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Abstract 

     A theorem for a factored conjugate series is proved in absolute Banach 
Summability. 
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1      Introduction 

 

Let Ω  and ∞l   denote respectively the linear spaces of all sequences and bounded 

sequences on R. A linear functional l and ∞l  is called a limit functional if and only 
if l satisfies: 
 
 L1 :  For e = (1, 1, 1,…..) 
  L(e)  = 1;  …(1.1) 
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 L2 : For every x ≥ 0,  that  is to say, 
  xn  ≥ 0, ∀ n ∈ N, x ∈ ∞l , l (x) ≥ 0; …(1.2) 

 L3 : For every  x ∈ {x n} ∈ ∞l  …(1.3) 
  l(x)  = l(T(x)) 
  Where T is the shift operator on ∞l  such that T(x) = {xn+1} 
 
If l is a linear functional on ∞l , then for every x ∈ ∞l , l is called a “Banach limit” 
of x.[2] 
A sequence x  ∈ ∞l  is said to be Banach summable if all the Banach limits of x 

are same. Similarly, a series ∑ nu  with the sequence of partial sums {sn} is said 

to be Banach summable if and only if {sn} is Banach summable. 
Let the sequence {tk(n)} be defined by 
 

  tk(n) =  Nks
k

k

v
n ∈∑

−

=
+ ,

1 1

0
1  …(1.4) 

  
Then tk(n) is called the k-th element of the Banach transformed sequence. 
If lim

∞→k  tk(n) = s, a finite number, uniformly for all n ∈ N, then ∑ nu  is said to be 

Banach summable [4], thus, if 
 
 0)(sup →− sntkn , as ∞→k  

  
Then ∑ nu  is Banach summable to s. Further, if the series 

 

  ∑
∞

=
+ ∞<−

1
1 |)()(|

k
kk ntnt  

  
uniformly for all n ∈ N, for tk(n) as defined the (1.4), then the series ∑ nu  is 

called absolutely Banach summable or |B|-summable. 
 

2 Definition and Notations 
 
Let )(tf  be a periodic function with period π2  and integrable in the sense of 

Riemann over( )ππ ,− . Let 
 

  ( ) ∑∑
∞

=

∞

=

≡++
11

0 )(sincos
2
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n
n

n
nn tAntbntaa  

 
be the Fourier series of )(tf . Then the series 
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is called the conjugate series of the Fourier series.  
We use the following notations: 
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  [ ] =x  greatest integer not exceeding x  ; 
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3 Theorems 
  
In 1937, Bosanquet and Hyslop [3] proved the following theorem for absolute 
Cesàro summability of the conjugate series of a Fourier series. 
 
Theorem-A 

If ( ) 00,10 =+Ψ<< αα  and 
( )

∞<
Ψ

∫
π

α
α

0 t

td
 then ∑

∞

=1

)(
n

n tB  is summable 

αββ >= ,, xtatC .  

 
In 1980, Swamy [7] extended the above result to generalized absolute Cesàro 
summability. He proved. 
 
Theorem-B 

If ( ) 00,10 =+Ψ<< αα  and 
( )

∞<
Ψ

∫
π

α
α

0 t

td
 then the conjugate series of the 

Fourier series of  )(tf  is summable αδβδ >= ,,, xtatC .  
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In 2002, an analogue theorem has been established by Misra and Sahoo [5] in 
Banach summability. They Proved: 
 
 
Theorem-C 

If ( ) 00,10 =+Ψ<< αα  and 
( )

∞<
Ψ

∫
π

α
α

0 t

td
 then the conjugate series of the 

Fourier series of )(tf  is B -summable at xt = . 

In 2011, an analogue theorem has been established by Paikray, Misra and Sahoo 
[  6 ] in Banach summability. They Proved: 
 
Theorem-D 
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In this chapter we prove: 
 
Theorem 
 
Let ( ) ,10,00 <<=+Ψ αα  and 
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(3.6.) ( )∑
≤

− +=+
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4 Lemmas  
 

We require following lemmas for the proof of our theorem. 
 
Lemma-1 
Let ∑ nu  be an infinite series with sequence of partial sums { }ns . If  
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Lemma-2 
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(4.2)  ∑
=

+
++++

=′
k

v

tvn
vnvn

v

kk
tkg

1

)(cos
)1log()()1(

12
),(

π
. 

 
 
 
Then 



24                                                                                                   S.K. Paikray et al. 
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Proof. 
For all t, 
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This completes the proof of the theorem. 
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