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Abstract

By making use of a linear differential operator, we give some applications
of the new families of analytic functions on the same space associated with
quasi-Hadamard product in the unit disk U.
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1 Introduction

Let H be the class of functions analytic in Y = {z € C : |z| < 1} and Hla,n|
be the subclass of H consisting of functions of the form f(z) = a + a,2" +
Any12" T+ an 402" 2+ ... Let A, C Hla,n] denote the class of all functions of
the form f(z) =27 + 32 a2, pe N={1,2,..}.

Let A denote the class of functions of the form f(z) = z + a2? + az2® + ...
or f(z) =z+ Y ", a,z" which are analytic in the open unit disk & = {z €
C : |z] < 1} normalized by f(0) = f'(0) — 1 =0.

For functions f(z) = z+> o, a,z" and g(z) = z+> -, b,z" the Hadamard
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product (or convolution) f % g is defined by

(f*xg)(z)=z+ Zanbnz".

see [7], for f € A, we define the operator as follows:

0,(8,7)f(2) = f(2);

(p(v+ 1)+ B)0,(8,7)f(2) = Bf(2) + p(y + 1>(Zf;9(2)

);

O (B, f(z) = DO 1(B,7)).

This gives rise to

Op (3. Se) = 2+ ST I st 8y 2 0p e (1)

which was given for k£ = p+1 in [4]. This operator generalize certain differential
operators which already exist in literature as under.

o f=)\7=0weget ©F(m,\0) of Aghalary et al. differential operator

[1].

e 3 =X\~ =0and p =1 we get Cho-Kim [2] and Cho-Srivastava [3]
differential operator.

e 3 =1,7v=0and p = 1 we get Uralegaddi and Somanatha differential
operator [9].

e 3=0,7v=0and p=1 we get Salagean differential operator [6].

e f=1[1~v=0and p=1 we get Kumar et al. differential operator [5] and
Srivastava et al. differential operator [8].

Note that

(v + 1)2(67"(B.1)f(2)) = (p(y + 1) + B)O; (B, 7) f(2) — BOL(B,7) f ().

Throughout this paper, we consider the functions of the form as follow

f(z)=a1z+ Z%Z", (a1 > 0,a, >0), (2)
n=2
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fi(z) = a2 + Z niz", (a1,; > 0,an; > 0), (3)
n=2

g(z) =biz+ > byz", (b > 0,b, > 0), (4)
n=2

gJ(Z) = bLjZ + waz”, (bLj > 0, anj > O), (5)
n=2

be regular and univalent in the unit disc i = {z € C: |z| < 1}.
For 0 < p<1,0<4d < 1andn >0, welet (k,p,d,n) denote the class of
functions f defined by (2) and satisfying the analytic criterion

2(01(8,7)) 2((8,7)) )
L= P)(OF(B.7) + p=(6(5.7) (L= P)(OF(5.7) + p=(O (5. 7))

Also let &(k, p, d,n) denote the class of functions f defined by (2) and satisfying
the analytic criterion

(63 (8,7) + 2(65(5,7))" (63 (8,7) + 2(65(5,7))"
(©5:(8,7) + pz(65(8,7))" (©31(8,7) + pz(65(8,7))"

A function f € U(k,p,6,7)(0 < p<1,0<6<1,n7>0)if and only if

R{

=0} >nf

1).

R4 8} >n{ — 1}

> (ZiZ(; Pg ) fn(14m) = (4 )1+ np— plan < (1=B)avi,

and f € €(k,p,0,n)(0<p<1,0<d<1,n>0)if and only if

) (1 4n) = (6+n)(L+np—p)lan] < (1-6)layl.

~ B+(p+n—1)(y+1)
2 B+py+1)

n=2

A function f which is analytic in U belonging to the class 9 (k, p, d,n) if and
only if

[e.o]

Z(ﬁ + (giz(;i)ﬁf 1))S[n(1+v7) —(6+n) (A +np—p)lan] < (1—10)]al,

(6)
where 0 < p < 1,0 <éd < 1,7 >0 and s is any fixed nonnegative real number.
For s = k and s = k + 1, it is identical to the family of functions denoted
by U(k, p,d,n) and E(k, p,d,n) respectively. Further, for any positive integer
s>h>h—1>..>k+ 1>k, we have the inclusion relation

Ll(kapa 57 77) - Qs(kapa 67 77) c...C mh(kapa 67 77) C WS(k7p7 67 77)
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The class M (k, p, d,n) is nonempty for any nonnegative real number s as the
functions of the form

ety (8+p(y+ D)1= 9) g
o= 1+nz;((ﬁ+(p+n—1)(’y+1))s[n(1+77)—(5+77)(1+”P—P>]An |

where a; > 0,\, >0 and )"~ , A\, < 1; satisfy the inequality (6).

2 Main Results

Theorem 2.1: Let the functions f; defined by (3) belonging to the family
of functions €(k,p,0,n) defined on space of analytic functions for all i =
1,2,...,7. Then quasi-Hadamard product of fi x fo x ... x f. belongs to the
family M, 19)-1(n, p, 6,m) on same space of analytic functions.

Proof: Since f; € €(k, p,d,n), implies

[e.o]

S i e 0 )Ll < (18
(7)
implies
—1 1

|ani| < (B i (giZ(v Jgg i ))_k_2|a17i|,Vi =1,2,...,7. (8)
Using (7) as well as (8) for i = 1,2,...,r — 1, implies
- /3 + (p +n— 1)(7 + 1) r(k+2)—1 1 — (5 1 _ - .
;( eI [n(1+mn) = (5 +n)(1+np p)}g\an,A <

[e.e]

S (Zi Z@ i><1;+ Dt (1 £ 5) = (5 4+ ) (1 + 19— p)]lans | [Tlond =

(1=06) ] lavil-
=1

Thus
fl * f2 * ...k fr € S)jtr(k:+2)fl(k:7 P, 67 77)

Hence the proof is complete.

Theorem 2.2: Let the functions f; defined by (3) belonging to the family
of functions U(k, p,d,n) defined on space of analytic functions for all i =
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1,2,....,7. Then quasi-Hadamard product of f1 x fo % ... % f. belongs to the
family M, 11y-1(n, p, 6,m) on the same space of analytic functions.

Proof: Using the same techniques of the proof of Theorem 2.1, we proved that

[e.e]

§:£+%gi;528%ﬂ5““”4mu+w»—w+nﬂkﬂw—pﬂfﬂ%ﬂf

2(5 + (giZ(; ?8 + 1))k+1[n(1 +1) = (6 +n)(1+np—p)llan| 1:[ |ay| =
ﬂ—&IDmA
Thus

fl * f2 ook fr € mr(k+1)fl(k)a Ps 57 77)
Hence the proof is complete.
Theorem 2.3: Let the functions f; defined by (3) belonging to the family
E(k,p,0,m) of functions on space of analytic functions for all i = 1,2,....r
and let g; defined by (5) belonging to family U(k, p,d,n) of functions on space

of analytic functions for all 7 = 1,2,...,q. Then quasi-Hadamard product of

Ji* fox ok frox g ®gox ..o x gg belongs to the class My (or2)+qe+1)—1(N, P 6,7)
on the same space of analytic functions.

Proof: Let us denote fi * fo* ... % f, % g1 * g2 * ... x g, by H. Then
r q oo T q
H(z) = ([T lav D[ T 1orl1= + > [T T lans DL T 1Bnsll="
i=1 j=1 n=2 i=1 j=1

Since f; € €(k,p,d,n) and g; € U(k, p,d,n) , implies

oo

> (= I ) @) (L=l < (=0 i = 1,2
lans| < (B +p(y + 1) (1 — 6)|a]
S T G DG D - 6+ e )]

B+(p+n—-1)(+1)
B+ply+1)
B+p+n—-1)(y+1)
B+ply+1)

|an| < ( )2 ag |, Vi = 1,2, ..., 7. (9)

b < ( ) apa|, Vi = 1,2, ..., q. (10)
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Also

Bt +tn-DH+1), _ _ | )by

;( o+ 1) )" [n(1+n) = (0+n)(1+np—p)lbn;| < (1=06)|byl.
(11)

Using (9), (11) and (10) for i = 1,2,...,7,7 = qgand j = 1,2, ...,q — 1 respec-

tively. We have (consider t = r(k+2) +¢q(k+1) — 1)

= B+ ptn—DH+1), : :

nZ:;( 5o+ D) ) [n(1+ﬁ)—(5+ﬁ)(1+nﬂ—p)][g |an,i!][}:[l [bn 5] <

o) qg—1

Z(ﬁ + (g i Z(; i) S D e (1) — (01 (14+mp— )] b [Tl 1) =

oo T

3 CAs (Z i Z(; i) g D e (1) — (6 (1+mp— )] B [T lanl] T 1easl) <

(1—- 5)[1_[ |a1,i|HH 101,511
Thus

Jix fox ok frk gk gak..ox 9q € mr(k+2)+q(l€+1)*l(n7pv 9, 77)

Hence the proof is complete.
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