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1 Introduction

Let H and G be topological groups, H abelian. By a topological extensions of
H by G, we mean a short exact sequence
e:1 H—>FE-">@G 1 with m an open continuous homomorphism
and H a closed normal subgroup of . A cross-section of a topological group
extension (F, ) of H by G is a continuous map u : G — E such that mu(z) = x
for each x € G. The set of all extensions of H by G with a continuous cross-
section, denoted by Ext.(G, H), with the Bair-sum is a group [3].

In this paper we show a similar result for topological local groups [5]. In
section 1 we give some definitions which will be needed in sequel. In section 2,
we introduce the pull-back and the push-out of a topological local extension
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and prove that the class of topological local extensions is a group.

We use the following notations:
e 7 17 is the identity element of X.

e <" : G < H, G asublocal group (subgroup) of a local group (group)
H.

o D={(x,y) € X x X;2y € X} where X is a local group.

2 Primary Definitions

We recall the following definition from [6]:

A local group (X,.) is like a group except that the action of group is not
necessarily defined for all pairs of elements, The associative law takes the
following form: if 2.y and y.z are defined, then if one of the products (z.y).z,
x.(y.z) is defined, so is the other and the two products are equal. It is assumed
that each element of X has an inverse.

Definition 2.1. [5] Let X be a local group. If there exist:
a) a distinguished element e € X | identity element,

b) a continuous product map ¢ : D — X defined on an open subset
(ex X)U(X xe)CDCX xX.

¢) a continuous inversion map v : X — X
satisfying the following properties:
(i) Identity: ¢(e,x) =z = p(x,e) for every z € X
(i) Inverse: p(v(zx),x) = e = @(x,v(x)) for every z € X
(#i1) Associativity: If (z,y), (y, 2), (¢(z,y),2) and (z, ¢(y, z)) all belong
to D, then

ple(z,y), 2) = ez, ¢y, 2))
then X is called a topological local group.

Example 2.2. Let X be a Hausdorff topological space and A x be the diagonal
of X,ae X and D = ({a} x X)U (X x {a}) UAx. Define ¢ : D — X by:

x 7y:a7

oz, y) =1 v ,r=a,
a’ ’x:y7
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Now X, by the action of ¢, is a local group.
If z € X, x # a, we have p(x,a) = x. If U is a neighborhood of x, then
¢ 1 (U) =U x {a}. There are two cases;

1) a € U : since X is Hausdorff, there are disjoint neighborhood U;, Us
containing a, x, respectively. Then x € UyNU and a ¢ UyNU =V and
e Y (V) =V x {a}. Hence, p(V x {a}) C U. So ¢ is continuous.

2) a¢U: o' (U)=U x {a}.

If z = a and W is a closed neighborhood of a in X then o' (W) = Ax U(W x
{a})U({a} x W). Hence, ¢ is continuous. Therefore, p : D — X, (z,y) — zy
and X — X, x — 27! are continuous. So X is a topological local group.

Definition 2.3. A sublocal group of X is a subset Y C X such that e € Y,
Y=Y 'landifz,yecY andz*y ' € X thenz*xyt €Y.

A subgroup of a local group X is a subset H C X such that e € H,
HxHCDandforall z,y e Hyxxy e H.

Definition 2.4. A continuous map f : (X,.) — (X’,*) of topological local
groups, is called a homomorphism if:

L. (f x f)(D) € D" where D' = {(2/,y/) € X' x X', 2" xy € X'},

2. fle) =€ and f(z7') = (f(2));
3. if z.y € X then f(x)* f(y) exists in X’ and f(x.y) = f(z) * f(y).

With these morphisms topological local groups form a category which con-
tains the subcategory of topological groups.

Definition 2.5. A homomorphism of topological local groups f : X — X’
is called strong if for every x,y € X, the existence of f(z)f(y) implies that
xy € X.

A morphism is called a monomorphism (epimorphism) if it is injective
(surjective).

We denote the product of p copies of X by XP.

Lemma 2.6. [1, Lemma 2.5] Let U be a symmetric neighborhood of the identity
in a topological local group X . There is a neighborhood Uy of identity in U such
that for every x,y € Uy, zy € U.

Definition 2.7. Let X,Y be topological local groups and U is a symmetric
neighborhood in X. The continuous map f : U — Y is an open continuous
local homomorphism of X onto Y if
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1. there exists a symmetric neighborhood Uy in U such that if x1,z9 € Uy,
then z12, € U;

2. f(ziw2) = f(21)f(22) 21,22 € Up;
3. for every symmetric neighborhood W, W C Uy, f(W) is open in Y.

The map f is called an open continuous local isomorphism of X to Y if U,
can be chosen so that f|y, is one to one.

Definition 2.8. A topological local group extension of a topological local group
Y by a topological local group X is a triple (F,m,n) where E is a topological
local group, 7 is an open continuous local homomorphism of E to X, and 7 is
an open continuous local isomorphism of Y onto the kernel of 7 [2].

Remark. If (E,m,n) is a topological local group extension of N by X, with 7
a strong homomorphism and N = kerm, then N is a closed normal topological
subgroup of F.

3 The Group of Topological Local Extensions

It is known that the set of extensions of a group is an abelian group [3]. We
show that the class of topological local group extensions with the Bair-sum
forms a group.

Definition 3.1. Let 1 = (Ey,m,m1) and €5 = (Es, w2, 12) be topological local
extensions of an abelian topological group C' by a topological local group X. If
there exists a strong isomorphism ¢ of F; onto Fs such that o ony(n) = n2(n)
and m; =m0 0.

T

g1 1 C E1 X 1
€o 1 C Fy— 1

The £, and &9 are equivalent, £, = e,.

Lemma 3.2. Let e = (E,m,n) be an extension of an abelian topological group
C' by a topological local group X. If v : X' — X is a strong homomorphism,
then there exists an extension e, = (E', 7', 1) of C by a topological local group
X', such that the following diagram commutes.

ey: 0—>C— sF-"sX'— 1 (3.1)
b
e:  0—>C—>F—T"-X— 1]

where E' = {(e,2')|r(e) = v(a'),e € E, 2’ € X'}.
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Proof. The maps 7 and v are strong local homomorphisms. We consider
E'={(e,2')|[r(e) =(2'),e € E,2’ € X'};

E’ is a sublocal group of £ @& X’'. By [5, Proposition 2.22], E’ is a topological
local group. We define

7B =X, 7ed)=2a', 0:F —E, ole,2')=e, n:C— kernr®{lx},

1'(n) = (n(n), 1x:).
Since 7 is onto then so is 7.

Let Vj is a neighborhood of the identity in X. By Lemma 2.6, there is a
symmetric neighborhood V4 in V; such that w(eq).w(ea), v(z)).y(x}) € Vi for
m(e1), m(e2), y(21), y(x5) € Vo which m(ey) = ~(z}), m(ea) = 7(x5).

Since 7 and v are strong homomorphisms, if 7(e1)m(e2) = y(x))y(2)) , 7(erea) =
(x| xh), then (ejey, xjxh) is defined in £'. We define an action on E’ by

(e1,2)).(e2,2h) = (ereq, 2\ 2h).
Now 7’ is a local homomorphism, since 7’ is onto.
7T/((€1, xll)'(e% ZJZ)) = 7T,<€1€2, xllxIQ) = xllx/Z = 7'('/(61, ;1:'1)_71'/(62, xIQ)a

Since 7 and ~y are strong homomorphisms. Therefore, 7’ is strong. Similarly
o is a strong homomorphism.

Now, we show that 7’ is continuous. For every 2’ € X', there is a symmetric
neighborhood Vs of /. Tt is enough to show that 7/~(V,/) is open in E’. There
exists a symmetric neighborhood V of v(z') in X such that V,» C v~*(V). Since
7 is onto, then there exists e € E such that v(z') = w(e). Since 7 is continuous,
so there is a symmetric neighborhood V, of e such that V, € #='(V). Now
V. @V is a symmetric open set in E' @ X'. Therefore, Vi) = [Ve ® V] N E
is an open set in E" and (e,z’) € Vi C 7' H(Var). So 7'~ 1(Vy) is an open
set in F'.

We have 7' (Vi) = 7'((Ve ® V) N E') = V), where V], is a symmetric
neighborhood of 2’ and V, C V,,. Then, 7’ is an open continuous map. We
will have on’ = n and ' is a local isomorphism.

The diagram (3.1) commutes, since y7'(e,2') = y(2') = w(e) = mo(e, a’),
i.e. vy’ = mwo. Suppose €” = (E",7",n") is an extension of C' by X', such that
the following diagram commutes

e 0—>C——>E"- T X 1

o

€ 0 C E—"=X 1

Let o' : E" — E', o'(e") = (o"(e"),n"(")). Then, n'0’ = 7" and o'n" = 7'
Now by the five lemma (3], (1¢,0', 1x/) : €” — €., €” and ¢, are equivalent. [



6 H. Sahleh et al.

dc,o, .
Note 3.3. Asin Lemma 3.2, if there exists 67u>6, then €, is a pullback

of e.

Lemma 3.4. Let ¢ = (E,m,n) and ¢, = (Ey,m,m) be extensions of two
abelian topological groups C', C by topological local groups X, X, respectively.
Assume «aq, 01,71 are strong homomorphisms of €1 to €. Suppose v1 = 7 :
X1 — X. Then we have

(on,0",Idx) (Idc,o,7)
€1 €y

Proof. By assumptions and Lemma 3.2, we have the following commutative
diagrams:

e 0—=C E "X, 1 &: 0—C—%FE—-7X
o L
€: 0 C E—"+=X 1 € : 0 C E—T"-X

where ¢’ : By — E’', 0'(e1) = (01(e1),m1(e1)). Then, oy = o 00’
So, the diagram (ay,0’, Idx,) : €1 — ¢, is commutative, 7'c’ = m and o'n =
n. O

Lemma 3.5. Let ¢ = (E,m,n) be an extension of an abelian topological group
C' by a topological local group X. If a : C — C" is a continuous homomor-
phism of topological local groups, then there exists an extension ,& = (K, 7', 1)
of abelian topological group C' by a topological local group X such that the
following diagram commutes.

e 0 C—‘>F-T">X 1 (3.2)
WE 0 Lo KT X 1

where K = “28 I = {(—a(n), «(n))|n € C} and o a strong local homomor-
phism.

Proof. Suppose
H ={(—a(n),c(n))|n € C}.

Then, H is a subgroup of ¢’ @ E. By [5, Proposition 2.22], C' @ E is a
topological local group. The map ¢ is injective and +(C') = kerm. Then, ¢(C)
is a closed subgroup of £ and a a homomorphism of topological groups. So H
is a closed topological subgroup of C" @ E. Since —a(C') is an open subgroup
of C" then —a(C) is a closed topological subgroup of C’. Note that H is a
normal subgroup , since for every (n';e) € C' @ F,
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(', e)(—a(n), v(n)) = (0" —a(n),e.(n))) =

(—a(n),u(n))(n',e)

Since (—a(n),t(n)) € H and «(n) € H and by [5, Defintion 3.1] and H < E,
then ¢(n).e is defined. So, (n',e)H = H(n/,e).

(—a(n) +n',u(n).e) =

K =C¢2E o E—C2E e (0,e)H
K, % are topological local groups [5, Lemma 1.8, Defintion 3.8].

Let Vi be a neighborhood of the identity in . By Lemma 2.6, there is a
symmetric neighborhood Vj in V' such that ejey € V] for eq,e5 € V. We define
an action on K by

((n,e1)H).((nh, ea)H) =: (n)nf, e1ex) H. for ey, e5 € V)
Now c(eres) = (0,e1e2)H = ((0,e1)H)((0,e2)H) = o(ey)o(e2) € (0 V1)H for

ey, es € V. Then o is a strong homomorphism. We define

VO — CRE L (n!) = (n/, 15)H, ' ((n,e)H) — 7(e) n :C"— kern,

n i (0,n(n))H

We show that 7’ is an onto continuous strong homomorphism. For ev-
ery x € X, since 7 is onto, then there is e € E, such that w(e) = =z.
We can write w(e) = «'((n/,e)H) for each n’ € C’. Then, ' is onto. If
((nf,e1)H).((n}, e2)H) is defined in %, then

7' (((ny, e1)H).((ny, e2) H)) = 7'((ninj, erea) H) = m(erez) = w(e1)m(e2)
and

m'((ny, e1)H).w'((ny, e2) H) = m(er)m(ez).

where e, es € Vy. So, 7’ is a local homomorphism.
Since 7 is strong and 7’ onto, we have

7'((nf,e1)H). 7' ((nh,ea) H) = m(ey)m(ez) = m(ey.ex) = 7' ((ning, erex) H),

where e1,e3 € V5. Now, we show that 7’ is an open continuous map. It is
enough to show that for every x € X, there is a symmetric neighborhood V,
such that 7/~*(V,) is open in K. Since 7 is open, onto and continuous, then
there is e € £ with 7(e) = = and a symmetric neighborhood V. of e such that
(Vo) =V, s0 V. C 7 1(V,). Then, C" @V, is open in C' @ E. Suppose

H' = {(—a(n), u(n))|u(n) € Vo,n € C'},
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Then, H' is a normal subgroup of C' ® V.. So H' = HN (C' @ V,) and by [4,
Theroem 17.2, p.94], H' is closed in C' &V, . Since <2 is open in 7'~1(V)
then 7’ is continuous.

We have W’(%) = (V) = V. So, 7’ is open. Hence, the diagram (3.2)
is commutative 7'c = 7 , onp = 1’ and uniqueness of . is similar to Lemma
3.2. O

. . . (a,a’,[dxl) .
Remark. As in Lemma 3.4, if there exists e—— ¢, then ,¢ is called a

pushout of €.
Note 3.6. As in Lemma 3.4, we will have the factorization of ¢; (e1,71.71)
with o = oy : C7 — C-

(a,O‘,IXm) (Idcl 70-/7’71)
&1 afl g.

Note 3.7. Consider

(a1,01,71) (a2,02,72)
€1 9 £9

By Lemmas 3.2 and 3.5, there exist unique €,, and 4, between ¢, € and ¢,
g9,respectively. Then

(o104 0dx,)  (Idowolm)  (asoffddy)  (Idcy.0872)
€1 En € az€ €2

Therefore, we have €,, — 4,(¢4,) and (a,€)y, — ay€, since they are
unique up to equivalent extensions. Then, 4,(4,) = (0y6)~, -

Let &1 = (E1,m,m) and g9 = (FE2,m,12) be topological local extensions
of an abelian topological group C; , C5 by topological local group X, Xs,
respectively. Suppose

(L17L2) (7‘(1771'2)
E1Deg 0*>01 &) CQHEl D E2*>X1 &) X2*>1 (33)
Now we define an action in Ext(X,C). Let 1,69 € Ext(X,C), then e+ =p,
(61 ®ea)a, where Po: C® C — C, Po(ey, ) = ¢ is the projection map and
Ax: X — X x X, A(x) = (z,z) is the diagonal map. we have

po(e1@er): 0 C CLllih XpX—->1

PC(€1@€2)AX . 0 C £ X 1

E1®Es

where E’ is a sublocal group of €2 2 @ X, similar to Lemma 3.2.
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Theorem 3.8. Let C' be an abelian topological group and X a topological local
group. The set Ext(X,C) of all equivalence classes of extensions of C' by X
18 an abelian group under the binary operation:

g1+ =p, (e1De2)ay. 1,62 € Ext(X,C) (3.4)

The class of the fibered extension C — C'& X — X 1is the zero element of this
group, while the inverse of any € is the extension _y,e. For, 1 = 1,2, and the
homomorphisms o, : C — C" and the strong homomorphisms v;, v : X — X'
one has

a(E14+62) = ae1+ afo, (614 €2)y = €14 + €2y (3.5)

(@t02)€ = i€ T af; Emtr) TEn T &y (3.6)

Proof. Let 1 and 5 be two topological local extensions of an abelian topolog-
ical group C' by a topological local group X. We clearly have

(n3a)(E1 D E2) = 0,61 D w82, (61D E2)(p@m0) = €19y D €24y, (3.7)
By Lemma 3.2, for o : C' — C" and Py : C & C — C', we have
aPe=Po(a®a):CoC — ',
and similarly for v: X’ — X and Ax : X —- X & X;
Axy=(®7)Ax : X' - X & X.
Now we prove (3.5) and (3.6)

a(61F€2) Zapre (E1D€2)Ax =Pu(ama) (E102)ax =p. (af1DPak2)ayx =a E1Fafo-

(e1+€2)y =py (61 @ E2)ay, =rs (€1 D €2)(y0p)a,, =P (€1, D E29)a,, = €1, + 62,
For (3.6), it is enough to show that
AE=(eDe)ay, epy =p. (€D €). (3.8)
Since (A¢, Ag,Ax) : € — € @ ¢, then there exist a.e, (¢ ®e)a, between e,
e®e and €, € @ €, respectively.
e:0 C - E z

(Ac,al,]dx)i< J/AC J o1
C

CoFE
H AT

1}(Ac,oh.1dx)

e

Ax

S—

v (T®T)A 5

!/
(e®b)a, : 0—CloC 1
\ Ao Ap o2 Ax >(1d0@0702,ﬁx)

(Idcac ol Ax)V

ede:0 CeC EFEQE—XpX——1

L
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Hence Ap = 0} 001 = 03 00%. So there exists o’ : C262E — K ((¢1, ), €) +
H— (01(((c1,¢2),€) + H), am(((c1,¢2),€) + H)) such that:

H ={(-Ac(c),uc))lce C} dCaC D E;

K ={(ey,e0,2)|m ® (e, e0) = Ax(2)} < EPE S X;
o1 ((c1,¢2),) + H) — 1@ 1(cy, ¢2) + Ag(e);

acT : ((c1,¢2),e) + H — m(e).

Now we show that ¢’ is an isomorphism. It is enough to prove that Id.oa, ™ =
(m @ 7m)a, ©0’. Then by the five lemma [3], ¢’ is an isomorphism.

We have Ide(a.m((c1,c2),€)) = Ide(m(e)) and

(W@W)AX (J/((clv 02)7 €)+H) = (W@W)Ax (Ui(((clv 02)7 €)+H)7 Acﬂ-(((clv 02)7 6)+
H)) = acm(((c1,¢2),e) + H) = m(e). Then, a e = (e B e)ay. Similarly, we
have ep, =p, (e®¢) by (Po, Pp,Px) :c®e — «.

For a; : C — C" and v; : X' — X, i = 1,2, we define

Ac

a1Pa P
a+ ay o=V ¥ Volisil g - N o lilig

By (3.8), then (3.6) holds:

1€ Tag € =Pq (C¥1éj D Oézg)AX =Pu (01@042 (8 D 8))AX = Por(@1@as)Ac€ = artaz€-
Similarly, €4, 4 €4, = €414 -
Now we show that Ext(X, () is a group. we clearly have
(Ax@jdx)AX = (Idx@Ax)Ax, (39)

and

g1+ (82 + 83) =€+ PC(€2 @D ES)AX = pc(€1 D PC<€2 @D 63)AX)AX
= Po(ldoaPo) (€1 D (€2 @ €3)) (1axmax)ax -
Similarly

(€14 €2) + €3 = po(peardc)((€1 @ €2) D €3)(Axamray)Ay -
By (3.9), (3.10), E1® (Ey® E3) = (E, @ Es) @ E3, Note 3.7 and the uniqueness
of lemmas 3.2, 3.5, we obtain
Po(tdcare) (€1 © (82 @ €3))(taxenx)ax = Po(Pealde) (€1 @ €2) @ €3)(Ax@rdy)Ax-

Hence, (g1 +€2) + €3 =1 + (62 + €3).
Suppose 7¢ : C1 @ Cy — Cy & C4, To(c1,¢2) = (€2, ¢1) is an isomorphism and
(Te, TR, Tx) 1 €1 D €a — €2 D €.
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We can obtain .. (e1@e3) = (2®e1),,. It is easy to show that Pote = Pe
and 7xAx = Ax. Thus,

e1t+er = p,(E1@P€2) Ay = Pore (E1PE€2)ax = Po(€2Pe1)ryay = po(€2Pe1)a, = e2te1.

So, Ext(X, () is abelian.
For every € € Ext(X,C), there is the commutative diagram:

€: 0 C———=F—T-=X 1
Pk
o : 0—C—Ca X—X—-+1

where o(e) = (0,7(e)), then €y = (., where O : C' — C' is a zero homomor-
phism. Therefore,

€+ €0 = 1d.€ + 0c€ = (Ido+00)€ = 1d.E = €

Hence, ¢y is the zero element of Ezt(X,C).
By (3.6), and

€+ _1do€ = 1d.€ + —1d.€ = ddc — Idc)e = o€ = €

Then, _rq4.€ is the inverse element of € of Ext(X, C). Therefore, Ext(X,C) is
a group. O
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