7
pe » X — [0,1] is defined as ps(a) = 0.6 ,ug(b) =0.9; p2(c) =04
ps : X — [0,1] is defined as pg(a) = 0.4 (b) =0.7; pus(c) =0.8

Clearly T1 = {O, )\1, )\2, )\3, )\1 V )\3, )\2 V )\37 )\1 AN )\3, )\2 N )\3, )\2 V (/\1 A )\3), ()\1 \%
A2V A3), 1} and Ty = {0, pun, po, fra, in V pia, pa V s, iV iz, fin A i, pa A s, fia A
frzs i1V (o A ag), o A (pa V s )s oV (pa A ), e A (V) sV (fn A o) s A
(1 V p2), (11 V pe V ps), 1} are fuzzy topologies on X.

Now consider the following fuzzy sets a: X — [0, 1] and 5 : X — [0, 1] defined
on X.

a: X —[0,1] is defined as a(a) = 0.6; «(b) =0.3; a(c) =0.4.
B : X —[0,1] is defined as f(a) = 0.4; B(b) =0.3; B(c) = 0.6.

By easy computations,intr, cly, (o) = intp [1—(u2Aps)] = 0 and intp,cly (o) =
intr,(1 — Xy) = 0. Also intr,clr,(8) = intp[1 — (u2 A (111 V ps))] = 0 and
intr,cly, (B) = intr,(1 — A3) = 0. Hence o and [ are pairwise fuzzy nowhere
dense sets in (X, 11, T3). But intr,cly, (aVB) = intr,[1—(AaAX3)] = A # 0,
eventhough intr, clr, (V) = 0. Therefore aV/ 3 is not a pairwise fuzzy nowhere
dense set in (X, Ty, T5).

Definition 3.2 Let (X, T, Ts) be a fuzzy bitopological space. A fuzzy set
in (X, Th,Ts) is called a pairwise fuzzy first category set if A = Vo2, (\,), where
An s are pairwise fuzzy nowhere dense sets in (X, Ty, T). Any other fuzzy set
in (X,T1,Ty) is said to be a pairwise fuzzy second category set in (X, Ty, T5).

Definition 3.3 If )\ is a pairwise fuzzy first category set in a fuzzy bitopo-
logical space (X,T1,T3), then the fuzzy set 1 — X is called a pairwise fuzzy
residual set in (X, Ty, Ts).

Definition 3.4 A fuzzy bitopological space(X, T, Ts) is called pairwise fuzzy
first category if the fuzzy set 1x is a pairwise fuzzy first category set in (X, Ty, Ts).
That is, 1x = V2, (\,), where \,’s are pairwise fuzzy nowhere dense sets in
(X,T1,T,). Otherwise, (X,T1,Ty) will be called a pairwise fuzzy second cate-
gory space.

Proposition 3.7 If \ is a pairwise fuzzy first category set in (X,T1,T5),
then 1 — X = A0 (1) , where clr, (1) =1, (i =1,2).
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Proof. Let A be a pairwise fuzzy first category set in (X, 77,75). Then
we have A = V22, (\,), where \,’s are pairwise fuzzy nowhere dense sets in
(X,T1,T). Now 1 = A =1—-V,(\,) =A%, (1 —\,). Since A, is a pairwise
fuzzy nowhere dense set in (X,7T7,75), by Proposition 3.3, we have 1 — )\,
is a pairwise fuzzy dense set in (X,77,75). Let us put p, = 1 — A,. Then
L= X =A% (1n), where clr,(u,) =1, (i=1,2).

4 Pairwise Fuzzy Baire Bitopological Spaces
Motivated by the classical concept introduced in [2] we shall now define :

Definition 4.1 A fuzzy bitopological space (X,Ty,T5) is called a pairwise
fuzzy Baire if int7, (V22 (\,)) = 0, (i = 1,2), where \,,’s are pairwise fuzzy
nowhere dense sets in (X, Ty, Ts).

Example 4.1 Let X = {a,b,c}. The fuzzy sets A, u and v are defined on
X as follows :

A X — [0,1] is defined as A(a) = 0.5; A(b) =0.7; A(c) =0.6
p: X —[0,1] is defined as p(a) = 0.4; p(b) =0.6; p(c) =0.5
v: X —[0,1] is defined as v(a) = 0.6; v(b) =0.5; v(c)=0.4

Clearly Ty = {0, \, i, v, \V v, u VU, XAV, u AV AN (pV v), AV Vi, 1} and
Ty = {0, A\, i, 1} are fuzzy topologies on X. By easy computations, we have
cr,(1=X) =1=\cpr(1—p) = 1—p, clp,[1—(AVv)] = 1=\, cpn,[1—(uVrv)] =
L—p, cp[l—AA (V)] =1—pu, intr,(1 —X) =0, intr,(1 — p) = 0,
intp,[1 = (AV )] =0, intp[l —(uV )] =0, intr,[1 — (AA (e V)] =0. Also
inty, (1—=X) =0, intr, (1 —p) =0, intp, [1 — (AV )] =0, inty [1 — (uV )] =0,
intp[1 — (AN (pVv)] =0and cpn(v) =1—(uAv), dr(pAv) =1—v,
A AANv)=1—AAv),cdp[l—AVy))=1—-AVry),dnll —(pVv) =
L—(pVu),cdrnl=XN)=1=X\Ncdcdn(1—p =1—p, cp(l-—v)=1-v,
cr[1—AAN(pVr))] =1—AA(pVr)). Now 1=\, 1—p, 1—(AVv), 1—(uVr)
and 1 — [A A (u V v)] are pairwise fuzzy nowhere dense sets in (X, 77, 73) and
intp, {(1=AN)V({A—-p)V[I=AVr)|V[l=(uV)|V[I=AA(pVr))]} =0and
intr,{(1=A) V{0 —=p)VII—=AVV)|V[l—=(uVV)|V[l—=AA(VV))]}=0.
Hence the fuzzy bitopological space (X, T}, T») is a pairwise fuzzy Baire space.

Example 4.2 Let X = {a,b,c}. The fuzzy sets \; : X — [0,1], (i =1,2,3)
and pj: X = [0,1], (5 =1,2,3) are defined as follows :

A1 : X — [0, 1] is defined as A;(a)
Ay X — [0,1] is defined as Ag(a)
Az : X — [0, 1] is defined as A3(a)

5, )\1(6) = 07, )\1(0) = 0.6.

I
S oo
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p1 2 X —[0,1] is defined as pi(a) = 0.8; p1(b) = 0.5; pi(c) =0.7.
pe : X — [0,1] is defined as po(a) = 0.6; po(b) = 0.9; pa(c) = 0.4.
ps : X — [0,1] is defined as pg(a) = 0.4; pz(b) = 0.7; ps(c) =0.8.

Clearly T1 = {0, /\17 /\27 /\37 /\1 \/)\3, )\2\/A37 /\1 /\)\3, )\2/\)\3, )\2\/()\1/\>\3), )\1 \//\2\/
A3, 1} and Ty = {0, gy, pro, p3, i1V o, i1V s, piaV s, pn Afig, iy Az, o Az, piyV

(2 A pz), i A (2 V ps), g V (i A s ), o A (Vs ), ps V (pn A ), s A (pa vV
fa), (1 V po V pg), 1} are fuzzy topologies on X. Now consider the following

fuzzy sets a: X — [0,1] and 8 : X — [0, 1] defined on X.

[
a: X —[0,1] is defined as a(a) = 0.6; «(b) =0.3; a(c) =0.4.
f: X —[0,1] is defined as f(a) = 0.4; B(b) =0.3; B(c) = 0.6.

Now a, 8, 1—=\y, 1—p1, 1—p3, 1—(p1 Vo) are pairwise fuzzy nowhere dense sets
in (X,T1,Ty). Butintr, {aVEV(1=A)V(1—p)V(1—pus)V(1—(u1Vu))} # 0,
(Z = 1, 2), since i?’LtTl{Oz\/ﬁ\/(l—>\1)\/(1—[L1)\/(1—[L3)\/(1—([L1\/M2))} = )\3 7& 0
and intr,{aV AV (1 —=A)V (1 —pu) V(1 —p3) V(1= (1 V)t = p Apg #0.
Hence (X, T7,T5) is not a pairwise fuzzy Baire bitopological space.

Proposition 4.1 Let (X,T1,T3) be a fuzzy bitopological space. Then the
following are equivalent :

(1). (X,T,Ts) is a pairwise fuzzy Baire space.

(2). intr,(A\) =0, (i =1,2), for every pairwise fuzzy first category set A in
(X, T4, Ty).

(3). cp(p) = 1, (i = 1,2), for every pairwise fuzzy residual set p in
(X, T, T3).

Proof. (1) = (2) Let A be a pairwise fuzzy first category set in (X, 71, T3).
Then A\ = Vo2 ,(A\,), where \,’s are pairwise fuzzy nowhere dense sets in
(X, T1,T3). Now intr,(N) = intr, (Vo1 (A\,)) =0, (i = 1,2), [since (X, T, Ts)
is a pairwise fuzzy Baire space]. Therefore intr,(\) = 0, where \,,’s are pair-
wise fuzzy nowhere dense sets in (X, T3, T5).

(2) = (3) Let u be a pairwise fuzzy residual set in (X, 7},75). Then 1 —p is a
pairwise fuzzy first category set in (X, 77, T5). By hypothesis, intr, (1—pu) = 0,
(1 =1,2), which implies that 1 — ¢l () = 0. Hence clr, (u) =1, (i =1,2).
(3) = (1) Let A be a pairwise fuzzy first category set in (X,7},73). Then
A=V, (\,), where \,,’s are pairwise fuzzy nowhere dense sets in (X, 71, 73).
Now ) is a pairwise fuzzy first category set in (X, 77, T,) implies that 1 — X is a
pairwise fuzzy residual set in (X, 77, T3). By hypothesis, we have clr, (1—X) = 1,
(i = 1,2), which implies that 1 — inty,(A) =0, (i = 1,2). Then intz,(\) = 1.
That is, inty, (Vo2 (N,)) = 0, where \,’s are pairwise fuzzy nowhere dense
sets in (X, T1,T3). Hence the fuzzy bitopological space (X, Ty, T5) is a pairwise
fuzzy Baire space.
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Proposition 4.2 If the fuzzy bitopological space (X,T1,1T3) is a pairwise
fuzzy Baire space, then (X,T1,Ts) is a pairwise fuzzy second category space.

Proof. Let (X Ti1,Ts) be a pairwise fuzzy Baire bitopological space. Then
we have intr, (V22 (A,)) =0, (i =1,2), where \,’s are pairwise fuzzy nowhere
dense sets in (X,T1,75). Now we claim that Vi, (\,) # 1x, (i = 1,2).
Suppose that Vo2, (\,) = 1x. Then intr, (Vo2 (A\,)) = intlx = 1x, (i =1,2),
which implies that 0 = 1, a contradiction. Hence we must have Vo2 ,(\,) # 1x.
Therefore the fuzzy bitopological space (X,T7,T5) is a pairwise fuzzy second
category space.

Remarks: The converse of the above Proposition need not be true. A
pairwise fuzzy second category space need not be a pairwise fuzzy Baire space.
For, in example 4.2, o, 5, 1— Ay, 1—pq, 1 — 3 and 1— (g V o) are pairwise fuzzy
nowhere dense sets in (X, 77, T5) and {aVEV(1—=X)V(1—pu)V(1—pus)Vv(1—
(1 V o))} = A3 # 1x. Hence (X, Ty, T5) is a pairwise fuzzy second category
space. But (X, T3,T5) is not a pairwise fuzzy Baire bitopological space, since
intTl{oz\/ﬁ\/ (]. — )\1) V (]_ — Ml) vV (1 —,LL3> V (1 — (,Uq \/ILLQ))} = /\3 7é 0 and also
int,{aV BV (1= A1)V (1= ) V(1= p3) V(1= (1 Vpe))t = p Ape #0.

Proposition 4.3 If intr, (V32 (A\n)) =0, (i = 1,2), where intr,(\,) =0
and 1 — N\, € T;, (i =1,2), then the fuzzy bitopological space (X,T1,T3) is a
pairwise fuzzy Baire space.

Proof. Now 1-\, € T;, (i=1,2 and n > 1), implies that intr, (1—\,)
1—M\,. Then 1—clr,(\,) = 1=\, and hence clr,(\,) = A, (1=1,2 and n
1). Now intr, (A,) = 0 and clr,(\,) = A, implies that intr, (clz, (A )) (i
1,2 and n > 1). In particular, inty, (clr,(A,)) = 0 and intg, (clpy (A, )) =0,
for n > 1. Hence A,’s are pairwise fuzzy nowhere dense sets in (X, T}, 7T3).
Therefore we have int7, (Ve ,(A,)) =0, n > 1 where \,’s are pairwise fuzzy
nowhere dense sets in (X, 77,T5). Hence (X,T7,T5) is a pairwise fuzzy Baire
space.

|| vVl

Proposition 4.4 If clr, (A2, (M) = 1, (i = 1,2) where \,’s, (i = 1,2),
are T;—fuzzy dense and T;— fuzzy open sets in (X, Ty, T3), then (X,T1,Ts) is a
pairwise fuzzy Baire space.

Proof. Let \,’s, (i = 1,2 and n > 1), be T;—fuzzy dense and T;—fuzzy
open sets in (X, 71, T3). Now clr, (A, (\,)) = 1 implies that 1—cly, (A2, (\,)) =
0, for (z = 1,2). Then we have intr, (1 — A%, (N\,)) =0, (i = 1,2) and hence
mtT( (1 =X,)) = 0. = (1). Since \,’s are T;—fuzzy dense sets in
(X, Tl,T2), cr,(A\,) =1, (i=1,2 and n>1). Then 1 — cly,(A\,) = 0, which
implies that inty,(1—\,) =0and A\, =1—(1—-X\,) €T}, (i =1,2 and n > 1).
Hence from (1), by Proposition 4.3, we have (X, T}, T3) is a pairwise fuzzy Baire
space.



On Pairwise Fuzzy Baire Bitopological Spaces 21

References

1]

2]

[10]

[11]

[12]

[13]

[14]

C. Alegre, J. Ferrer and V. Gregori, On pairwise Baire bitopological
spaces, Publ. Math. Debrecen, 55(1999), 3-15.

C. Alegre, Valencia, J. Ferrer, Burjassot and V. Gregori, On a class of
real normed lattices, Czech. Math. J., 48(123) (1998), 785-792.

K.K. Azad, On fuzzy semi continuity, fuzzy almost continuity and fuzzy
weakly continuity, J. Math. Anal. Appl., 82(1981), 14-32.

C.L. Chang, Fuzzy topological spaces, J. Math. Anal. Appl., 24(1968),
182-190.

B.P. Dvalishvili, On various classes of bitopological spaces, Georgian
Math. J., 19(2012), 449-472.

B.P. Dvalishvili, Bitopology and the Baire category theorem, Abstr. Tartu
Conf. Problems of Pure Appl. Math., (1990), 90-93.

A. Kandil, Biproximities and fuzzy bitopological spaces, Simon Stevin,

63(1989), 45-66.

S. Du, Q. Qin, Q. Wang and B. Li, Fuzzy description of topological re-
lation I: A unified fuzzy 9-intersection model, Proc.of I Inter. Conf. on
Advances in Natural Computation, Lecture Notes in Comp. Sci., 3612(Au-
gust) (2005), 1261-1273, Changsha, China.

X. Tang, Spatial object modeling in fuzzy topological spaces with appli-
cations to land cover change in China, Ph.D. Dissertation, University of
Twente, Enschede, The Netherlands, ITC Dissertation No.108, (2004).

G. Thangaraj and G. Balasubramanian, On somewhat fuzzy continuous
functions, J. Fuzzy Math., 11(2) (2003), 725-736.

G. Thangaraj and G. Balasubramanian, On fuzzy resolvable and fuzzy
irresolvable spaces, Fuzzy Sets, Rough Sets and Multivalued Operations
and Applications, 1(2) (2009), 173-180.

G. Thangaraj and S. Anjalmose, On fuzzy Baire spaces, J. Fuzzy Math.,
21(3) (2013), 667-676.

G. Thangaraj, On pairwise fuzzy resolvable and fuzzy irresolvable spaces,

Bull. Cal. Math. Soc., 102(1) (2010), 59-68.
L.A. Zadeh, Fuzzy sets, Information and Control, 8(1965), 338-353.



