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Abstract

The aim of this paper is to introduce and study ¢bncept of slightly v-closed
mappings and the interrelationship between othes@&tl maps.
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1 Introduction:

Mappings play an important role in the study of mmdmathematics, especially
in Topology and Functional analysis. Closed mappiage one such mappings
which are studied for different types of closedsd®t various mathematicians for
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the past many years. N.Biswas, discussed aboutbpemimappings in the year
1970, A.S. Mashhour, M.E. Abd EI-Monsef and S.N-Dieeb studied preopen
mappings in the year 1982 and S.N.El-Deeb, andHbBsanien defind and studied
about preclosed mappings in the year 1983. Furff@t kumar sen and P.
Bhattacharya discussed about pre-closed mappingthenyear 1993. A.S.
Mashhour, ILA. Hasanein and S.N. El-Deeb introducedpen anda-closed
mappings in the year in 1983, F. Cammaroto and diri Nliscussed about
semipre-open and semipre-clsoed mappings in the 3880 and G.B. Navalagi
further verified few results about semipreclosegpiags. M.E. Abd EI-Monsef,
S.N. El-Deeb and R.A. Mahmoud introdudé@pen mappings in the year 1983
and Saeid Jafari and T.Noiri, studied abgatosed mappings in the year 2000. In
the year 2010, S. Balasubramanian and P.A.S. Vgjayantroducedv-open
mappings and in the year 2011, further defined atm@pen mappings and also
they introducedv-closed and almosv-closed mappings. C.W. Baker studied
slightly-open and slightly-closed mappings in treary2011. Inspired with these
concepts and its interesting properties we inphiser tried to study a new variety
of closed maps called slightly-closed and almost slightly-closed maps.
Throughout the papet, Y means topological spaces ¢) and {Y, c) on which no
separation axioms are assured.

2 Preliminaries:
Definition 2.1: A/7 X is said to be

a) Regular open[pre-open; semi-opem-open; -open] if A = int(cl(A))
[A Lint(cl(A)); AL cl(int(A)); AZ int(cl(int(A))); AL cl(int(cl(A)))] and
regular closed[pre-closed; semi-closedy-closed; S-closed] if A =
cl(int(A))[cl(int(A)) 7 A; int(cl(A)) A; cl(int(cl(A))) 7 A; int(cl(int(A)))7
Al

b) v-open if there exists a r-open set U such thdt Al /7 cl(U).

C) g-closed[rg-closed] if cl(A)UJ[rcl(A) ZJ] whenever AU and U is
open[r-open] in X.

d) g-open[rg-open] if its complement X - A is g-cldsgetlosed].

Remark 1: We have the following implication diagrams for edssets.

ra-closed - - - - Vv-closed
1 l
r-closed- closed- a-closed- semi-closed- B-closed

Definition 2.2: A function f:X>Y is said to be
a) Continuous [resp: semi-continuous, r-continuousgominuous] if the

inverse image of every open set is open [resp: s@em, regular open, v-
open).
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b) Irresolute [resp: r-irresolute, v-irresolute] if #hinverse image of every
semi open [resp: regular open, v-open] set is sepen [resp: regular
open, v-open].

C) Open [resp: semi-open,r-open, v-open] if the imagevery open set is
open[resp: semi-open, regular-open, v-open].

d) Closed [resp: semi-closed,r-closed, v-closed] € timage of every closed
set is closed[resp: semi- closed, regular- closediosed].

e) Contra-open [resp: contra-semi-open, contra-r-opeontra- v-open] if
the image of every open set is closed [resp: séwsed, regular-closed, v-
closed].

f) Contra-closed [resp: contra-semi-closed, contralgsed, contra-v-
closed] if the image of every closed set is opesgdr semi-open, regular-
open, v-open].

0) Slightly-open [resp: slightly-semi-open, slighthppen, slightly-v-open] if
the image of every clopen set is open [resp: serairpregular-open, v-
open).

h) Slightly-closed [resp: slightly-semi-closed, slight-closed] if the image
of every clopen set is closed [resp: semi- clossglilar- closed].

) g-continuous [resp: rg-continuous] if the inverseage of every closed set
is g-closed [resp: rg-closed].

Definition 2.3: X is said to be v-regular space (or y-gpace) if for a open set F
and a point XF, there exists disjoint v-open sets G and H shelt F // G and
X[H.

Definition 2.4: X is said to be 1l,[r-T 1/ if every (regular) generalized closed set
is (regular) closed.

3 Slightly v-Closed Mappings:
Definition 3.1: A function f: X>Y is said to be

0] Slightly v-closed if the image of every cloget in X is v-closed in Y.
(i) Almost slightly v-closed if the image of exverclopen set in X is v-closed
inY.

Example 1:LetX =Y ={a, b, c};t = {0, {a}, {a, b}, X}; o ={o, {a, c}, Y}. Let
f:X—Y be definedf(a) = c,f(b) = b andf(c) = a. Therf is slightly v-closed.and
almost slightlyv-closed.

Example 2: LetX =Y ={a, b, c};t = {0, {a}, {b, ¢}, X}; o ={o, {a, c}, Y}. Let
f:X—Y be defined(a) = b,f(b) = ¢ and(c) = a. Therf is not slightlyv-closed and
not almost slightly-closed.

Theorem 3.1: Every slightly v-closed map is almost slightly @seld but not
conversely.



4 S. Balasubramanian et al.

Proof: Follows diretly from the definitions.
Note 1:We have the following implication diagrams for $lity closed mappings.

i) sl.ra.closed.map - - - slv.closedmap
1 l
sl.r.closed.map- sl.closed.map- sla.closed.map- sl.s.closed.map-
slf3.closed.map

i) al.sl.ra.closed.map- - - al.slv.closedmap

1 l
Al.sl.r.closed.map- al.sl.closed.map al.sla.closed.map- al.sl.s.closed.mapal.
slf3.closed.map

None is reversible.
Note 2:We have the following implication diagram.

i) Contrav-open - Slightly v-closed - v-closed
l l l
Almost Contra-open- Almost Slightlyv-closed - Almostv-closed

i) Contrav-closed - Slightly v-open - v-open

l l l
Almost Contrav-closed - Almost Slightlyv-open - Almostv-open
None is reversible.

Example 3:LetX =Y ={a, b, c};t = {0, {a}, {a, b}, X}; o ={o, {a, c}, Y}. Let
f:X—Y be defined(a) = c,f(b) = b and(c) = a. Therf is slightlyv-closed, almost
slightly v-closed, slightlw-open, almost slightly-open but not-closed,v-open,
contrav-open and contra-closed.

Example 4:LetX=Y ={a, b, c};1 = {o, {a}, {b}, {a, b}, X}; o ={o, {a}, {b, c},

Y}. Let f:X—Y be defined(a) = b,f(b) = ¢ and(c) = a. Therf is slightlyv-closed,
almost slightlyv-closed, slightlyw-open, almost slightly-open but not almost
closed, almost-open, almost contra-open and almost contraelosed.

Theorem 3.2:

(1) If RaC(Y) = vC(Y) then f is [almost-]slightlyafclosed iff f is [almost-]
slightly v-closed.

(i) If vC(Y) = RC(Y) then f is [almost-|slightly-closed iff f is [almost-]
slightly v-closed.

@iy If vC(Y) = aC(Y) then f is [almost-]|slightly:-closed iff f is [almost-]
slightly v-closed.
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Example 5:LetX =Y ={a, b, c};t = {0, {a}, {a, b}, X}; o ={o, {a, c}, Y}. Let
f:X—Y be definedf(a) = c,f(b) = b andf(c) = a. Therf is slightly pre-closed,
slightly v-closed, slightlyp-closed, slightly open, slightlg-closed, slightly a-
closed, slightly semi-closed and slighttglosed.

Example 6: Let X =Y = {a, b, c};t = {0, {a}, X}; o = {0, {a}, {a, b}, Y}. Let
f:X—Y be defined(a) = a,f(b) = ¢ andf(c) = b. Thenf is slightly open, slightly
pre-closed, slightly-closed, slightlya-closed, slightly a-closed, slightly semi-
closed, slightly-closed and slightly r-closed.

Example 7:Let X =Y ={a, b, c};t = {o, {a}, {b}, {a, b}, X}; o ={e, {a}, {b},
{a, b}, Y}. Assumef: X—Y be the identity map. Thehis slightly open, slightly
pre-closed, slightly-closed, slightlya-closed, slightly semi-closed, slightlg-r
closed, slightly-closed and slightly r-closed.

Theorem 3.3: If f is [almost-] slightly closed and g is v-closeden gof is
[almost-] slightly v-closed.

Proof: Let ALIX be r-clopen= f(A) is closed inY = g(f(A)) = gof(A) is v-closed
in Z. Hencegofis slightlyv-closed.

Theorem 3.4: If f is [almost-] slightly closed and g is r-closdtien gof is
[almost-] slightly v-closed.

Proof: Follows from Remark 1 and Theorem 3.3.

Theorem 3.5:1f f and g are [almost-] slightly r-closed then g [almost-]
slightly v-closed.

Proof: Let AOX be r-clopen= f(A) is r-closed inY= f(A) is closed inY =
g(f(A)) is r-closed inZ = g of(A) is v-closed inZ. Hencegof is [almost-] slightly
v-closed.

Theorem 3.6: If f is [almost-] slightly r-closed and g is v-cled then gof is
[almost-] slightly v-closed.

Proof: Let ALIX be r-clopen= f(A) is r-closed inY = f(A) is closed inY =
g(f(A)) = gof(A) is v-closed inZ. Henceg o fis [almost-] slightly-closed.

Theorem 3.7:1f f is [almost-] slightly closed and g isa¥closed then g o f is
[almost-] slightly v-closed.

Proof: Let AX be r-clopen= f(A) is closed inY = g(f(A)) is ra-closed inZ =
g of(A) is v-closed inZ. Hencegof is [almost-] slightlyw-closed.
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Corollary 3.1:

a) If f is [almost-] slightly open [[almost-] slightly-closed] and g is [almost-
] v-closed then gof is [almost-] slightly semi-atalsand hence [almost-]
slightly s-closed.

b) If f is [almost-] slightly r-closed and g is [almBEr a-closed then gof is
[almost-] slightly semi-closed and hence [almostightly f-closed.

Theorem 3.8:If f: X = Y is slightly v-closed, then v(cl{f(A))f(cl{A})

Proof: Let Al X andf: X - Y is slightlyv-closed give$(cl{A}) is v-closed in Y
andf(A) O f(cl{A}) which in turn givesv(c{f(A)}) O vcl{(f(cKA})}------- 1)
Sincef(cl{A}) is v-closed in Y vcl{(f(cHA})} = f(cHAY -------------- 2)
From (1) and (2) we hawgcl{f(A)}) O (f(cl{A})) for every subset A of X.
Remark 2: converse is not true in general.

Corollary 3.2: If f: X - Y is slightly r-closed, then v(cl{f(A)¥yf(cl{A})

Theorem 3.9:1f f: X - Y is slightly v-closed and/AX is r-closed, then f(A) is.
closedin.

Proof: Let A0l X andf: X - Y is slightlyv-closed implies/(cK f(A)}) O f(c{A})
which in turn impliesv(cl{f(A)}) O f(A), since f(A) =f(cl{A}). But f(A) O
v(cl{f(A)}). Combaining we get(A) = v(cl{f(A)}). Hencef(A) is T,.closed in Y.

Corollary 3.3: If f: X - Y is slightly r-closed, then f(A) s.closed in Y if Ais r-
closed set in X.

Theorem 3.10:If v(c{A}) = r(c{A}) for every A7 Y, then the following are
equivalent:

a) f: X - Y is slightly v-closed map
b) v(c{f(A)}) O f(cA})

Proof: (a)= (b) follows from theorem 3.8

(b) = (a) Let A be any-closed set in X, thef(A) = f(cl{A}) O v(cl{f(A)}) by
hypothesis. We havwiA) [ v(c f(A)}). Combaining we gef(A) = v(c{f(A)}) =
r(c{f(A)}[ by given condition] which impliesf(A) is r-closed and hence-
closed. Thu$is v-closed.
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Theorem 3.11:f: X Y is slightly v-closed iff for each subset S @ind each r-
clopen set U containing™(S), there is a v-closed set V of Y such that\Band f
1

(V) JU.

Proof: Assumef is slightlyv-closed, 1 Y and U arr-closed set of X containing
f(S), thenf(X - U) isv-closed in Y and V = Y §(X - U) is v-closed in Y.f %(S)
O U implies $1Vand f(V)=X-fXf(X-U)OX-(X-U)=U.

Conversely let F be-clopen in X, therf “(f(F ©)0 F °. By hypothesis, exists
VOVC(Y) such thaf(F% O V andf (V) O F¢and sdO (f (V) ©. Hence VFOf(F)
O f[(f (V) 90 V ¢ impliesf(F) O V ¢ which impliesf(F) = V. Thusf(F) is v-
closed in Y and thereforfes v-closed.

Remark 3: Composition of two [almost-] slightly-closed maps is not [almost-]
slightly v-closed in general.

Theorem 3.12:Let X, Y, Z be topological spaces and every v-diest is closed
[r-closed] in Y. Then the composition of two [almpslightly v-closed [[almost-]
slightly r-closed] maps is [almost-] slightly v-ded.

Proof: (a) Let f and g be slightly-closed maps. Let A be any clopen seKia>
f(A) is closed inY (by assumptiony g(f (A)) = gof(A) is v-closed inZ. Therefore
gofis slightlyv-closed.

Example 8:LetX=Y=Z={a, b, c};t ={0, {a}, {a, b}, X}; o ={o, {a, c}, Y}
andn = {o, {a}, {b, c}, Z}. f: X—>Y be defined(a) = c,f(b) = b andf(c) = a and
0:Y—Z be definedy(a) = b,g(b) = a andy(c) = c, therg andf are slightlyv-closed
andg o fis alsi slightlyv-closed.

Theorem 3.13:If :X—Y is [almost-] slightly g-closed, g=¥Z is v-closed [r-
closed] and Y is.f [r-T+] then gof is [almost-] slightly v-closed.

Proof: (a) Let A be a clopen set i Thenf(A) is g-closed set irY = f (A) is
closed inY asY is T, = g(f (A)) = gof (A) is v-closed inZ sinceq is v-closed.
Hencegofis slightlyv-closed.

Corollary 3.4: If :2X—>Y is [almost-] slightly g-closed, g=¥Z is v-closed [r-
closed] and Y is s [r-T+] then gof is [almost-] slightly semi-closed andnice
[almost-] slightlys-closed.

Theorem 3.14:If :X—Y is [almost-]slightly rg-closed, g=¥Z is v-closed [r-
closed] and Y is r-}, then gof is [almost-] slightly v-closed.

Corollary 3.5: If :X—Y is [almost-] slightly rg-closed, g=¥Z is [almost-] V-
closed [[almost-]r-closed] and Y is r:J then g o f is [almost-] slightly semi-
closed and hence [almost-] slighflyclosed.
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Theorem 3.15:If f:X—Y, g:¥Y—Z be two mappings such that gof is [almost-]
slightly v-closed [[almost-] slightly r-closed] thethe following statements are
true.

a) If f is continuous [r-continuous] and surjectitleen g is [almost-] slightly
v-closed.

b) If f is g-continuous, surjective and X ig then g is [almost-] slightly v-
closed.

C) If f is rg-continuous, surjective and X is #-fhen g is [almost-] slightly v-
closed.

Proof: (a) Let A be a clopen set = f*(A) is closed inX = (g 0 §) (FY(A)) is v-
closed inZ = g(A) is v-closed inZ. Henceg is slightlyv-closed.

Similarly one can prove the remaining parts ancchenmitted.

Corollary 3.6: If :X—Y, g:Y—>Z be two mappings such that gof is v-closed [r-
closed] then the following statements are true.

a) If f is continuous [r-continuous] and surjecithen g is [almost-] slightly
semi-closed and hence [almost-] slighthzlosed.

b) If f is g continuous, surjective and X igthen g is [almost-] slightly semi-
closed and hence [almost-] slighfiyclosed.

C) If f is rg-continuous, surjective and X is g-Then g is [almost-] slightly

semi-closed and hence [almost-] slighthzlosed.
To prove the following theorem we use the followDefinition.

Theorem 3.16:If X is v-regular, f: X> Y is r-closed, nearly-continuous, v-closed
surjection and{ = A for every v-closed set in Y, then Y is v-ragul

Proof: Let pOULOVO(Y). Then there exists a poinlX such thaf(x) = p asf is
surjective. SinceX is v-regular and is r-continuous there exist¥§ IRQO(X) such
thatxOVOVO f1(U) which impliespOf(V) Of(V) O f(f }(U)) = U — (1)

Sincef is v-closed (V) O U, By hypothesi§(V) = £ (V) and {V) = (V) —(2)
By (1) & (2) we havepIf(V) O f(V) O U andf(V) is v-open. Hencd is v-regular.

Corollary 3.7: If X is v-regular, f: X5 Y is r-closed, nearly-continuous, v-closed
surjection andd = A for every r-closed set in Y, then Y is v-regul

Theorem 3.17:If :X—Y is [almost-] slightly v-closed [[almost-] sliglytlr-
closed] and A is a closed set of X thgiiX,z(A))—(Y ) is [almost-] slightly v-
closed.
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Proof: Let F be a clopen set ;b Then F = AE for some closed set E #fand
so F is closed irK = f(A) is v-closed inY. But f(F) = fa(F). Thereforefa is
slightly v-closed.

Corollary 3.8: If :X—Y is [almost-] slightly v-closed [[almost-] sliglytlr-
closed] and A is a closed set of X thar{X{,z(A))—(Y ) is [almost-] slightly
semi-closed and hence [almost-] slighthzlosed.

Theorem 3.18: If :X—Y is [almost-] slightly v-closed [[almost-] sliglytlr-
closed], X is 7, and A is g-closed set of X then(X,7(A))—(Y o) is [almost-]
slightly v-closed.

Proof: Let F be a clopen set &b Then F = AE for some closed set E #fand
so F is closed irXK = f(A) is v-closed inY. But f(F) = fa(F). Thereforefa is
slightly v-closed.

Corollary 3.9: If :X—>Y is [almost-] slightly v-closed [[almost-] sliglytlr-
closed], X is 7, A is g-closed set of X then(X,z(A))—(Y p) is [almost-] slightly
semi-closed and hence [almost-] slighthzlosed.

Theorem 3.19:1f fi:X{—Y; be [almost-] slightly v-closed [[almost-] slightly
closed] for i =1, 2. Let f: XxX—YiXY> be defined as f(x) = (fi(x1), f2(x2)).
Then f:4¥xX—Y1XY; is [almost-] slightly v-closed.

Proof: Let UixU, O X;xX; where Uis clopen inX; for i = 1, 2. Therf (UixU,) =
f1(Uy) X f2(Uy) is v-closed set irY;1xY,. Hencef is slightlyv-closed.

Corollary 3.10: If fi:X;—Y; be [almost-] slightly v-closed [[almost-] slightly
closed] for i =1,2. Let f:%xX—Y1xY, be defined as f(x¢)=(f1(x), f2(x2)), then
f:X1xX—Y1XY2 is [almost-] slightly semi-closed and hence [altapslightly j-
closed.

Theorem 3.20: Let h:X—>X;xX; be [almost-] slightly v-closed. LetX—X; be
defined as h(x) = o) and f(x) = x. Then f X—X;is [almost-] slightly v-closed
fori=1, 2.

Proof: Let U; be r-clopen in X then UxX; is r-clopen in Xx X,, andh(U1x X>)

is v-closed in X. Buf1(U;) = h(U1x X5), thereforef; is slightlyv-closed. Similarly
we can show thédb is also slightly-closed and thuf:X - X; is slightly v-closed
fori=1, 2.

Corollary 3.11: Let h: X—>X;xX; be [almost-] slightly v-closed. Let X—X; be
defined as h(x) = (X %) and f(x) = x. Then f X—X;is [almost-] slightly semi-
closed and hence [almost-] slighfiyclosed for i =1,2.
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Conclusion

In this paper we introduced the concept of slighttlosed and almost slighthy
closed mappings, studied their basic propertiesthaednterrelationship between
other slightly closed maps.
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