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Abstract

In this paper, a solution algorithm to fuzzy muljective integer nonlinear
fractional programming problem (FMOINLFP) is sugtgk The problem of
concern involves fuzzy parameters in the objedtimetions. In order to defuzzify
the problem, the concept oflevel set of the fuzzy number is given and for
obtaining an efficient solution to the problem (FNWRFP), a linearization
technique is presented to develop the solution rdalgn. In addition, an
illustrative example is included to demonstrate tloerectness of the proposed
solution algorithm.
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1 Introduction

Fuzzy integer linear and nonlinear fractional pewmgming problems with
multiple objectives is an important field of resgaand has not received attention
as much as did to fuzzy multiple objectives lingard nonlinear fractional
programming problems.

Integer linear fractional programming problem wittultiple objectives
(MOILFP) is an important field of research and hast received as much
attention as did multiple objective linear fractbprogramming. In [9], an exact
method for discrete multiobjective linear fractibnaptimization has been
developed using a branch and cut algorithm to géeehe whole integer efficient
solutions of the MOILFP problem.

Literature survey reveals wide applications otfi@al programming in
different areas ranging from engineering to ecomsmfor comprehensive review
of the work in this filed, we refer to [13].

In our previous paper [12], we have presented lgorithm to solve
multiobjective integer linear fractional programmiproblem (FMOILFP) with
fuzzy coefficients in the right-hand side of thenstraint functions. The basic idea
of the computational phase of the suggested algorih [12] was based mainly
upon a modification of Isbell-Marlow method togetkath the branch and bound
technique.

In this paper, an attempt is made to study mykictive integer nonlinear
fractional programming problem (FMOINLFP) with fyzzoefficients in the
objective functions. The problem formulation israttuced in Section 2. Fuzzy
notations and definitions used throughout this pajpe presented in Section 3. In
Section4, a linearization technique is described.afgorithm to solve problem
(FMOINLFP) is developed in Section 5. An illustkegi example is given in
Section 6 to clarify the solution algorithm. Sentid provides some concluding
remarks.

2 Problem Formulation

The purpose of this paper is to develop a soluatgorithm for solving the
following multiobjective integer non-linear fractial programming problem
involving fuzzy parameters in the objective funosFMOINLFP):
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(FMOINLFP):

- T, 3T
Z{X,Hlj _q x-;Hl x+ay
di X+ 4
- Ty, AT
ZZ(X,Hlj — CZXTI_HZ X+ a, ’
dy X+ B,
max _ @

- T, ., AT
C, X+6, x+a
Zk(X,HkJ: k s k k
dy X+ By
Subjecto
XO M.

In problem (1),c,d OR" for eachobjectivel, | = [1,2...,k] anda,, 5, OR. The setM
is defined as the feasible region and might beekample, of the form:
M :{xD R"|Ax<hx=0 andintege} (2)

where A is anmxn real matrix,x is ann- vector of integer decision variablds,
is an mvector of the constraints right-hand sidd®) is the n-dimensional
Euclidean space anbldenotes the transpose. It is assumed Efpas an kxn
real matrix of fuzzy parameters. Moreovét,is a compact set i.e. bounded and
closed and thatl| x+ 8 >0 for all x(OM is no convex polyhedron in general.

The set of constraintdx< b, x>0 will be denoted throughout this paper by
My and can be obtained by dropping the integer remqment on the decision
variablesx; forall j =12,...n in (2) above

In what follows, an equivalent fuzzy multiobjectiw®nlinear fractional

programming problem associated with problem (1) larstated with the help of
the cutting — plane technique [5, 7] and may bétamniin the form:
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df x+ By

dJ x+ B

dy x+fx

(FMONLFR:
X, 01 |=
X, 62 |=
max;
X, Ok
Subjecto

xt[M],

where[M] is defined as the convex hull of the set of fdas#mlutionsM defined

=~ ch+HTx+al
- 1
Za

- To.nT
, [ J_czx+¢92 X+ao
2 )

[ ~J ch+§ka+ak
) =<

©)

by (2) and the point to be noted here is that thei@ent solution of problem (1) is

the same efficient solution of problem (3), (se@]]1

Now, we consider the equivalent fuzzy multiobjeetnonlinear fractional

problem (3) in the following
(FMONLFR:

X, 61

form:

Zl[ - J_C&_I-X+§]TX+O'1
dirx+,81

max

- T,., 7T
CoX+0, X+a
ZZ{X’HZJ: 2 2 2

dd x+ 4,

X+§k X+O'k

T
~ c
zk[x,HkJ= K

dIX"'IBk

Subject to

where M £ is defined as:

xOM .

4
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MY ={xOR" | A®x<b® x=0} ©
In addition,
A A
AO =3 and b= | by
a n
(6)

are the original constraint matri and the right-hand side vectarrespectively,
with

S-additional constraints, each corresponding to &niefit non-redundant cut in
the forma x<b,, where M = [M]and for more details, the reader is referred to

[11].

Consequently, using the nonnegative weighted suethad [2], then
problem (4) will take the following form with a gjle —objective function:

(FMONLFR:
T,.aT To, 3T T,.aT
c, X+8, x+a c,Xx+6, x+a c, X+6, x+a
maxdwy| L L T | 2T T2 T2y | KT Tk DK K @)
df x+ B dj x+ 5, die X+ g
Subjecto
xO[M].

3 Fuzzy Concepts and Notations

The fuzzy number is defined differently by many haus. The
most frequently used definition belongs to a tragda fuzzy
type as follows:
Definition 1. [4]
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It is appropriate to recall that a real fuzzy nunibeis a continuous fuzzy subset
from the real lineR whose membership functiqaqs(P) is defined by:

1. A continuous mapping fronk to the closed interval [0,1],
,uﬁ(P) =0 for all PO(~ 0, R,],
Hs

(P) is strictly increasing or[1I31, P2] ,
us(P)=1 for all PO[P,,R,],
(
(

L S

Hs

Figure 1. lllustrates the graph of a possiblepshaf a membership
function of a fuzzy number .

Lzlpl &

1 =EE L e

\J

P23 L ”

Fig.1Membership functidnecfuzzy numbeP

Here, the matrix of fuzzy paramete involved in problem(FMOINLFP is a
matrix of fuzzy numbers whose membership functidenoted by (6).

In the following we give the definition of the —levelset ora - cui of the
fuzzy matrix of parameters .
Definition 2. [4]
The a -levelset of the matrix of fuzzy parameter§ in the problem
(FMOINLFB is defined as the ordinary sdﬂ;,(é) for which the degree of its
membership function exceeds the levell [0,1] , Where:

L,(6)={ 60R" | 45(6)= a} ®
For a certain degreer=aD:[0,1] , estimated by the decision maker.

Therefore, problem(FMONLFI? (7) can be understood as the following

nonfuzzy a —multiobjective nonlinear fractional programming
problem(a - MONLFP):
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(@ - MONLFP ):
T,. AT T,. AT T,. AT
+6; x+ +6-5 X+ c,X+8, X+a
max Wl C_']_X-r 1 X 0’1 +W2 C2XT 2X 0’2 +...+Wk k . k k (9)
dy x+ 5 do x+ B, d, X+ By
Subjecto

xOOM (6),

where M (6)={xOR"| A®x<b®,x>0,60L,(6) .
If should be emphasized here in ti@— MONLFP) (9) above that the

matrix of parameterd is treated as a matrix of decision variables rathan
constants. Depending on the basic definition of thelevel set of the fuzzy
numbers, we introduce the concept of the-efficientsolution to the
(@ = MONLFP) (9) in the following definition.

Definition 3. [4]
A point x"0O M( D) is said to be an a-efficient solution to
problem(@ -MONLFP), if and only if there does not exist another
xOM(6),60L,(8) such that 7 (x)2 7 (x), (1=12...k) with strict inequality
holding for at least ong where the corresponding values of parametrsare
called a - leveloptimal parameters.

Throughout this paper, a membership function ef filezy matrix & in

the following form will be elicited:

0, P<PR,
P-p, )
1- 2 |, P <P<P,
R-F
<P<
wA=1t o sP<R,
o Wl N P,< P<P,,
P, - P,
0, otherwise.
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Before we go any further, proble(*a - MONLFP) (9) can be rewritten

as follows:
(@ - MONLFP):
T T T 1 cIx+8 x+a
max wl(olx:gl X+al}+w2(czx:62X+a2}+...+wk k = k K (10)
di X+ f dy X+ B3 dy X+ By
Subject to

X0 M(0)={XD R/ AGx<b® 1@ <g. <19 (1=12,..k),( =12...nx=> o.}

Note that the constraiglL, (5) in problem (a' - MONLFP) (10)
stated above has been replaced by the equivatent® < g, < L% wherel®and
L% are the lower and the upper bounds on the vagahle

In the following section, a linearization proceelis suggested to deal with
problem (10).This procedure depends basically an lihearity nature of the
trapezoidal membership function defined by (8). tBe other hand, we should
report that a different membership function in tien-linear case will require a
modification in the linearization process and th@int is recommended to be
handled as a future research work.

4 Linearization Procedure[1]

The nonlinearity in the objective’s numeratorpodblem (6) can be
treated using the following transformation:

W=xg for each objective 11 ={12,...k}i={12,...n}
(11)

Using the parametric approach of Dinkelbaeh [3] dagannathan [6] for
the single-objective fractional programming probjetonsequently problem (6)
becomes:

T T T T T T
+ + + + C, X+ +a
max Wl{—cl XT 1 al}+w{—c2 XT Yo a2}+...+wk Hk = Mk 9k (12)
di x+ 5, dz x+ 5, d, X+ B¢
Subjectto

xOM (H)z{xD R"/ A x< b(S),xilliT(O) gyIT < X; LlTi(O)-(l = l2,...k)}

(030 (@L2,...,n),x=0
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Theorem. [1]
The solution of the problem (12) can be obtainedsblying 2 "problems, = n

where r is the number of decision variables fromght /© for which one of their
coefficient whether in the objective functions orthe constraints is fuzzy, where
n is the cardinality of “.

5 Solution algorithm

In this section, a solution algorithm to solve Zyzmultiobjective non-
linear fractional programming problem (FMOINLFP)dsscribed in a series of
steps. The suggested algorithm can be summanzibe ifollowing manner:

Step 0. Characterize the sét & = [M], (See [10,11])
Step 1. Use the weighted sum method [2] to convert thezyunon-linear multi-
objective fractional programming problem (4) toirgge-objective problem as (7).

Step 2. Start with an initiab- level set degree =a” =0

Step 3. Choose the matrix of the fuzzy paramet@rin problem (FMOINLFP)
(7) to elicit a membership function satisfying asptions ()—(6)in Definitionl.
Step 4. Convert problem (FMONLFP) (7) into its nonfuzzyersion -
MONLFP) (10).

Step 5. Linearization Procedure:
Let y' =x4 for each objective,l={12,..k},i={12...n} in the objective’s
numerators of problem (10)
a) Rewrite the problemo¢MOINLFP) in the form of problem (12)
b) Convert problemo-MOINLFP) (12) by using the parametric
approach of Dinkelbaeh [ 3] and Jagannathan 8 jfe scalar

fractional programming in the form of problem (13)
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c) Solve thez"different problems by using LINGO [8] software to
obtainz” of a-efficient solution to choose the required one.

Step 6. Seta = (" + Step)= [0, 1] and go to step2.

Step 7. Repeat the above procedure until the interval [65 fully exhausted.
Then, stop.

6 An lllustrative Example

In this section, an illustrative example is givienclarify the proposed
solution algorithm. This example is adapted frone @ppearing in Chergui and
Moulad [9] and the LINGO [8] software package idisn the computational
process.

The problem to be solved here is the following tiobjective integer

nonlinear fractional problem involving fuzzy vectof parameters@ in the
objective functions:

max zp| X,01 | = (1+291)X1_4,
—X2+3

(FMOINLFP ):{ max Zz[x,;zlz_(2+92)xl+4’
Xo +1

max Zg[X,é?,J = —6.+ gg)X]_ + X2

Subject to
- X1 +4X2 £ 0,2%x1 - X2 <8,
X1,X2 2 0,and integers.

The convex hullM § is given by
[M]={x0R? |- x, +4x, £ 02% — %, <8,% <4,%,%, 20}
whereS=1 an efficient Gomory cutx, <4 and then problem (FMOINLFP) can
be formulated as:
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(FMONLFP )

X,03

max 23{

Subject to
xO[M ]
Using the weighting method [2],
programming problem can be converted
programming problem as:
Py (W): Max= Wz, +W,Zz, +WsZ,

xO[M]

max zl(x,ﬁlJ =
max zz(x,ezj =

An Algorithm for Multigbctive Integer

X1+2§1X1—4
—X2+3

—2X1—§2X1+4
Xo +1

J:‘X1-§3X1+X2

the multiobjectimenlinear fractional
to a singjeetive nonlinear fractional

Subject to

3
where ) w, =1

i=1

Therefore, the above problem will take the follogrform:

p,(w): max= {(E {WD + (3{_ 2% 0% 4D + (1 [— X, = Oy + XZD}
4 -X,+3 2 X, +1 4

Subject to

-% +4x,<0

2% —% <8

X <4
X, % 20

where W, =W, :E,W2 -1
4 2

The fuzzy problemp,(w) can be converted into its non-fuzzy version by
setting a=036 . Then, membership functions corresponding to thezy
numberg, 8, 6, can be elicited and are given by:
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0, 6, <R,
2
1—(?;1:'22] , R<6<P,
1 2
1 P, <@ <P
(8)=1" 2=Y1="3
,ugl( 1) b ,
1—(;_;] , R,<6,<P,
4 3
0, otherwise
0, 6,<P,
2
1—(%“?} , P<6,<P,
1~ M
/Ll~ (82): 1’ PZSHZSPS,
8> 2
1—(%“?] , P,<6,<P,,
4~ 3
0, otherwise.
01 93SH.’
2
(%:Ej, R<6,<P,
1 2
1 P,<6,<P
e)=1" 2T
u (6) .
1—(—; ng R,<6,<P,,
4~ 3
0, otherwise.

Let also the fuzzy parametesd, 6, is given by the following fuzzy numbers
listed in the table below:

P, P, Ps P,
6, 0 025 075 1
6, 0 05 075 1.25
6, 0 0.3 0.6 0.9

005< 6, < 095
01<6, <115

It is easy to get:
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006< 6, < 084
The problem will take the following form:

1| % +26,x, —4 1| = 2% —6,% +4 (1 j
w):max=<| =| ————— | |+| = + = [- X — 6% +X
pz( ) {4{ “%, +3 > X, +1 4[ 1~ 3% 2]

Subject to
-X +4%,<0
2% —% <8
X <4
X, %X, 20
005< 6, < 095
01<6, <115
006< 6, < 084

Linearization technique:
Let y, =x6,, ¥, =x6,,y; = X6,
The problem p,(w) can be written as:

o (322254 (227 3ol

Subject to
-X +4%,<0
2% —X,<8
X <4
X, %X, 20
005x, <, < 095x,
01x, <y, < 115
006x, < y; < 084x,
By using the parametric approach of Dinkelbaehaf8 Jagannathan [6],

the above problem will take the following form:

G [(x1 +2), —4) = A= x, + 3)]} + G [(— 2% =y, +4) = Ag(x, + 1)D

p3(w):max: 1
+(Z[_ =Vt Xz])
Subject to
-X +4%,<0
2% —X,<8
X <4

X, %X, 20
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005x, < y, < 095,

0Ix, <)y, <115
006X, <y, < 084x,

Starting with A7 = z,( 00,005) = —131,/12 =2,(0001)=4

Case 1: Let x, =0 the problemp,(w) can be written as:

e[ 44 3w+ 3] o 316 - )]

Subject to
4x, <0
X, <8
X, 20

st -2 )-8

Subject to
4x, <0
X, <8
X, 20
By solving problemp,(w)the maximum value of the objective function
equals 0 afx”,x;)= (00) and with the substitution in,(w) , hence the optimal
solution will be 1.666667
Case2: Let x, >0 the problemp,(w) can be written as:

e[ 3 -4 -5 o3 o B2 4l ool

Subject to
-X +4%,<0
2% =X, <8
X <4
X 21
X, %20
005x, <y, < 095«
0lx <y, <115¢
006x, < y, < 084x,

po(w): max= {%KX v2y, -gxm o3l zn -]+ (Hlx-pe xz]j}
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Subject to
-X +4%,<0
2% —%, <8
X <4
X 21
X, % 20
005x; <y, < 095x,

01x, <y, < 115
006x, <y, < 084X,

Again, solving problem p,(w) , we obtain the optimum maximum value = -
0.59 at(x”,x5)= (10) and then substituting irp,(w), the a - optimal solution

will be 0.593333334 from the previous two cases, neggice that thea - optimal
solution of problemp,(w) is (0, 0, 0.95, 0.1, 0.06) which gives the maxin

value 1.666666667,which is an—efficient solution to problerfer - MOINLFP).

7 Conclusions

This paper has dealt with a fuzzified version oh@tiobjective integer nonlinear
fractional programming problem (FMOINLFP) in whidbhzzy parameters are
involved in the objective functions. In order tduzzify this problem, the concept
of a- level set of the fuzzy number has been given. Fbtaining an
a — efficient solution to the formulated problem (FMQIRP), a linearization
technique has been proposed to develop the solptaress.

Though the computational experience is limited, algorithm appears to
be fairly efficient. Despite its simplicity, thegposed solution algorithm may be
considered as evidence that a host of other fraaitioptimization problems can
be effectively tackled by solving a sequenceoffeasibility problems.

In our opinion, the results of the illustrativeagxple show that the nine
digits is achievable in the solution steps sinbesé result using our proposed
algorithm compared with direct LINGO software methlmgy will give the same
solution in less than 30 iterations while more ti38@ iterations are carried out
using LINGO.

However, further points must be discussed in tea af (FMOINLPP) for
different values ofa — level sets and the stability of the corresponding
a —efficient solutions should be investigated. Som#hete points are:

() It is recommended to suggest a solution algoritontatge -scale fuzzy
multiobjective integer nonlinear fractional progmamg problems.

(i) 1t should therefore prove worthwhile to examine ttmavergence of the
developed algorithm in this paper.
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