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Abstract
In this paper, we introduce and study the notions of S, -open sets, S, -
continuous and 12-almost S., -continuous functions in bitopological space. We
also investigated the fundamental properties of such functions.
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1 Introduction

Throughout this paper, (X,7) and (Y, o) stand for topological spaces with
no separation axioms assumed unless otherwise stated. For a subset A of X,
the closure of A and the interior of A will be denoted by CI(A) and Int(A),
respectively. Let (X, 7) be a space and A a subset of X. An operation ~ [10]
on a topology 7 is a mapping from 7 in to power set P(X) of X such that
V C v(V) for each V' € 7, where (V') denotes the value of v at V. A subset
A of X with an operation v on 7 is called v-open [5] if for each x € A, there
exists an open set U such that x € U and v(U) C A. Then, 7, denotes the
set of all y-open set in X. Clearly 7, C 7. Complements of y-open sets are
called vy-closed. The 7,-interior [9] of A is denoted by 7.,-Int(A) and defined
to be the union of all y-open sets of X contained in A. A topological X with
an operation v on 7 is said to be y-regular [5] if for each z € X and for each
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open neighborhood V' of x, there exists an open neighborhood U of x such
that v(U) contained in V. It is also to be noted that 7 = 7, if and only if X
is a y-regular space [5].

A subset A of X is said to be 1j-semi open [8] (resp., ¢j-pre open [6],
17-a-open [7], 17-semi-preopen [11], zj-regular open [12]) if A C jCl(1Int(A))
(resp., A C 1Int(3CIl(A)), A C oInt(yCl(eInt(A))), A C yCl(eInt(3CI( A)))
A =1Int(3CI(A))).

A point z of X is said to be 1j-d-cluster point [4] of A if ANU # ¢ for
every 1)-reguler open set U containing x, the set of all 27-d-cluster points of A
is called 77-6-closure of A, a subset A of X is said to be 17-d-closed if 25-d-cluster
points of A C A, the complement of 2)-d-closed set is 27-0-open. A point x € X
is in the 1y-0-closure [3] of A, denoted by 1)-Cly(A), if AN CI(U) # ¢ for
every 1-open set U containing x. A subset A of X is said to be 13-6-closed if
A =13-Cly(A). A subset A of X is said to be 1)-6-open if X \ A is 2-0-closed.

The complement of an 77-semi open (resp., 1)-pre open, 1)-a-open, zj-semi-
preopen, zj-regular open) set is said to be 77-semi closed (resp., 77-pre closed,
1)-a-closed, 77-semi-preclosed, 17-regular closed).

b

Proposition 1.1 Let Y be a subspace of a space (X, 1,72). If A is a 21-
semi closed subset in'Y and Y is 21-semi closed in X, then A is a 21-semi
closed in X.

Remark 1.2 [8] It is clear that the intersection of two y-semi closed sets
18 n-semi closed, and also every 1-closed set is 19-semi closed.

Remark 1.3 /5] If (X, 1) is a y1-T1 space, then every singlton is v;-closed

Proposition 1.4 [5] Lel v : 7 — p(X) be a regular operation on 7. If A
and B are y-open, then AN B is vy-open.

2 S, -Open Sets

Definition 2.1 An ~v;-open subset A of a space X is called S, -open if for
each x € A, there exists a 21-semi closed set F' such that v € F C A.

The family of all S,,-open subsets of a bitopological space (X, 1, 72) is
denoted by S,,0(X, 1y, 7) or S,,0(X).

A subset B of a space X is called S,,-closed if X \ B is S,,-open. The
family of all S.,-closed subsets of a bitopological space (X, 7, 72) is denoted
by S,,C(X,m,7) or S, C(X).

Proposition 2.2 A subset A of a space X is S, -open if and only if A is
~yi-open and it is a union of 21-semi closed sets. That is, A = |J F,, where A
s y1-open and F, is a 21-semi closed set for each .
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Proof. Obvious.

It is clear from the definition that every S, -open subset of a space X is
~v1-open, but the converse is not true in general as shown by the following
example.

Example 2.3 Let X = {z,y,z} with i = {X,p,{z},{z,y}, {z,2}} and

= {X, ¢, {y},{y, z}}, define vy on 1 by 11(A) = A for all A € 7, the
S, -open sets are { X, ¢,{x},{x,2}} then {z,y} is y1-open but not S, -open.

Proposition 2.4 Let {A, : o € A} be a collection of S, -open sets in a
bitopological space X. Then |J{A, : o € A} is also S, -open.

Proof. Since A, is a S,-open set for each «, then A, is vy;-open and
U{As : @ € A} is y1-open [5], so for all x € A,, there exists a 21-semi closed
set F' such that z € F' C A, this implies that x € F C A, C [J{A, : « € A},
then x € F C |J{A, : @ € A}, and hence (J{A, : @ € A} is a S,,-open set.

Remark 2.5 The intersection of two S,,-open sets need not be S, -open as
can be seen from the following example:

Example 2.6 Let X = {x,y,2} and 71 = 7 = P(X). Define an operation
1 on 1 by

= { g A Lo or ez orte)

X otherwise

Clearly, T,, = {¢,{z,y}, {z, 2}, {y, 2}, X}. Let A ={x,y} and B = {z, 2},
then A and B are S,,-open, but AN B = {x} which is not S,,-open.

Proposition 2.7 If v, is a reqular operation on 1y, then the intersection of
two S, -open sets is S., -open.

Proof. Let A and B be two S, -open sets, then A and B are 7;-open sets.
Since, 7, is regular this implies that A N B is also an y;-open set, we have to
prove that AN B is S,,-open, let x € AN B then z € A and = € B, for all
x € A there exists a 21-semi closed set I’ such that x € F C A and for all
x € B there exists a 21-semi closed set E such that x € £ C B, and so that
r € FNE C AN B. Since the intersection of two 21-semi closed sets is 21-semi
closed (by Remark 1.2), this shows that AN B is S,,-open set.

From propositions 2.4 and 2.7 for ~; is a regular operation on 7; we conclude
that the family of all S, -open subsets of a space X is a topology on X.

Proposition 2.8 A subset A of a space (X, 11,72) is S,,-open if and only
if for each x € A, there exists a S,,-open set B such that x € B C A.
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Proof. Assume that A is a S,,-open set in (X, 71, 72), let x € A. If we put
B = A then B is a S,,-open set containing = such that x € B C A.
Conversely, suppose that for each x € A, there exists a S,,-open set B, such
that v € B, C A, thus A = |J B, where B, € 5,,0(X) for each x, therefore
Ais S, -open.

Proposition 2.9 If (X, ) is a v1-11 space, then S,,0(X) = T.,, where ¥,
1S an operation on Ty.

Proof. Let A be any subset of a space X and A € 7, if A = ¢, then
Ae S,0X). If A# o, let x € A, since (X,7) is a y1-11 space, then
every singlton is y;-closed by Remark 1.2, implies that every singlton is 12-
semi closed and hence x € {x} C A. Therefore, A € S,,0(X). Hence,
Ty € S, O(X), but from definition of S,,-open sets we have S,,0(X) C 7,,.
Thus S,,0(X) = 7,,.

Remark 2.10 Ewvery S, -open set is Sy-open [1].

The converse of the above Remark is not true in general as shown in the
following example.

Example 2.11 Let X = {z,y, z} with i, = {X,¢,{y},{z, v}, {y,2}} and

7o =A{X,0,{y},{y, z}}, define y1 on 1 by 1 (A) = X for all A € 71, then {y}
is Si-open set but not S, -open.

Remark 2.12 Let (X, 7, 72) be a space and x € X. If {z} is S, -open,
then {x} is 21-semi closed.

Proposition 2.13 Let (Y,01,09) be a subspace of a space (X, 1,72). If
Ae S,0(Y) andY € 21-SC(X), then for each x € A, there exists a 21-semi
closed set F' in X such that x € ' C A.

Proof. Let A € 5,,0(Y), then A € oy and for each x € A, there exists
a 21-semi closed set F' in Y such that z € FF C A. Since Y € 21-SC(X), by
Proposition 1.1, F' € 21-SC(X), which completes the proof.

Proposition 2.14 A subset B of a space X is S,,-closed if and only if B
1s an yy-closed set and it is an intersection of 21-semi open sets.

Proof. Obvious.

Proposition 2.15 Let {B, : a« € A} be a collection of S., -closed sets in a
bitopological space X. Then (\{B, : o € A} is S, -closed set.
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Proof. Follows from Proposition 2.4.

Definition 2.16 Let (X, 7, 7) be a bitopological space and v € X. A
subset N of X 1s said to be S, -neighborhood of x if there exists a S, -open set
U in X such that x € U C N.

Theorem 2.17 A subset A of a bitopological space (X, 11, 72) is S., -open if
and only if it s a S, -neighborhood of each of its points.

Proof. Let A C X be a S, -open set, since for every x € A, x € A C A
and A is S,,-open. This shows that A is S,,-neighborhood of each of its points.
Conversely, suppose that A is a S,,-neighborhood of each of its points, then
for each x € A, there exists B, € S,,O(X) such that x € B, C A. Therefore
A =|J{B, : x € A}. Since each B, is S,,-open, it follows that A is a S,,-open
set.

Definition 2.18 For any subset A in a space X, the S, -interior of A,
denoted by S., Int(A), is defined by the union of all S,,-open sets which are
contained in A.

Remark 2.19 Let A be any subset of a bitopological space. A point x € A
is belongs to S., Int(A) if and only if there exists an S, -open set G such that
reGCA.

Proposition 2.20 Let A be any subset of a space X. If a point x is in the
S, -interior of A, then there exists a 21-semi closed set F' of X containing x
such that FF C A.

Proof. Suppose that x € S, Int(A), then there exists a S,,-open set U
of X containing x such that U C A. Since U is a S,,-open set, so there
exists a 21-semi closed set F' containing x such that x € FF C U C A. Hence,
r e F CA.

Definition 2.21 For any subset A in a space X, the S, -closure of A, de-
noted by S,,Cl(A), is defined by the intersection of all S, -closed sets contain-
ing A.

Corollary 2.22 Let A be a set in a space X. A point v € X 1is in the
S, -closure of A if and only if ANU # ¢ for every S, -open set U containing
x.

Proof. Let x ¢ S, CI(A). Then = ¢ (\F, where F' is S,,-closed with
ACF. Soxe X\ Fand X\ F isa S, -open set containing = and hence,
(X\NF)NAC(X\NF)N(OF) =
Conversely, suppose that there exists a S,,-open set containing z with ANU =
@, then A C X \ U and X \ U is a S,,-closed with x ¢ X \ U. Hence,
z ¢S, Cl(A).
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Proposition 2.23 Let A be any subset of a space X and x is a point of X .
If ANF # ¢ for every 21-semi closed set F' of X containing x, then the point
x 15 in the S, -closure of A.

Proof. Suppose that U is any S,,-open set containing , then by Definition
2.1, there exists a 21-semi closed set F' such that x € F' C U. So by hypothesis
AN F # ¢ which implies that ANU # ¢ for every S.,-open set U containing
x. Therefore, by Corollary 2.22, z € S, Cl(A).

3 §,,-Continuous and 12-Almost S, -Continuous

Definition 3.1 A function f : X — Y is called S, -continuous at a point
x € X if for each 1-open set V of Y containing f(x), there exists a S., -open
set U of X containing x such that f(U) C V. If f is S, -continuous at every
point x of X, then it is called S.,, -continuous.

Definition 3.2 A function f : X — Y is called 12-almost S, -continuous
at a point x € X if for each 1-open set V' of Y containing f(x), there exists
a Sy, -open set U of X containing = such that f(U) C 1Int(2C1V). If f is
12-almost S, -continuous at every point x of X, then it is called 12-almost
S, -continuous.

It is obvious from the definition that .S, -continuity implies 12-almost S, -
continuity. However, the converse is not true in general as it is shown in the
following example.

Example 3.3 Let X = {z,y,z}, n =1{X, ¢, {z}, {z,y}}, » = {X, ¢,
{Z}, {y,Z}}, o1 = {X, ¥, {ZL‘}, {Z}; {IE,Z}}, 02 = {X, ¥, {y,z}}, and 1
defined on 11 by y1(A) = A for all A € 7. Then the identity function f :
(X, 71,72) = (X, 01,02) f is 12-almost S,, -continuous but not S,, -continuous
at z, because {z} is a I-open set in (X, o1, 02) containing f(z) = z, there
ezists no S,,-open set U in (X, 11, T3) containing z such that x € f(U) C {z}.

Proposition 3.4 Let X andY be bitopological spaces. A function f : X —
Y is S, -continuous if and only if the inverse image under f of every 1-open
set in'Y is a S, -open in X.

Proof. Assume that f is S, -continuous and let V' be any 1-open set in Y.
We have to show that f~!(V) is S,,-open in X.
If f~1(V) = ¢, there is nothing to prove. Solet f~1(V) # pandlet x € f~1(V)
so that f(z) € V. By S,,-continuity of f, there exists an S,,-open set U in
X containing x such that f(U) C V, thatisz € U C f~(V), so f1(V) is a
S.,-open set.
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Conversely, let f=*(V) be S,,-open in X for every 1-open set V in Y. To show
that f is S, -continuous at x € X, let V be any 1l-open set in Y such that
f(z) € V so that z € f~%(V). By hypothesis f~'(V) is S,,-open in X. If
[~ (V) =U, then U is a S,,-open set in X containing z such that

fO)y=fvycv

Hence f is a S,,-continuous function. This completes the proof.
The proof of the following corollary follows directly from their definitions.

Corollary 3.5

1. Every S.,-continuous function is y1-continuous [2].
2. Bvery S, -continuous function is Si-continuous [1].
3. Fvery 12-almost S, -continuous function is 12-almost Sy -continuous.

4. Bvery 12-almost S, -continuous function is 12-almost continuous.

By Definition 3.1, Definition 3.2 and corollary 3.5, we obtain the following
diagram.

S1-continuous S, -continuous ———————— 7;-continuous

| | |

12-almost S;-continuous <—— 12-almost S, -continuous —— 12-almost continuous

In the sequel, it will be shown that none of the implications concerning
S.,-continuity and 12-almost S, -continuity is reversible.

Example 3.6 Let X = {z,y,z,w} with four topologies 1 = {X, ¢, {2},
{.T,U)}, {.’E,Z,U}}}, T2 = {X7 2 {y}7 {1’71/710}}; o1 = {X; 2 {l’}, {yVZ};
{z,y,2}} and 09 ={X, ¢, {w}, {z,y,2}}, and v, defined on 7 by 11(A) = A
for all A € 7. Then the family of S, -open subsets of X with respect to 7, and
To 18!

S, 0(X) ={X, ¢, {2}, {z,z,w}}. We defined the function f: (X, 1,72) =
(X, 01,0) as follows [(z) = y, f(y) = w, f(z) =2, f(w) = 2. Then [ is m-
continuous but not S, -continuous, because {y, z} is 1-open set in (X, o1, 02)
containing f(x) =y, there exists no S, -open set U in (X, 71, 72) containing

x such that x € f(U) C {y, z}.

Example 3.7 In Ezample 3.6, if we have f : (X, 11,72) — (X,01,02) is
a function defined as follows f(x) = z, f(y) = f(z) = w, f(w) =y, then
[ is 12-almost continuous but not 12-almost S.,, -continuous, because {x} is a
I-open set in (X, 01, 02) containing f(x) = x, there exists no S,,-open set U
in (X, T, ) containing x such that x € f(U) C 1-Int(2-Cl{x}) implies that
fU) €A{z,y, 2}.
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Proposition 3.8 For a function f: X — Y, the following statements are
equivalent:

~

[ is Sy, -continuous.
. Y V) is a S,,-open set in X, for each 1-open setV inY .
71

. [TUF) is a S,,-closed set in X, for each 1-closed set F in'Y.

S, Cl(f~4(B)) C f~Y(1CU(B)), for each subset B of Y.

2
3

4. F(S,,CL(A)) C 1CIU(f(A)), for each subset A of X.

. )

6. f'(1Int(B)) C S, Int(f~(B)), for each subset B of Y.
7.

Lnt(f(A)) C f(S,,Int(A)), for each subset A of X.
)-

Proof. (1) = (2). Directly from Proposition 3.4.

(2) = (3) Let F be any 1-closed set of Y. Then Y \ F'is an 1-open set of Y.
By (2), ff{Y\ F) =X\ f7}(F) is S,,-open set in X and hence f~'(F) is
S.,-closed set in X.

(3) (4). Let A be any subset of X. Then f(A) C 1CI(f(A)) and 1CI(f(A))
is 1-closed in Y. Hence A C f~1(1CI(f(A))). By (3), we have f~1(1CI(f(A)))
is a S,,-closed set in X. Therefore, S, CI(A) C f~'(1CI(f(A))). Hence
£(8,,CI(A)) C 1CI(f(A)).

(4) = (5). Let B be any subset of Y. Then f '(B) is a subset of X.
By (4), we have f(S, CI(f~*(B))) C 1CU(f(f~*(B))) = 1CI(B). Hence

S, Cl(f~H(B)) € [H(1CU(B)).

(5) = (6). Let B be any subset of Y. Then apply (5) to Y \ B is obtained
SuCUfT (Y \ B)) € [T (ICIUY \ B)) « 8, CUX \ f71(B)) € [T (Y'\
Uni(B)) & X\ S, Int(f(B)) € X\ j(1ni(B)) ‘& [H(Tni(B) €

S Int(f~1(B)). Therefore, f~(1Int(B)) C S, Int(f~!(B)).

(6) = (7). Let A be any subset of X. Then f(A) is a subset of Y. By
(6), we have f~H(1Int(f(A))) C S, Int(f~'(f(A))) = S, Int(A). Therefore,
Lnt(f(A)) € f(Sy,Int(A)).

(7) = (1). Let € X and let V be any 1-open set of Y containing f(z). Then

x e f71(V)and f~1(V) is a subset of X. By (7), we have 1Int(f(f~1(V))) C
f(Sy Int(f~4(V))). Then 1Int(V) C f(S,, Int( f~*(V))). Since V is an 1-
openset. Then V' C f(S,, Int(f~1(V))) implies that f~1(V) C S,, Int(f~1(V)).
Therefore, f~1(V) is a S,,-open set in X which contains z and clearly f(f~1(V)) C
V. Hence f is S,,-continuous.

Proposition 3.9 For a function f : X — Y, the following statements are
equivalent:

1. f is 12-almost S.,, -continuous.
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2. For each x € X and each 12-reqular open set V of Y containing f(x),
there exists a S,,-open U in X containing x such that f(U) C V.

3. For each x € X and each 12-§-open set V' of Y containing f(x), there
exists a S, -open U in X containing x such that f(U) C V.

Proof. (1) = (2). Let x € X and let V be any 12-regular open set of Y
containing f(z). By (1), there exists a S,,-open set U of X containing x such
that f(U) C 1Int(2CI1(V)). since V is 12-regular open, then 1/nt(2CI(V)) =
V. Therefore, f(U) C V.

(2) = (3). Let x € X and let V' be any 12-0-open set of Y containing f(x).
Then for each f(z) € V, there exists an 1-open set G containing f(z) such
that G C 1Int(2CI1(G)) C V. Since 1Int(2C1(G)) is 12-regular open set of Y
containing f(z). By (2), there exists a S,,-open set U in X containing x such
that f(U) C 1Int(2CI(G)) € V. This completes the proof.

(3) = (1). Let z € X and let V' be any 1-open set of Y containing f(x). Then
1Int(2C1(V) is 12-0-open set of Y containing f(x). By (3), there exists a S.,,-
open set U in X containing x such that f(U) C 1Int(2CI(V)). Therefore, f
is 12-almost S,,-continuous.

Proposition 3.10 For a function f : X — Y, the following statements are
equivalent:

1. f is 12-almost S, -continuous.
2. fH(1nt(2CLU(V))) is a S,,-open set in X, for each 1-open set V in'Y.

3. [THACI(2Int(F))) is a S.,-closed set in X, for each 1-closed set F in
Y.

4. f7HF) is a S, -closed set in X, for each 12-regular closed set F of Y.
5. f7XV) is a S,,-open set in X, for each 12-reqular open set V of Y.

6. f~HG) is a S, -open set in X, for each 12-6-open set G of Y.

Proof. (1) = (2). Let V be any 1-open set in Y. We have to show that
f~H(1Int(2C1(V))) is S,,-open set in X. Let z € f~1(1Int(2C1(V))). Then
f(z) € 1Int(2C1(V)) and 1Int(2C1(V)) is an 12-regular open set in Y. Since
f is 12-almost S, -continuous, then by Proposition 3.9, there exists a 5,,-open
set U of X containing x such that f(U) C 1Int(2CI(V')). Which implies that
z e U C f~1(1Int(2CIU(V))). Therefore, f~(1Int (2CI(V))) is a S,,-open set
in X.

(2) = (3). Let F' be any 1-closed set of Y. Then Y\ F' is an 1-open set of Y. By
(2), f7H1Int(2CU(Y'\F))) is a S,,-open set in X and f~1(1Int(2CI(Y'\F))) =
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Y 1Int(Y \ 2Int(F))) = f~YY \ 1CI(2Int(F))) = X \ f~1( 1C1(2Int(F)))
is a S,,-open set in X and hence f~1(1C1(2Int(F))) is S.,-closed set in X.
(3) = (4). Let F be any 12-regular closed set of Y. Then F is an 1-closed
set of Y. By (3), f~1(1CI(2Int(F))) is S,,-closed set in X. Since F is 12-
regular closed set, then f~'(1CI(2Int(F))) = f~'(F). Therefore, f~1(F) is a
S, -closed set in X.

(4) = (5). Let V be any 12-regular open set of Y. Then Y\ V is an 12-regular
closed set of Y and by (4), we have f~H{(Y \ V) =X\ f~}(V) is a S,,-closed
set in X and hence f~'(V) is a S,,-open set in X.

(5) = (6). Let G be any 12-6-open set in Y, G = |J{V, : @« € A} where V, is
12-regular open. Then f~1(G) = J{f ' (V,)}, from (5) we have f~1(V,) is a
S..-open set, then f~H(G) = U{f'(V4)} is a S,,-open.

(6) = (1). Let z € X and let V' be any 12-6-open set of Y containing f(z).
Then z € f~1(V). By (6), we have f~*(V) is a S,,-open set in X. Therefore,
we obtain f(f~*(V)) C V. Hence by Proposition 3.9, f is 12-almost S,,-
continuous.

Proposition 3.11 For a function f : X — 'Y, the following statements are
equivalent:

1. f is 12-almost S.,, -continuous.

f(S,,Cl(A)) C 12CI5(f(A)), for each subset A of X.

S, ClU(f~X(B)) C f~1(12CI5(B)), for each subset B of Y.
f7UF) is S, -closed set in X, for each 12-6-closed set F of Y.
f7H(V) is S,,-open set in X, for each 12-6-open set V of Y.
f~'(12Ints(B)) C S, Int(f~'(B)), for each subset B of Y.

A NS R

12Ints(f(A)) C f(Sy,Int(A)), for each subset A of X.

Proof. (1) = (2). Let A be a subset of X. Since 12C1s(f(A)) is an 12-
d-closed set in Y, then Y\ 12C1s(f(A)) is 12-6-open, from Proposition 3.10,
S7HY \ 12C15(f(A))) is S,,-open, which implies that X \ f~1(12CI;(f(A)))
is also S, -open, so f~1(12C1s(f(A))) is S,,-closed set in X. Since A C
f71(12C15(f(A))), so S,,Cl(A) C f~1(12C15(f(A))). Therefore, f(S,,CI(A))
C 12C1s5(f(A)) is obtained.

(2) = (3). Let B be a subset of Y. We have f~!(B) is a subset of X.
By (2), we have f(S,,Cl(f~'(B))) C 12CIs(f(f~*(B))) = 12Cls(B). Hence
S, CI(f~1(B)) € f-1(12015(B)).

(3) = (4). Let F be any 12-d-closed set of Y. By (3), we have S,,CI(f~'( F))
C f71(12C15(F)) = f~'(F) and hence f~'(F) is a S,,-closed set in X.
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(4) = (5). Let V be any 12-d-open set of Y. Then Y \ V' is an 12-0-closed set

of Y and by (4), we have f~1 (Y \ V) =X\ f~1(V) is a S,,-closed set in X.
Hence f~1(V) is a S,,-open set in X.

(5) = (6). For each subset B of Y. We have 12/nts(B) C B. Then
f~1(12Ints(B)) C f~Y(B). By (5), f~'(12Ints(B)) is a S,,-open set in X.
Then f~'(12Ints(B)) C S, Int(f~(B)).

(6) = (7). Let A be any subset of X. Then f(A) is a subset of Y. By (6), we
obtain that f~1(12Ints(f(A))) C S, Int(f~1(f(A))). Hence f~1(12Ints(f(A))) C
S, Int(A), which implies that 12/nt;(f(A)) C f(S,, Int(A)).

(7) = (1). Let x € X and V be any 12-reguler open set of Y contain-

ing f(z). Then z € f~1(V) and f~!(V) is a subset of X. By (7), we get
12Ints(f(f~1(V))) C f(S,, Int(f~1(V))) implies that 121nts(V) C f(Sw[nt(f LV))).
Since V is 12-reguler open set and hence 12-§-open set, then V' C f(S,, Int(f~*(V)))
this implies that f~(V) C S, Int(f~'(V)). Therefore, f~*(V) is a S,,-open

set in X which contains z and clearly f( f~*(V)) C V. Hence, by Proposition

3.9, f is 12-almost S,,-continuous.

Proposition 3.12 For a function f : X —'Y, the following statements are
equivalent:

1. f is 12-almost S,, -continuous.

S

SLCU (V) C f7HAC(V)), for each 21-5-open set V of Y.

Co
~
L
—~
—_
~
S
=
&

W Int(f7H(F)), for each 21-B-closed set F' of Y.

B
~
L
—~
—_
~
S
=
g

C S, Int(f~1(F)), for each 21-semi closed set F of Y.

5. S, CUfHV)) C f7HACUV)), for each 21-semi open set V of Y.

Proof. (1) = (2). Let V be any 21-8-open set of Y. It follows that 1CI(V)
is an 12-reguler closed set in Y. Since f is 12-almost S, -continuous. Then
by Proposition 3.10, f~'(V) is a S,,-closed set in X. Therefore, we obtain
S, CUfH(V)) € 71 ACUV)).

(2) = (3). Let F be any 21-5-closed set of Y. Then Y\ F' is a 21-$-open set
of Y and by (2), we have S,,CI(f* (Y \ F)) C f'(1CI(Y \ F)) < S,,CI(X \
FUE) C FUY N\ Unt(F)) & X\ S, Int(f(F) € X\ f'(1nt(F).
Therefore, f~1(1Int(F)) C S, Int(f~H(F)).

(3) = (4). This is obvious since every 21-semi closed set is 21-3-closed set.
(4) = (5). Let V be any 21-semi open set of Y. Then Y \ V is 21-semi closed
set and by (4), we have f~1(1Int(Y \V)) C S, Int(f~H(Y\V)) & 1Y\
1CU(V)) € S, Int(X \ J(V) & X\ JPACUV)) € X\ 80U (V).
Therefore, S, CL(f~H(V)) C f~1(1CI(V)).

(5) = (1). Let F be any 12-reguler closed set of Y. Then F'is a 21-semi open
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set of Y. By (5), we have S, CI(f~'(F)) C f~Y(1CUF)) = f~*(F). This
shows that f~'(F) is a S,,-closed set in X. Therefore, by Proposition 3.10, f
is 12-almost S,,-continuous.

Proposition 3.13 A function f : X — Y is 12-almost S, -continuous if
and only if f~(V) C S, Int(f~*(1Int(2C1U(V')))) for each 1-open set V of Y.

Proof. Let V be any 1-open set of Y. Then V' C 1Int(2CI(V)) and 1Int
(2C1(V')) is 12-reguler open set in Y. Since f is 12-almost S.,-continuous,
by Proposition 3.10, f~1(1Int(2CIL(V))) is a S,,-open set in X and hence we
obtain that f~1(V) C f~Y(1Int(2CI(V))) = S, Int(f~ (1Int(2CL(V)))).
Conversely, Let V' be any 12-regular open set of Y. Then V' is 1-open set of Y.
By hypothesis, we have f~1(V) C S, Int(f~(1Int(2CL(V)))) = S, Int(f~H(V)).
Therefore, f~1(V) is a S,,-open set in X and hence by Proposition 3.10, f is
12-almost S,,-continuous.

From Proposition 3.13, the following result is obtained.

Corollary 3.14 A function f : X =Y s 12-almost S, -continuous if and
only if S,,CU(f~*(1C1(2Int(F)))) C f~YF) for each 1-closed set F of Y.

Proposition 3.15 Let f : X — Y is an 12-almost Svl—contmuous function
and let V' be any 1-open subset of Y. If x € S,,CL(f~*(V))\ f~HV), then
f(z) € 5, CLV).

Proof. Let z € X be such that z € S,,CI(f~*(V)) \ f~1(V) and suppose
f(xz) ¢ S,,Cl(V). Then there exists a S,,-open set H containing f(x) such
that H N V . Then 2CI(H)NV = ¢ implies 1nt(2CI(H))NV = ¢ and
1Int(2CI(H)) is an 12-regular open set. Since f is 12-almost S.,-continuous,
by Proposition 3.10, there exists a S,,-open set U in X containing x such
that f(U) C 1Int(2CI(H)). Therefore, f(U) NV = ¢. However, since = €
S, CUf~HV)), UNf~1(V) # ¢ for every S, -open set U in X containing z, so
that f(U) NV # ¢. We get a contradiction. It follows that f(z) € S, CI(V).
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