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Abstract
In [12], Ryoo defined the Carlitz’s twisted (h, q)-FEuler numbers and polyno-
mials. In this paper, we consider some new symmetric identities for Carlitz’s
twisted (h, q)-Euler polynomials arising from the fermionic p-adic integral over
the p-adic numbers field under the symmetric group of degree five.
Keywords: Carlitz’s twisted (h, q)-Euler polynomials, Invariant under Ss,
p-adic invariant integral on Z,, Symmetric identities.

1 Introduction

In the Taylor expansion

- t" 2 .
;E”(x)mzetﬂe with (|¢] < 7), (1)

E, (z) denotes the n-th Euler polynomial. If we take z = 0 in the Eq. (1),
we then have E,,(0) := E,, that is commonly known as the n-th Euler number
(see, e.g., 6, 8, 9, 11-13]).

Let N=1{1,2,3,---}, N* = NU {0} and p be chosen as a fixed odd prime
number. Along this paper Z,, Q, Q, and C, shall denote topological closure
of Z, the field of rational numbers, topological closure of Q and the field of
p-adic completion of an algebraic closure of QQ,, respectively.
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For d an odd positive number with (d,p) = 1, let
X:=X,= n]rVnZ/deZ and X, = 7,

and
t+dpNZ, = {:UGX | xzt(modde)}

in which t € Z lies in 0 < t < dp". See, for more information, [1-13].

The normalized absolute value according to the theory of p-adic analysis
is given by |p| p = p~!. The notation ¢ can be considered as an indeterminate,
a complex number ¢ € C with |¢| < 1, or a p-adic number ¢ € C, with
lg—1], < p_ﬁ and ¢* = exp (zlog q) for [z|, < 1.

For fixed z, let us introduce the following notation (see [1-13]):

ol = T &)

which is known as g-number of x (or g-analogue of z). We note that as ¢ — 1,
the notation [z], reduces to the z.
For

feUD(Z,) ={f|f:2Z,— C, is uniformly differentiable function},

Kim [8] defined the p-adic invariant integral on Z, as follows:

) = [ F@dis @)= im S 5 (-1 )
From Eq. (3), we get
() = (C1" () +2 3 (-1 £y
k=0

where f,(z) implies f(x + n). For more details about this topic, take a look
at the references [2, 3, 8, 12, 13].
Let h € Z and

T, :N>1ON: lim C ~
P - P Nooo P77

where C),v = {w CwP” = 1} is the cyclic group of order pV. For w € 1, we
show by ¢, : Z, — C, the locally constant function x — w®. For ¢ € C,
with [1 —g¢|, < 1 and w € T}, the Carlitz’s twisted (h, g)-Euler polynomials
are defined by the following p-adic fermionic integral on Z, in [12]:

M (2) = / WG [ty dps (y) (02 0). (4)

P
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If we let x = 0 into the Eq. (4), we get 5,%,11,(0) = Eﬁl),w called n-th Carlitz’s
twisted (h, ¢)-Euler number.
Taking w =1 and ¢ — 1 in the Eq. (4) yields to

Ea(e) = Bula) = [ @+l o).

Recently, symmetric identities of some special polynomials, such as g¢-
Genocchi polynomials of higher order under third Dihedral group Dj in [1],
¢-Genocchi polynomials under the symmetric group of degree four in [4],
weighted ¢-Genocchi polynomials under the symmetric group of degree four
in [5], g-Frobenious-Euler polynomials under symmetric group of degree five
in [3], Carlitz’s-type ¢-Euler polynomials invariant under the symmetric group
of degree five in [9], higher-order Carlitz’s ¢-Bernoulli polynomials under the
symmetric group of degree five in [10], have been studied by many mathemati-
cians.

In the following section, we investigate some new symmetric identities for
Carlitz’s twisted (h, g)-Euler polynomials arising from the p-adic invariant in-
tegral on Z, under the symmetric group of degree five denoted by S;.

2 Symmetric Identities for &S’Q,w(:p) under S;

Let h € Z, w; € N be a natural number which satisfies the condition w; =
1(mod2), in which i € Z lies in 1 <14 < 5. By the Egs. (3) and (4), we acquire

/ ww1w2w3w4thw1w2w3w4y (5)
Zp
% 6[wlw2w3w4y+w1w2w3w4w5x+w5w4w2w3i+w5w4w1w3j+w5w4w1w2k+w5w3w1w28]qtdlu 1 (y)
V-1
= lim E (_ 1)yww1w2w3w4thw1w2w3w4y
N—oo
y=0

% e[w1w2w3w4y+w1 WW3WAW5 THWsWAW2WITHWs W4 W1 W3J+wswiwi wek+wswawi wgs]qt

ws—1 pN—l

= lim § § (_1)l+yww1w2w3w4(l+w5y)qhw1w2w3w4(l+w5y)

N—oo —o o
= y:
Xe[w1w2w3w4(l+w5y)+w1wzw3w4w5x+w5w4w2w3i+w5w4w1w3j+w5w4w1w2k+w5w3wlwgs]qt

Taking

w1—1we—1wsz—1wyg—1
E E E E (_1)i+j+k+sww5w4w2w3i+w5w4w1w3j+w5w4w1w2k+w5w3w1w25
i=0 j=0 k=0 s=0

(wswawowzi+wswawi waj+wswiwi wak+wswzwiwas)

xq"
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on the both sides of Eq. (5) gives

w1 —1we—1w3z—1wa—1

_1\i+itk+s,,  wswiwrwzitwswiwi w3 j+wswiwi wrk+wswzwiwas
D2 D D (T (6)

i=0 j=0 k=0 s=0

w1 w2w3w4thw1 W2W3WAY

Xqh(w5w4w2w3i+w5w4w1w3j+w5w4w1w2k+w5w3w1w25)/ w

Zp

[w1w2w3w4y+w1w2w3w4w5z+w5w4w2w3i+w5w4w1w3j+w5w4w1w2k+w5w3w1wgs] t
xe T ap—1

Y)

w1—1w2—1w3 1 wyg— 1w5 lp

— ]\}g%o Z Z Z Z Z Z z+j+kz+s+y+l

i=0 j=0 k=0 s=0 (=0 y=0

W W1 W2W3wa (I+wsy)+wswawawzi+wswawi w3j+wswawr wak+wswzwiwa s
x qh(w1 wawszw4 (I+wsy)+wswawrwsi+wswawi wsj+wswawi wak+wswazwiwas)

e[wl wawzw4 (I+wsy)+wi wawzwaws T+ws waw2w3i+wswaw w3 j+wswawi wek+wswswi ws s]qt

Observe that the equation (6) is invariant for any permutation o € Ss.
Therefore, we obtain the following theorem.

Let h € Z, w; € N be a natural number which satisfies the condition
w; = 1(mod2), in which i € Z lies in 1 < i <5 and n > 0. Then the following

W (1)—1 W (2)—1 we(3)—1 we(q)—1
Z Z Z Z DA

X Wo (5)Wo (4)Wo (2)Wo (3) 7’+wo'(5)wo'(4) o (1)Wo(3)J T Wo (5)Wo (4)Wo (1) Wo (2) K+HWo (5) W (3) We (1) Wo (2)

h (%(5) W (4)Wo(2) Yo (3) T We(5) Yo (4) Yo (1) Yo (3)ITWe(5) Yo (4) Yo (1) Yo (2) F T (5) Yo (3) Yo (1) Wo (2) S)

% / W (W (2)Wo (3)Wo (4) (Hwes)y) qhwa(l)wa(Z)wa(S)wa(4) (Hwe5)y)
ZP

X exp ([wa(l)wa(Z)wo(3)wa(4)y + We (1) Wo (2) We (3) W (4) Wo (5) T

TWe (5) W (4) Wo (2) Wo (3) 1 + Wo(5)Wo (4) Wo (1) Wo(3).]

W (5) Wo (1) Wo (1) Wa(2)k + Wo(5) Wo(3) We (1) Wo(2)s]gt) dp—1(y)

holds true for any o € Ss.
By using Eq. (2), we have

(Wi wawswaY + W WaWsWAWsT 4+ WsWAWoWsE (7)
Fwswawiws] + wswawiwek + w5w3w1w23]q

= [w1w2w3w4]q Y+ wsx + —Z + —j + —k: —l—

w w4 qw1 wowzwy
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From Egs. (5) and (7), we derive

/ e[w1w2w3w4y+w1w2w3w4w5x+w5w4w2w3i+w5w4w1w3j+w5w4w1w2k+w5w3w1wgs}qt (8)
Zp

Ww1wW2w3way hwiwawsway
X w q dp—1(y)

[
WE

[w1w2w3w4]2
0

n

W1 W2 W3 W hwiwawsw
w1234yq 1W2wW3wWay

P

X
S

X

1

n tn
y+w5x+—@+—]+—k+—s] d,u_l(y)—'
w1 w Wy | quwywowgwwy n!

I
WE

[w1w2w3w4]g

Il
o

n

>
=

( ’LU5 t"
X g qw1w2w3w4 WW1Ww2w3wy /LU5I + _7/ + _] + _k + I
w1 W9 ws w4 TL'

By Eq. (8), for n > 0,we have

/ [W1WowWswWaY + W WW3WAWST + WsW4WWS3E 9)
ZP

. n

X Fwswawiwsj + wswawiwak + w5w3w1w23]q
wiw2waway hwiwawzway

X w q dp-1(y)

n o(h
— [w1w2w3w4]q (C/'vs q)wlw2w3w4 WwW1waw3zwy WsT + _Z _'_ _j + _k + .
’ ’ W2 w3 w4

Thus, from Theorem 2 and Eq. (9), we have the following theorem.

Let h € Z, w; € N be a natural number which satisfies the condition
w; = 1(mod2), in which i € Z liesin 1 < i < 5 and n > 0. Hence, the
following

Wo(1)—1 wo(2)—1 we(3)—1 we(q)—1
H— i+k+s
[Wo(1)Wo (2) W (3) Wara) E : > E : § : ’
7=0

Wo(5)Wo(4) Yo (2)Wo(3) Z+wa(5)wo'(4) We(1) wo<3)ﬂ+wa(5) W (4)Wo (1) Yo (2) KT e (5)Wo(3) Yo (1) Yo (2) S
Xw

% qh(wo'(5)wo'(4)wa(2)wo‘(3)i+wa'(5)wo'(4)w0'(1)wa‘(3)j+wa(5)wo(4)w0'(1)wa‘(2)k+wa(5)wo(3)wo(1)wa‘(Z)S)

><£

0(1)wff(2)w0(3)“’0(4) aw e Ye(2)e(3) o (4)

wO' .
(wg(g,)iﬁ + ©)

We(1) We(2) We(3) We(4)

holds true for any o € Ss.



14 Ugur Duran et al.

It is easily shown, by using the definition of [z] , that

[y+w5x+—z+—j+—k+ (10)
w2 w3 ’LU4 qU1w2w3wy
) (k)
= \m [w1w2w3w4]q

. . n—m
X [wowswyi + wiwswyj + wiwawek + wlwgwgs]qw5

. . m
% qm(w5w4w2w31+w5w4w1w33+w5w4w1w2k+w5w3w1wgs) [y + w5x]qw1w2w3w4 )

Taking [, wwiw2wswayghwiwawswayd, () on the both sides of Eq. (10) yields
ZP

/ ww1w2w3w4thw1w2w3w4y (1 ]_)
Zp

{y + wsx + —z 40 Dy dp—1(y)
w2 w3 w4 qu1waw3wy

S0

[w1w2w3w4]q

n—m

. . n—m
X [wowszwyi + wiwswyj + wiwgwak + wlwgwgs]qw5

m(wswiwawsi+wswaw w3 j+wswiw wek+wswswiwes) ()
x4q gm,qw1w2W3w4,ww1w2w3w4 (w533) .

In view of the Eq. (11), we acquire

w1—1we—1wz—1wyg—1

[wiwawswa]y Z Z Z Z(—l)””k*s (12)

i=0 j=0 k=0 s=0

X ww5w4w2w3i+w5w4w1 w3 j+wswawi w2k+wswswiwas

x qh(w5w4w2w3i+w5w4w1 w3 jtwswawiwek+wswzwiwas)

x / ww1w2w3w4thw1w2w3w4y
Z.

P

{y+w5x+—z+—j+—k+ du—1(y)
w W2 w3 w4 qW1w2w3wy

_ mz (;;) fwrwswsw] ws] ™

X gm,qw1w2w3w4 AWW1W2W3wWy (’IU5Q?) Un,qu ;w5 <w17 Wa, W3, Wy ‘ m)a
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where

Un g0 (W1, Wa, w3, wy | m) (13)
wi—1ws—1wz—1wg—1

— E E E E (_1)i+j+k+sww2w3w4i+w1w3w4j+w1w2w4k+w1w2w38
i=0 j=0 k=0 s=0

% q(m+h)(w2w3w4i+w1w3w4j+w1w2w4k+w1w2w38)

. . n—m
X [wowswyi + wiwzwyj + wiwswek + wlwgwgs]q

Hereby, by Eq. (13), we arrive at the following theorem.
Let h € Z, w; € N be a natural number which satisfies the condition
w; = 1(mod2), in which i € Z lies in 1 < ¢ < 5. For n > 0, the following

n

> (n) [Wo(1) Wo(2)Wa@) Wo)] [Wos)],
m q q

m=0
(h)
X (1) (2) o (3) Yo 4) gy (1) Yo (2) Yo (3) Vo4 (wo5)2)

XU, 420(5) 10 (W (1), Wo(2)s W (3), Wo(a) | M)

holds true for some o € Ss.
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