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Abstract

The objective of this paper is to introduce geneeal fractional calculus
operators involving the Appell’s functiony( to the product of thed -function
and generalized polynomial set. Some special caseslving generalized
hypergeometric function, Mittag-Leffler functionje®Rann zeta function and
generalized Wright Bessel function are presentecenitbance the utility and
importance of our main results.

K eywor ds. Marichev-Saigo-Maeda fractional integral operatp#s -function,

Generalized Wright hypergeometric function, Mittagffler function, Riemann
zeta function, Generalized Wright Bessel funct@®eneralized polynomial set.

1 I ntroduction

The fractional integral operators, involving vamsospecial functions with them,
have found significant importance and applicationscience and engineering.
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During the last four decades fractional calculus been applied to almost every
field of science, engineering and mathematics. Mapplications of fractional
calculus can be found in fluid dynamics, stochagtiesamical system, non-linear
control theory and astrophysics. A number of waskigee Love [13], McBride
[15], Kalla [6, 7], Kalla and Saxena [8, 9], Said®, 19, 20], Saigo and Maeda
[21], Kiryakova [11], etc. have studied in depthe tproperties, applications and
different extensions of various hypergeometric afes of fractional integration.
A detailed account of such operators along withr theperties and applications
can be found in the research monographs by Milket Ross [16], Kiryakova
[11,12] and Debnath and Bhatta [25] etc. A usefd@negalized of the
hypergeometric fractional integrals, including B&go operators [18] — [20], has
been introduced by Marichev [14] (see details imEaet al. [22, p.194, (10.47)
and whole section 10.3] and later extended andestusy Saigo and Maeda [21,
p.393, eqgn. (4.12) and (4.13)] in terms of any clexporder with Appell's
function F(.) in the kernel, as follows:

Let a,a',,B,yOC andx>0 then the generalized fractional calculus

operators (the Marichev-Saigo-Maeda operators)lvivg the Appell’s function
[24] is defined as by the following equations:

(|g’f',B.B',Vf) (X) = X J’X (x=-t)Y*1t™ FS(O(,O(',B,B';\ﬂl—i,l—%jf(t) dt

r(y)-o
(R ¢ >0),
. (D
and
a,a'BBLYy :La' ® —_y\Y1li-a ' RS _5 _l
(Io,— f) (X) F(y) (t—-x)" "t Fs(a,a BByl t,l Xjf(t) dt
(R§) >0).
.. (2)

The left-hand side and right-hand sided generaliatgration of the type (1) and
(2) for a power function are given by:

o,0'BRLY y p-1 _p| perymasaBerpi-al p-a-a'+y-1
05V @ =T | S s , HE
where Rey) > 0,Re() > max{0, Re( +a'+B -y), Re@'-B)} and

o0 BBY «p-1 _ 1-p-y+a+a ' 1-p+a+p'-y,1-p—p o-a-a+y-1
(I 0,- X ) (X) =r |:1—p,1—p+a +0 +B*-y,1- p+a—PB X ! - (4)
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where Re(y) > 0,Re) <1+min{Re(-p),Re(@ +a'-y),Re(@ +p'-y)} the
symbol occurring in (3) and (4) is given by

r ab,c _ I(a)r (b)r(c)
def| T@rer®’

H -Function

The H -function, which is a generalization of the Fox thétion was introduced
by Inayat-Hussain [1, 2] and studied by Buschmah@vastava [26] and others,
is defined and represented in the following manner:

(f5:Fm-(FbM+10

HAMN[Z]=HMN { BN (8 EJ)N+1P:|
PQ PQ

:%L 8(s)z°ds, ..
where
|_| r(f. —Fs)|_| {rt-e +Es)}J
0(s)= J‘l .. (6)
|'| {r@a- f +Fs)} |'| F(e -E. s)
j=M+1 =N+1

and the contour L is the line from cee {0 € +io, suitably intended to keep poles
of F(fj —Fjs),j:1,2,...,M to the right of the path and the singularities of

{I'(l—ej + Ejs)}aj ,1=1,2,...N to the left of the path. The following sufficient

conditions for the absolute convergence of thenitedi integral for theH -
function given by (5) have been given by Buschmah $rivastava [26]

TZF+Z |aE|—Z|bF|—ZE>O . (7)

j=M+1 j=N+1
and

|arg<z)|<§nT. ®
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A Generalized Polynomial Set

Raizada has introduced and studied a generalizgdguial set and is defined by
the following Rodrigues type formula [27, p.64, €1.8)]:
B

SMETx;rh,g, A" B MK, ] = (A +B) A (L-1x") T

E+h
T {(A‘x +B)ATINL-1x )T " : ... (9)
where the differential operatd'rkf being defined as
Tke=><f(k+ Xi) .. (10)
’ dx

The explicit form of this generalized polynomiat §&7, p.71, eq. (2.3.4)] is given
by
SBx;rhaABmk 1= B MM g1 % e (mn

m+n +n

93

5
p=0 &0 5=0 i=0 p!dlilel! (1-A-3)!

| (i+k+rej ( —1x' jp(ﬂji. .. (1)
l men( 1= TX B’

It is to be noted that the polynomial set defingd(®) is very general in nature
and it unifies and extends a number of classicdynoonials introduced and
studied by various research workers such as Clettf80], Gould-Hopper [28],
Singh and Srivastava [29] etc., some of the spemaaks of (9) are given by
Raizada in a tabular form [27]. We shall require tbllowing explicit form of (9),

which will be obtained by takindA'=1,B'= Gandlett - O in (9) and use the

3

T

(-D°(=8),(A)5(-P), (—A—qn)i( B )
-——-hn
p

well known confluence principle

o X ”: n
hﬁnjlfo_(b)”(bj X } .. (12)

We arrive at the following polynomial set
m+n p -
S/:,B,O[X] :S/:,B,O[X; r,q’l’o’m,k’g] - an+€(m+l’l) £m+n z z ( II:))Ie
p=0 &0 p:e:
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, (W) (BX')". . 13)

2 Main Results

This section starts with the assumption of two thew on the product of thd -
function and the generalized polynomial set assediawith Saigo-Maeda
fractional integral operators (1) and (2). Thesotems can be used to establish

image formulas for théd -function in terms of the various special functions

Theorem 2.1: Let a,a',3,B',y,p,JC,x> 0,T> Gand| arg(z)|<%nT be such

that
Refy)>0,Re[p+Aqn+A/(m+n)+Arp]>max[0,Re( +a'+3 -y, Re(@'-B")],
then there holds the formula

o,a'B,BY ,p-1cABOr A, M,N| &
[IO,+ z Sn [z ,r,q,l,O,m,k,K]HPQ {z

(e E; aJ)1N (e E]) N+1P
(f F)lM (f J)M+1,Q (X)

R 0= 0(+y—l£m+n rrin Z ( p) (A+qn+k+rej (B)p
f m+n

p=0 &0 Ie!
HM N+3 | & (1-R&:1),(1-R-y+a+a +p ¢ 51),(x RB+a & 51).(e EjanN fepRde 14
P+3,Qr3 (5 .Fim (f Fibmag & RBE 1).@ Ry+a+a & 1) R+a+B &, (1) .. (14)
where

R = p+Agqn+ Al (m+ n}A rpl

Proof: In order to prove (14), first, we express the galised polynomial set
occurring on the left-hand side of (14), in theieerform given by (13), and
replace theH -function in well-known Mellin-Barnes contour inted) with the
help of (5), and also using (1), then inter chaggime order of summations and
integration, which is permissible under the cowdis stated with the Theorem
2.1, it takes the following form after a little gfification:

BN () E N+1P} j(x)

a,a'BBy ,p-1cABOrA. M,N| &
[IO,+ rAS A P ,r,q,l,O,m,k,é]H {Z (f |:)1M(f i0)M+10

PQ

(-p), (A +qn+k+ rej
m+n

p=0 e=0 p!e! 4
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(B)P zi [ B(s)1 0By oMM ABES Yy (g (15)
T0“L '

Finally, applying the known result (3), withp replaced by
p+tAgn+Al(m+n)+Arp+¢s, we arrive at the desired result (14).

Theorem 2.2: Leta,a',3,B',y,p,.0 Candx> 0,T> Oand|arg(z)|<%nT, be

such thatRefy)> 0,Rep+A qi-Al (mt MpA rp& sy 4 min [Reta -y
Re@ +B'-vy),Rep )], then there holds the formula:

(IGG BBVZP lSABO[Z rq, 10mk€]HPQ |: 1 (e E. aj)lN(e EJ)N+1P:| J(X)

78

(f; F)lM(f Fibm+10

R —-0- 0(+y—l£m+n rrin Z ( p) (A+qn+k+rej (B)p
f m+n

p=0 e0 Ie!

(Rey-a-a ED) (R-0—B+y £:1).(R+B.ED). (6.2, N (€ E ) ps1p

1
HL o { (f Fimo(FjF3b)) (RED(R-a-a" B+ £1).(R- a+BEl) } -+ (16)
M: M+1Q’ Y

P-30Q+3

where
=p+Aqn+AL(Mm+ NHFA P

Proof: By using the definitions (2), (5) and (13), andaebing the order of
summations and integration, which is permissibléeaurihe conditions stated with
the Theorem 2.2, we get

PQ

IG,U ‘B.BY Zp_l SA’B’O[Z)\ ; r,q,l,o,m,k,g] H HYN l
0,- n Mg

(e E; aJ)1N (e E]) N+1P
(f F)lM (f (X)

P ( p) A+qn+k+f‘e
—_ gm+n Z Z e( j
m+n

p=0 e=0 p!e! ¢
(B)p— [ Be){Ig P2 A DA IPE 2 ) ds .. (17)

Finally, applying the known result (4), withp replaced by
p+Agn+A/(m+ n)+ A rp—-¢& s, we arrive at the desired result (16).
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3  Special Cases

In view of the importance and usefulness of theoithims discussed in the last
section, we mention some interesting special casbsch indicate manifold
generality of the results obtained in this article.

(i) If we reduce the generalized polynomial set tayuand theH -function to the
generalized Wright hypergeometric functiBﬂJQ [5], for this replacing

aM,N &
HPQ {z

(e;,E:;a;).(e;,E ) _
1) P NELP b HlP _ZE
(fj’Fj)l,M ’(fj’Fj;bj)M+l,Q:| PQ+1|:

(e Ejapip }

in equation (14), under the conditions stated lier Theorem 2.1, we arrive at the
following interesting result:

aa' BBy p-1171pP | _ & |(FepEapp
[Io,+ z HPQ|: z (01).0-.Fib g g (x)

... (18)

_ p—a —a'+y—1 E (pvz ;1)1(p+y_a —a I_B E 11)1 (O+B I_a IE 11)
=X P+al Qral X7 | p+B % 1), p+y-a-a & ) gry-a+BE 1)

Further, on setting & 1 (j = 1,...,P) and /== 1 (j = 1,...,Q) in (18), then in
similar way theH -function reduces to the generalized hypergeoméiriction

-F, [5]

Similarly, we can find the result from the Theor2r.

polynomial to unity, theH -function to Mittag-Leffler

(i) If we reduceSﬁ'B'0

function, defined in the monograph by Erdélyi et @] in (14), under the
conditions stated for the Theorem 2.1, we obtagnftiiowing result

(|8:E':[3-[3'.V Zp_lE)\"G (ZE )) (X): Xp—G—G +y-1

Tldl _ &
: H4’5{ X ... (19)

(0,£:2),(1-p.&1),(1-p-y+a+a'+B,&1), (1-p—B +a 1 1;1)
(01),(1-p-B'&:1),(I-p-y+a+a'&;1), (1-p-y+a'+p,11),(1-0,A51) |

Similarly, we can find the result from the Theor2r.
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(iii) Now, we reduce theH -function to the generalized Riemann zeta function

SA,B,O
n

and polynomial to unity in (14), under the conditiontated for the

Theorem 2.1, where the generalized Riemann zeti@um[3, p.27, 1.11, eq. (1),
5] is given by

d(z.pn)=>.

o (N+s)P

?, ... (20)

In view of the definition of gamma function [3, 15}]

M(z) = szj: et £1dt, Re(zp ... (21)

Since for Re(s) > 0 and Re (v) > 0, we have froft) (2
(v+n)>r(s)=] ettt .. (22)
0

By the definition of the generalized Riemann zetacfion given by (20), and
using the above equation leads to the result

@®z,p\n)=, -

-Z
s=0 (r] +S)p

— (011),(1-n,Lp)
S = 1'2[ - } ... (23)

~ 2,2 (01),(-n,Lp)

Then we arrive at the following interesting resfter a little simplification

(1828 26729 (2% pp ) (9= #7eev2

.. (24)

B9 - x& (011),(1-n,1p),(1-p.&:1), (1-p-B+a " &:1), (I-p-y+a+a'+B,E:1)
"~ 55 (01),(-n,1p)(1-p-B'&:1), (I-p-y+a+a ' &1)(I-p-y+a'+B.ED) |

Similarly, we can find the result from the Theor2r.

(iv) Further, on reducing theH -function to the generalized Wright Bessel
function \_]S'“ (2) (see [9]) andSﬁ'B'O polynomial set to unity in (14),under the

conditions stated for the Theorem 2.1, we obtagnftfiowing result:

(18088 0 1 () (0= oo

.. (25)

(0,2),(Fp—B £ 1), (Fp-y+a+a & 1), @p-y+a +B & A A

01,3| & [P (Fp-yrataB £ L), (Fp-B+a & 1)
. H3’5] X :
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Similarly, we can find the result from the Theor2r.

4 Conclusion

We conclude this investigation by remarking thanhgnaether properties of thk -

function and generalized polynomial sé’:'B’o as well as the associated

generalized fractional calculus operatdgsf"B'B"V andlg"_’"B'B"y can be derived

by applying the methods and techniques which wee ltascussed. Secondly, by
suitably specializing the various parameters in geeeralized polynomial set

Sﬁ'B’O it reducing in terms of Gould-Hopper polynomial. uBh the results
presented in this paper would at once yield a arge number of results
involving a large variety of special functions oo@g in the problems of science
and engineering.
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