Gen. Math. Notes, Vol. 10, No. 2, June 2012, pp. 1-
ISSN 2219-7184; Copyright © ICSRS Publication, 2012
WWW.I-CSrs.org

Available free online at http://www.geman.in

On n-binormal Operators

S. Panayappan®and N. Sivamani?®

! Department of Mathematics, Government Arts College,
Coimbatore-641018, Tamilnadu, India.
E-mail: panayappan@gmail.com
2 Department of Mathematics, Tamilnadu College of Engineering,
Coimbatore-641659, Tamilnadu, India.
E-mail: sivamanitce@gmail.com

(Received: 24-4-12 | Accepted: 6-6-12)
Abstract

In this paper we introduce n-binormal operatorgiag on a Hilbert
spaceH. An operator T OL(H) is n-binormal ifT°T" commutes witiT "T “or
[T, T"T%|=0 and it is denoted by[nBN]. We investigate some basic

properties of such operators. In general a n-binarmoperator need not be a
normal operator. Further we study n-binormal comip® integral operators.
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1  n-binormal Operators

Let H be a Hilbert space and L(H) be the agebra of all bounded linear
operators acting on H. An operator T OL(H) is caled normal if T"T=TT",
n-normal  if TT"=T"T", binormal if T°T commutes with TTO,
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isometry if T°T=I, 2-isometry if TOT?-2T°T+1=0, 3-isometry if

n K n -k
TET3-3r9T2437T-1 =0, n-isometry if > (-1) (ij[P T =0

k=0
or TUT" —@TWT”‘l +®TWT”‘2 ........... (—1)“'1[nr_'l T°T+(-1)"1=0 and

n-binormal if T"T"T"T"=T"T"T"T" (refer[1], [2], [3] and [8]). In this section we
investigate some basic properties of n-binormal operators.

Theorem1.1 If T D[nBN] then so are
(i) KT for any real numbek.
(i) any SO L(H) that is unitarily equivalent toT.

(iii) the restriction-%/I of T to any closed subspadé of H that reducesT.

Proof . (i) The proof is straightforward.

(i) Let SOL(H) beunitarily equivalent to T then there is a unitary operator
U OL(H) suchthat S=UTU "whichimpliesthat S”=UT"U""andS" =UT"U"
If Tisn-binormal then T-T"T"T"=T"T"T"T"
now S'S"S"S"=UTUUTUUTUUTU"=UTT T TU"
and S"S"S"S"=UT"UUTUUTUUTU"=UT"TTTU"
Hence S isunitary equivalentto T (refer [5]).

(iii) If T isn-binormal then TT"T"T =T "TTT"
consier (77, ) (040 00 PO = A KA KA KA
:(T[*I'”T“T%A)
=(rrerer )
SVAVAVAYA
LAl

Hence T(, 0[nBN].

Theorem 1.2 If TOL(H) is n-normal then T D[nBN].

Proof. If Tisn-norma then T"T"=T"T"
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Post multiply by T"T “on both sides
TTT T =TT T =T"TTT"
Hence T is n-binormal.

The following example shows that the converse need not be true.

11
Example 1.3 Let T :(0 1] be an operator on R?, which is[SBN] but neither
3-normal nor normal.

Theorem 1.4 Let T D[nBN] and SD[nBN] . If Tand Sare doubly commuting
then TSis n-binormal.

Proof . (TS)"(TS)(TS)(TS)"
=ST"ST ST ST"
=S'STTTSTS"
=S" ST TTT"SS
= S"STErT"TES"S", since T is[nBN]
=STSTT'STS"
=TS S ST "S"T"
=T "S'S'S’S T T
=T'T"S"S"S"ST"T", since Sis[nBN]
=T'ST'S"ST S T"
=STIST ST ST
= (1) (rs)'(rs)'(rs)’

Hence TSis n-binormal.

1 0 11 .
Example 1.5 Let S:(O _j and T:(l Oj be not commuting [2BN]

operators.Then STisnot [2BN].
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The following example shows that the sum and difference of two commuting n-
binormal operators need not be n-binormal.

10 0
Example 1.6 Let S:(O J and T:{

0
5 Oj on R?. Then Sand T are commuting

1 0). 1 0).
[ZBN] operators but S+T:(2 JIS not [ZBN]and S—T:{_2 :JIS not

[2BN].

n_

In the following theorem, we obtain sufficient condition for the sum of
binormal operators be n-binormal( refer [7]).

Theorem 1.7 Let Sand T be commuting [nBN] operators such that

n-1 n
(S+T) commutes witE(kjS’H‘T". Then(S+T)is n-binormal operator.

k=1

Proof. Consider (S+T)(S+T)"(S+T)"(S+T)"

(s+T sHTkj n ( S'*"T s+T)”j
k=0
(S+T)’s" +(S+T D:l@s*kﬂ S+T)T J(S“(S+T)D+:1(EJSWKT (S+T)D+T”(S+T)Dj
=1 =1
(s°+T7)s" +(s+T DZ(EJSHTK +(s7+ T J(S"(SD+TD)+:_1EJSHT (S+T)D+T”(SD+TD)J
SS"+TS" + (S+T)Dn_l(k]SWkT" +ST" +TDT“]( Ss7+ ST+ l(E}SH‘TK(S+T)D+T“SD+T“TDJ

k= k=1

Since Sand T are commuting [nBI\] operators such that (S+T)” commutes

H = n kT k
Wlthz STk,

n n-1
(s"s% SH +z( ]S”ka(S+T)D+T”SD+T”TD][SDS”+TDS”+(S+T)D ( jS”ka+SDT”+TDT”]

[S“(SD+TD)+§EEJSHTK(S+T)D+T“(SD+TD)][(SD+TD)S" +(S+T)Dni(n Sl +(SD+TD)T”]

k=1 k=1 k

[(S” ¥ ::IEJSHT" +T”J s%ﬂ)}((s%ﬂ{sn +nzj(:js*kﬂ +T"D

Zioms””@”)“(swwz“[ Jsers
)'(s

k=0

+T)(s+T)(s+T)" . Hence (S+T) isn-binormal
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Theorem 1.8 Let T OL(H) with the Cartesian decompositionh = A+iB. Then
T is binormal if and only if ())AB® + B3A= A’B+ BA® and
(i) A’BA+ ABA’ =B*AB+BAPB’.

Proof. Since T ishinorma then T*TTT"=T T"TT.
ToTTT7=(A-iB)(A+iB)(A+iB)(A-iB)

= (A2 +iAB-iBA+ B?)A? —iAB +iBA+ B?)
= A* —iA’B+iA’BA+ A?B2 +iABA? + ABAB- ABBA+IAB?®
~iBA® - BAAB+ BABA-IBAB? + B2A% ~iBZAB+iB°A+ B*
TTTT = (A+iB)(A-iB)(A-iB)(A+iB)

= (A? -iAB+iBA+B?A? +iAB-iBA+B?)
= A" +iA°B-iA’BA+ A?B —iABA? + ABAB- ABBA-AB®
+iBA® -~ BAAB + BABA+IBAB? + B?A” +iB?AB~-iBA+ B*

Itiseasy to observethat T is binormal if and only if (i) and (ii) are true.

The following examples show that n-binormal and n-isometry operators
are independent classes.

11
Example 1.9 Consider the operator T = (1 Oj onR?, which is 3-binormal but not
3-isometry.
11
Example 1.10 Consider the operator T = (O J onR?, which is 3-isometry but

not 3-binormal.

2 n-binormal Compositie Integral Operators

Let(X,S, 1) be a o -finite measure space and let ¢: X — X be anon-singular
measurable transformation (,u(E):O: ,uqo‘l(E):O). Then a composition
transformation, for 1< p<e,C, :LP(u) - L"(u)is defined by C,f=fog for
every f DL”(/J). In case C, is continuous, we call it a composition operator

-1
induced by ¢. C, is bounded operator if and only if d/ég') =f,. Thisis the
7

Radon- Nikodym derivative of the measure ug ™ w.r.to the measure panditis
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essentially bounded. For more details about composition operators refer [1]
and[6].

A kernel KDL”(,ux ,u) aways induces a bounded integral operator
Te:L” () - L"(ﬂ)

defined by (T, £)(x)=[K (x y)f (y)du(y) -

Given a kernel Kand a non-singular measurable function ¢: X - X, the
composite integral operator TKwinduced by (K,qo) is a bounded linear operator

T :L°(1) - L°(u) defined by
(e, £ Jx)=[ K (x y)f (ey))ape(y)

= [ K, (x Y)f (y)duly)

We note that (TK”wf)(x IK x,y f(ely))duly)

= [Kp(x y)f (y)de(y)
where

KoOy)=[ [ [ [K (2 )K (2.2, )or K (2020201 )K (200, Y20, ... 07,

Theorem2.1 Let K,[J LZ(/JX,u) . ThenTKwis n-binormal if and only if

[T, 00 VK (% 2)Kp (2K (4, ) y)deu(2)dlut)
= [[TKp(x VKE(y 2K (2K (¢, pu(y)u(2aut)
Proof. Suppose the condition istrue . For f,g0L%(u), we have
nere )b )
-IIIK xv(T T ety r(x)du()
= [[sxy) [ (2 1 Kadaud2) (9t
= [0 [ K3z (t)du()) (2Nl yJa()u()

= [[[[)5x VK2 (v 2K (2 ) ([ K5 p)f () p))oue(t)aie Dt y)a (X)ae(x)

=[] [K O y)Kp (v 2)Kp (K p) () p)die(t)( Ddie( y)a(X)ou(x)
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=[] [xaxy)Kp (% 2)K (2Kt Pl y)du(2)oult) f (Pl p)a(x)du(x)...4)
and (TOTITIT f,9)=[ (R TETOTE £ (a(x)au(x)
= [[11TKs (e v)K (% 2K, (2 )K 5 (¢, p) f (p)diel p)a(t)dee( 2)du(y)a(x)de(x)

= [[11TKs (e vIK (% 2K (2K 5 (t, p)deel y)de(2)duelt) £ (p)dee p)a(x)ee(x)-.(2)

It follows from (1) and (2) that TKwis n-binormal .

Conversely suppose TK(o isn-binormal .Take f =y.and g=x. we seethat from
(1) and (2)

[TIKa(xy)K (% 2K (2Kt Pl y)ou(2dut)

= [[[Kp(x YK (% 2)K (2 )K 3 (¢ p)du(y)du(2)dut)
EF
for all E,FOSxS. Hence the required condition holds.
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