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Abstract

A theorem for a factored conjugate series is prowedabsolute Banach
Summability.
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1 Introduction

LetQ andl, denote respectively the linear spaces of all seces and bounded
sequences on R. A linear functiohand|_ is called a limit functional if and only
if | satisfies:

Ly: Fore=(1,1,1,....)
L(e) =1; ..(1.1)
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Lo: Forevery x> 0, that is to say,

Xn >0,0n0ON, xO1,,1(X)>0; ...(1.2)
Ls: Forevery xd{xpn} Ol, ...(1.3)
1(x) =1(T(x))

Where T is the shift operator dn such that T(x) = {1}

If | is a linear functional ot,_, then for every xJ |_, | is called a “Banach limit”
of x.[2]
A sequence xO | is said to be Banach summable if all the Banauiitdi of x

are same. Similarly, a serieE u, with the sequence of partial sumg}{s said

to be Banach summable if and only if{$s Banach summable.
Let the sequence{in)} be defined by

1 k-1
t(n) = EZSH,kDN ..(1.4)
v=0

Then t(n) is called the k-th element of the Banach tramséd sequence.
If " .. &(n) = s, a finite number, uniformly for alld N, then)_u, is said to be

k- oo

Banach summabile [4], thus, if

2Pt (n)—9 - 0, ask — o

Then ZUn is Banach summable to s. Further, if the series

> It (7) ~tys ()< o

uniformly for all nO N, for &(n) as defined the (1.4), then the serEan IS
called absolutely Banach summable or |B|-summable.

2 Definition and Notations

Let f(t) be a periodic function with perio@n and integrable in the sense of
Riemann ovef- 77, 77). Let

%ao + i(an cosnt + b, sin nt) = iAn(t)
n=1 n=1

be the Fourier series df t ( Then the series
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n=1

21

> (b, cosnt -a, sinnt) = i B, (t)
n=1

is called the conjugate series of the Fourier serie

We use the following notations:

wl) =5 {F(crn) = F(x-0) ;

du a>0

a(),a>0

v codn+v)t

wo(t):w()

W, (1) = j
v, )= ( e
gkt =2 k(k1+1)
i)t |

- Y

(n+v)log(n+v+1)

(k,t) (£ —u) dt

[x] = greatest integer not exceedirg

and U= F}
u

3 Theorems

In 1937, Bosanquetand Hyslop [3] proved the following theorem for absolute
Cesaro summability of the conjugate series of aiEogeries.

Theorem-A

If 0O<a<1 W, (+0)=0 andj

IC.Alatt=x B>a.

Yo (V)

<o then ZB(t) is summable

n=1

In 1980, Swamy [7] extended the above result tcegdized absolute Cesaro

summability. He proved

Theorem-B

If 0<a<1W,(+0)=0 and |
0

T dw, ()
ta

<o then the conjugate series of the

Fourier series of f (t) is summabléC,d, 8 att=x,d>a .
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In 2002, an analogue theorem has been establisgellibra and Sahoo [5] in
Banach summability. They Proved:

Theorem-C
T dw(t) . .
If 0<a<1 W, (+0)=0 and j e <o then the conjugate series of the
0
Fourier series off (t) is |B|-summable at = x.
In 2011, an analogue theorem has been establisidehikray, Misra and Sahoo
[ 6]in Banach summability. They Proved:

Theorem-D
Let ¢, (+0)=0,for 0<a <1 , such that
T dg () ©
(3.1) ! o5 (n+U)< JIf
(3.2) > log(n+U) k™ =0(U“ log log(n+2)),
a2 _ o (log log(n+2))’

(3.3) gk (n+k+1)log(n +k) = 0( u"*log(n+U) )’

k®2@2-k) _ ({loglog(n+2)}*(n+1)
(3-4) g‘ (n+k-1) _O( utlog(n+u) )
and u

us? B 1

(3:5) 2 log log(n+k -1) O(u”‘l log(n+U )J ’

ket
u

then the serieszp“—(t)
“ log log(n +1)

In this chapter we prove:

is |B|-summable.

Theorem

Let W, (+0)=0,0<a<1 and

RO

o t“log(n+k)

Then the series ZB”—(t)

is |B|-summable at = x if
= log(n+1)
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(3.6) Ylog(n+U) k** =0(U“ logn+2)).

ks
u

4 Lemmas
We require following lemmas for the proof of ouetinem.

Lemma-1
Let Zun be an infinite series with sequence of partial sy} . If

1 -1
t(n EVZ

then
k

) ) = T D VU

v=l

Proof. We have

S t St T S S+ St tS,
(1) =ty () = S0t e P —
= +S,, F.t -k
k(k+1) {(Sn Sn+1 Sn+k—1) Sn+k}
+ +1)+ ...+ + .
k(k +1) { ( (S u ) 1) (Sn un+1 un+k—l))
- k(sn +un+1 T un+k)}
1
=— k + (k-1 ot
k(k+1) { un+k ( ) un+k—1 un+1}
1 k 4.1
= - VU, - a4
D Ve (4.2)
Lemma-2
Let
Kk
4.2) k=21 % v cos(n+v)t.

T k(k+1) & (n+v) log(n+v+1)

Then
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O( ! j for all t
(k+1) log(n+2)
4.3) [g'kk,t)=

( r ( 1 1 D 1
O + ==
k(k+1) {log(n+k) (n+Kk) log® (n+k) k

O ; , for all t
q log(n+2)

—a'(k,t) =
dtg( )‘

[ r ( 1 1 H 1
+ ==
k+1|{ log(n+k) (n+k)log®(n+Kk) K

Pr oof.
For allt,

2 1 Z“: v cos(n+v) t |
T k(k+1) 4 (n+v) log(n+v+1)|

kD) ‘

SI 1 Zk: vl |

k(k+1) & (n+v) log(n+v +1)|
1 1 Y
= k(k +1) - 2.

logln+2) = n+v

1 1 K
< kD ogn+2) 2*
1
k(k +1)log(n+2)

fortzl,
k

: 121 £ veos(n+v)t |
|g(k't)|"n D ey log(n+v +1)|

k
L1 oy cosfi+v) t ( v <1j
k(k +1) = log(n+v+1 (n+v

_ 1 i‘i cos pt
k(k+1) = log(p+1)

3 1 n+k-1 p 1
" Kk +D) {Z {gc"s”} B Log(pﬂ)J

n+k
+| Y cosrt 1
et} log(n+k+1)

(sincep=n+v)
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_ 1 n+k-1 1 1
~ k(k+1) {Z O(T)A"(Iog<p+1)]+ o) Iog(n+k+1)}

_ O(n)
"o [z, +3,]. ..(4.6)
Now,
g
F &0 Pllog(p+) )
We have

A( 1 J: 11
log(p+1) ) log(p+1) log(p+2)
_ log(p+2) —log(p+1)
~ log(p+2) log(p+1)

_ 1 Eﬂog(p+2j
log(p +2) log(p+1) p+1

a3 11 5v3)

= log 1+ —
log(p +2)log(p +1) p+1

_ 1 11
log(p+2) log(p+1) [p+1 2(p+1)>

( j
S O

Ageairos
(p+1) log®(p+1)

= mi(( 1 j

Hence

sl (p+1) Oog®(p+1)
n+k
<

5 (m=p+l).
> mlog®m

using Euler's summation formula [1]

¢o1 1 " ) 1 ;

- —[t]] -2\ )= —(I 2
mz:zmlogzm J;t(logt 7 dee {(t [t][ (logt )tz (logt) j
1 o 1

+ - [0
(n+k)log (n+k) 2log 2

Ja

25
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1 2
Mg 1 ™ 1 1
= it =
> t(logt)? ~logt |, log(n+k) log?2
1
Iy < I
og(n+Kk)
"t |t] 1 2
l,| = - - dt
=T o o
n+k 1 1 n+k 1 2
<\ [-=——dt-[= dt
J; t* (logt)? £t2 ilog t)?
| :ji#
* 0t (logt)’

:j e’”u—lzdu:je’u u~? du
=u? e —j—zmﬁ’ e -1 du
=-u?e" —J'Zu‘3 e du

- Lol oddy
(logt) (Iog ) t t
|'2|S‘{‘ - 2} Jf% dt - T# dt‘
t(logt)” |, > 1°(log t) , t°(log t)°

1
= (n+k) (log(n+k))*

T < 1 N 1
" logn+k)  (n+k) (log(n+k))?
1
log(n+k +1)
< ! .
log(n +k)
From (4.6)

5 =

1 — Z- 1 1
|g (k,t) | = 0[ k(k +1) (|og(n +K) ¥ (n+ k)(log(n + k))zj j
Again,
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~d |2 S Y
— = > [tosp+V) t
Cdt | k(k+1) = (n+v) log(n+v+1)
k
-_2 > v sin(n+v) t.
Vg k(k +1) Z'log(n+v+1)
Now for allt,
Kov o osin(n+v)t
‘ gk )‘ ‘k(k+1>;|og og(n+v+1)
k
_ 1 0 1 z
k(k+1) log(h+2) o
|1 1 Ek(k+1)|
k(k+1) logn+2) 2 |
=0 1 |
(Iog(n+2)]
Fortzl,
k
d 2 1 K .
—qg'(k,t)| =|— sin(n+v) t
dtg( )‘ ‘nk(k+1)vzzl: log(n+v+1) nh+v)
10Kk Z“: sin(n+ V)t
" k(k+1) & log(n+v+1)
_ 1 1 + 1
(k+1) (log(n+k) (n+k)log*(n+Kk)
Lemma-3
Let
1 ¢d
J'(k,u) = — g(k,t) (t - dt
(k,u) F(l—a)£ g(k.t) (t-u)
Then
a-1
O K for all u
log(n+2)
(4.7) 19" (k,u)| =
Ol Uk™™? 1 forus =
log(n + k) k
Proof. We have, for alu

13" (k,)| =
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<|3] +133|, say

1
u+=

Kk
] d ! -a
3 = I at (k,t) (t-u)™ dt

1
u+=

jk(t —u)™ dt

u

:o( ! Dk""lj.
log(n+2)

ﬂd . _a
— k,t) (t — t
jldtg(,)( u)” d

1
log(n+2)

< using (4.4)

92| =

m

= o[k jl% g (k.t) dt

k

_Afea 1 .
= O(k )@((k+1) Iog(n+2)} using (4.2)

Foruzl,
k

dt

|J'(k,u)| = (J'k+ ]f }i g (k,t) (t—u)™ dt

1

s( v + J__ j jk(t—u)'”dt
(k+Dlog(n+k) (k+1)(n+Kk)log”(n+Kk)

a

_ o( U .\ U j ot
(k+Dlog(n+k)  (k+1)(n+k)log®(n+k)

= O(U [k”‘z( ! + 1 D
log(n+k) (n+Kk) log*(n+Kk)
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=0OlU [k D# .
log(n + k)

=1 %g'(k,t) (t-u)™ dt

l,| =

_ O(k")( u , 1 ., U 1 j
k(k+1) log(n+k) kOk+1) (n+Kk)log®(n+k)
using (4.3)

log(n + k) (n+Kk) log® (n+k)
. o(u ko2 1 )
log(n + k)

5 Proof of the Theorem

By Lemma-1,

— -1 < I/Bn+v(t)
5() ~tealM =D 2ioan D

Using

1 S2 T vgt)sin(n+v)t
znj; log(n+v+1) a
1

_-27 k v .
s I#f(t {k(k+1) ZIog(n+v+1) Sin ) t} a

v=1l

)
:wa(t){ 1 Zk: v El(icos®+v)t} dt
|

=~

(k+2) F'login+v+(n+v) dt

2 1 k Y
7T k(k+1) Zl(n+v)|og(n+v+1) Osmv)t} a



30 S.K. Paikray et al.

j t—u)™ d¥, (u)} dt

I
Oty
Sle

g(kt){r

|_\

'fd

0
w0l
.

“Th
!
fdw (u) J'(k,u)
| logn 0y
[ ogn+0)

g'(k,it) t-u)™

D-|Q_ Q.|Q_ S

C'—'o:l m'—;tl

g'(k,t) (t-a)™ dt}

W log(n+U) 0'(k,u)

u Iog(n+U)
_ d¥, (u) Wik.)
u?log(n+U)
where
W(k,u) = u” log(n+U) J'(k,u).
Now,
a _ o dv(u
It =t = [ o 0y 2 2|vv<k u)
Since

’j’ d¥, (u)
s u?log(n+U)
then it remains to prove that

kZ|\/v(ku)| <o,
=1
uniformly forallu,0<u<n.

> W] = S Wku)| + Sk

S
%, = 2 wik.u)

kst
u

ZO(U log(n+U) K2 j

a log(n+ 2)

=0

J ZIog(n+U) Kot

U

Iog(n +2)
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- u® a :
= O(mj I:O(U IOg(n + 2)) using (31)

=0()

%, = 2 Wilk.u)

e
u

= > |u” log(n+U) CI (k, )

k>=
u

=Y u log(n +U) O Uk~ ;j

k>£
u

_ a1 10g(n+U) a-2
- Iog(n+U)EDZ(k )

- O(ua—l U 0/—1)
=0 @

This completes the proof of the theorem.
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