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Abstract

In this paper, we introduce the concept of Antie@zly normal subgroup and
Anti- Q-fuzzy left (right) cosets of a group andatissed some of its properties.

Keywords: Anti- fuzzy subgroup, anti- Q-fuzzy subgroup,-a@tfuzzy normal
subgroup, anti Q-fuzzy normaliser, Anti-Q-fuzzyt lgfght) cosets, anti-Q-
homomorphism.



2 P.M. Sithar Selvam et al.

1 I ntroduction

The concept of fuzzy sets was initiated by Zadeth965 [19]. Since then it has
become a vigorous area of research in engineermggical science, social
science, graph theory etc. Rosenfeld [13] gaveidba of fuzzy subgroups in
1971. A. Solairaju and R. Nagarajan [16] introdueedew algebraic structure Q-
fuzzy group in 2008. T. Priya, T. Ramachandran &nfl. Nagalakshmi [12]
introduced the concept of Q-fuzzy normal subgrodpsBiswas [1] introduced
the concept of anti fuzzy subgroups of a group980L Modifying his idea, we
introduced a new algebraic structure anti-Q-fuzagnmal subgroups anti- Q-fuzzy
left (right) cosets, Cartesian products have bemcudsed and some of its
important properties were obtained.

2  Préiminaries
In this section we site the fundamental definititmest will be used in the sequel.

Definition 2.1[19]: Let X be any non empty set. A fuzzy subeétX is a function
U X— 0, 1].

Definition 2.2[10]: Let i be an anti fuzzy subgroup of a group G. For any t
[]0,1], we define the level subsetofs the set,;s ={x/ G /u(x)s t}

Definition 2.3[1]: A fuzzy sey of a group G is called an anti fuzzy subgroup of
G, ifforall x,y/7/G

(i) 1 (xy) = max {1 (x), K(Y)}
(i) p(xY=p (x)

Definition 2.4[14]: An anti fuzzy subgroup of a group G is called an anti fuzzy
normal subgroup of G if for all x, §/ G, t(xyx") = y) or u (xy) = LAyX).

Definition 2.5[16]: Let Q and G be any two sets. A mappngG x Q—[0, 1] is
called a Q-fuzzy set in G.

3  Anti-Q-Fuzzy Normal Subgroups

Definition 3.1: A Q-fuzzy set: of a group G is called an Anti- Q-fuzzy subgroup
of G, if for all x, y7G, q/7/Q,

(i) 1 (xy, g)< max {{ (x,0), u(y,q)}
() p(xha)=p(x q)
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Definition 3.2: An anti- Q- fuzzy subgroup of a group G is called an anti-Q-
fuzzy normal subgroup of G if for all x/yG and q/7Q,u(xyx*,q) = Yy, q) or

(xy, q) =uyx, ).

Definition 3.3: Let # be an anti-Q-fuzzy subgroup of a group G. For amy0,
1], we define the level subsetwés, ;4 ={x /G, q/7Q / 1(x,q) =< t }.

Theorem 3.1: Let i be a Q-fuzzy subset of a group G. Tjwes an anti-Q—fuzzy
subgroup of G iff the level subsets t/]0, 1] are subgroups of G.

Proof: Let 4 be an anti-Q-fuzzy subgroup of G and the levekstib
e = {xXOG /u (X, q)<t, [0, 1]}
Let X, yOu.. Thenu (X, @) t& p(y, )<t
Now [ (xy™, @)< max fu (x, ), 1 (y*, o)}
=max {1 (x, q),u (y, a)}
< max {t, t}
Thereforep (xy?, g) <t, hence x§ O ;. Thusy is a subgroup of G.
Conversely, let us assume tipabe a subgroup of G.
Letx, yO . Thenu (X, Q)< tandu (y, q)< t

Also, p(xy* g)< t, since xy O

matx, £}
mag{x,q),u(y,q)}

Thatis,p (xy™, q) < max {i (x, q), 1 (¥, )}
Hencep is an anti-Q-fuzzy subgroup of G.

Definition 3.4: Let i be an anti- Q-fuzzy subgroup of a group G. Thep) N(
={a /G | u (axa’,q) = u (x ,q) , for all XxG , g/RQ }, is called an anti-Q-fuzzy
Normaliser ofu.

Theorem 3.2: Let i be a Q-fuzzy subset of G. Thers an anti- Q- fuzzy normal
subgroup of G iff the level subsets t/]0,1] are normal subgroups of G.

Proof: Let p be an anti-Q- fuzzy normal subgroup of G and &well subsetsi,
t[0,1], is a subgroup of G. Let3G and &l |, thenu (a, q)<t.
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Now, p (xax*,q) =p (a, g)<t,
Sincep is an anti-Q-fuzzy normal subgroup of B(xax*, q) < t.
Therefore, xax O ;. Hencey is a normal subgroup of G.
Theorem 3.3: Let i be an anti- Q-fuzzy subgroup of a group G. Then

I.  Ng)is a subgroup of G.

ii. wis an anti- Q-fuzzy normat N(u) = G.

iii. wis an anti Q-fuzzy normal subgroup of the group)N(
Proof:
(i) Let a, b0 N(p) thenp (axa®, q) =p (x, q), for all xO G.

u (bxbt, q) =p (x, q), for all xO G.

Now p (abx(ab), q) =p (abxb'a®, q)
g (bx*, q)
(X, q)

Thus we get,u (abx(ab), q) =p (x , q) = abON(R)

Therefore, Ni@) is a subgroup of G.

(i) Clearly Nfu) O G , n is an anti- Q-fuzzy normal subgroup of G.
Let adJG, thenp (axa’, q) = p (X, Q).

Then all N(1) = G O N(W).

Hence Nf) = G.

Conversely, let N{) = G.

Clearlyp (axa', q) =p (x, q), for all X0 G and &J G.

Hencep is an anti- Q — fuzzy normal subgroup of G.

(iii) From (2),u is an anti- Q-fuzzy normal subgroup of a groupiN(
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Definition 3.5: Let iz be a Q-fuzzy subset of G andfetG x Q— G x Q[ fk: G
x Q— G x Q] be a function defined kiya , q) = (xa, q) [f{(@, q) = (ax, q)]. A
Q-fuzzy left (right) coset

M (L) i1s defined to bef(L) (f(L)).

It is easily seen thatf)(y , ) =x (X', q) and f&)(y , q) =yx*, q), for every
(y,q)inGxQ.

Theorem 3.4 [6]: Let i be a Q-fuzzy subset of G. Then the following ¢immi
are equivalent for each x, y in G.

() p(xyxt, q)=u(y,q)
(i) ¢ (xyx", q)=pu(y,q)
(iii) ¢ (xy, q) = (yx,q)
(V) xtd = 1

V) st =

Proof: Straight forward.

Theorem 3.5: If yis an anti- Q-fuzzy subgroup of G, themyd is also an anti-
Q-fuzzy subgroup of G, for allgG and Q.

Proof: Let 4 be an anti- Q-fuzzy subgroup of G.

Then(i) (gug™) (xy , @) =k (g (xy)g . 0)
=u(g*(xag'y)g , a)
=i ((g™x0)(g'y9) , 0)
< max{p (g'xg, a) .1 (g9, Q)}
< max{gug(x , q) , gy, a) },
forall x,yin G and Q.

(i) gHg™(x , 9) =p(g'xg , Q)
= ((g'xo)*, )
2 (g'x"g, Q)
=gg'(x*, q), forallx,yin G and Q.

Hence gg is an anti- Q-fuzzy subgroup of G.

Theorem 3.6: If iis an anti- Q-fuzzy normal subgroup of G, thexgis also an
anti- Q-fuzzy normal subgroup of G, for all'§G and Q.

Proof: Let u be an anti- Q-fuzzy normal subgroup of G. thegbis a subgroup
of G.



6 P.M. Sithar Selvam et al.

Now qug™(xyx™,a) =p( g'(xy x*) g, )
E(xy x*, Q)
By, )
K gygd' a)
g™ (y,q).

Thus gugt is also an anti- Q-fuzzy normal subgroup of G

Theorem 3.7: The intersection of any two anti —Q-fuzzy subgrafs is also an
anti —Q-fuzzy subgroup of G.

Proof: Let A andpu be two anti-Q-fuzzy subgroups of G.

Then Anp) (xy™, g) = min @ (xy™, q)t (xy™, q))
< min{max{A(x , q) ,A (y ,q)}, max{u(x, q) ,u (y ,a)}}
< max{ min{A(x , q)x(x ,q)},min{A(y,q),u(y ,a)}}
=max{Anw) (x,q), anp) (v, )}

Thus Anp)(xy™, a)< max{np)(x, q),anw)(y.q)}
ThereforeAnp is an anti Q-fuzzy subgroup of G.

Remark: If ; , i0JA is an anti- Q-fuzzy subgroup of G, thenu ; is an anti- Q-
i0JA fuzzy subgroup of G.

Theorem 3.8: The intersection of any two anti-Q-fuzzy normalgsabps of G is
also an anti- Q-fuzzy normal subgroup of G.

Proof: Let A andp be two anti- Q-fuzzy normal subgroups of G. Acdogdto
theorem 3.7Any is an anti-Q-fuzzy subgroup of G.

Now for all x, y in G, we have

Anp) (xyx™*, @) = max A(xyx™", @) ,uxyx™, q))
=max A (y,q),uy,q))
=(Anp) (y,q)

HenceAnp is an anti- Q-fuzzy normal subgroup of G.

Remark: If W , iDA are anti-Q-fuzzy normal subgroup of G, thenu ; is an anti
Q-fuzzy normal subgroup of G

Definition 3.6: The mapping f: G x @—» H x Q is said to be a group Q-
homomorphism if
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(i) f: G — His a group homomorphism
(ii) f(xy , q) = (f(x)f(y) , q) , for all xy /7G and q/7/Q.

Definition 3.7: The mapping f: G x @> H x Q is said to be a group anti-Q-
homomorphism if

() f: G— His a group homomorphism
(i) f(xy , q) = (f(y)f(x) , q) , for all xy /7/G and 9/ Q.

Theorem 3.9: Let f: G x Q— H x Q be a group anti-Q- homomorphism.

() If pis an anti- Q-fuzzy normal subgroup of H, ThéfuJf is an
anti- Q-fuzzy normal Subgroup of G.

(i) If f is an epimorphism and is an anti- Q-fuzzy normal subgroup
of G, then f) is an anti-Q-fuzzy normal subgroup of H.

Pr oof:

() Let f: G x Q— H x Q be a group anti- Q- homomorphism anduée an
anti- Q-fuzzy normal subgroup of H. Now for ally[] G, we have

P eyx™, a) =p (f (xyx™*, q))
= (f(x) *(y) f(x), a)
= (f(y) , q)

=Wy, 9)
Hence () is an anti-Q-fuzzy normal subgroup of G.

(i) Let u be an anti-Q-fuzzy normal subgroup of G. Than) € an anti Q
fuzzy subgroup of H.

Now, for all u, v in H, we have

f)uva?, ) = infu (y, a) = infu (xyx?, q)
f(y)=uvu
fO)=u; f(y) = v
=infu(y,q) =f@)(v, q), (since fis an epimorphism)
fly) =v

Hence f(1) is an anti-Q-fuzzy normal subgroup of H.

Definition 3.8: Let A and i be two Q-fuzzy subsets of G. The produdtarid i/ is
defined to be the Q-fuzzy subgdgtof G is given byi(x , q) = inf max ¢A(y , q),
yz =X,z ,q)), x7G.
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Theorem 3.10: If A & u are anti-Q-fuzzy normal subgroups of G, thignis an
anti-Q-fuzzy normal subgroup of G.

Proof: LetA & u be two anti-Q-fuzzy normal subgroups of G.

() Ap (xy, g) = infmax {A(x1y1, ), u(X2y2 , 0)}
H1= X, Xy2 =Y

< inf max {max{A (X1, ) A(y1, )}, max{u(x2,q),u(y20) } }
H1= X, XY =Y

< max{ inf max{A(x1,q)A(ys , @)}, inf max{u(xz , @) ,u(y2 , Q)
H1= X, XY =Y

ARL(xy, @) max{Ap (x, ) ,Ap (Y, q) }

(i) Ap (x*, g) = inf max {uz*, q) A(y™, a) }
(y2¥ x*

=inf max {u(z , 9) ,A(y, 9) }
X=yz

=infmax {A(y, q) ,u(z,q)}
X=yz

AH (X, Q).

HenceAp is an anti-Q-fuzzy normal subgroup of G.

4 Cartesian Product of Anti Q-Fuzzy Normal Subgroups

Theorem 4.1: If 4 & dare two anti-Q-fuzzy subgroups of a group G, thetdis
also an anti-Q-fuzzy subgroup of the group G x G.

Proof: Letu & & be two anti-Q-fuzzy subgroups of a group G.
Let (X1, Y1),(X2, Y2) DG x G & qU Q

Then x8) { ( (X1, Yo%, Y205 q) } = @x8) { ((Xg, Y2, y25), a) }
=(x8) {( xx2hy1y21.q) }
= max fi (xix2,a) d(y1y2,q) }
= maxft (x,,0), K(x21,q) J (y1,0), 8(y2 1,9 )}
= max {u (x1,0), H(X2,0) D (y1,q), d( y=,q )}
=max {{t X 0) ((X1, Y10 ) , (1 X 0) ((X2,Y2),q)}
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O(ux &) is an anti-Q-fuzzy subgroup of G x G.

Theorem 4.2: If 4 & Jdare two anti-Q-fuzzy normal subgroups of a groypghen
MU X Ois also an anti-Q-fuzzy normal subgroup of theugr® x G.

Proof: Straight forward.

5 Conclusion

In this article we have discussed anti-Q-fuzzy rarsubgroups, anti-Q-fuzzy
normaliser and anti-Q-fuzzy normal subgroups ura@i Q- homomorphism.
Interestingly, it has been observed that anti-Qyuzoncept adds another
dimension to the defined anti-fuzzy normal subgeouphis concept can further
be extended for new results.
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