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Abstract
In this paper, we study a boundary-value problemdaclass of composite
equation of a mixed—type problem in the space. ekimtence and uniqueness of
the generalized solution is proved, the proof isdghon an energy inequality and
the density of the range of the operator generatethe problem.
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1 Introduction

In the rectangle Q = (0,1)X (O,T )we consider the boundary-value problem.

0 0%, ,0u d«
lu=(—- - =f(t, x
(at axz) (6t2 axz) (t. %)

The initial conditions:

2
u©x)=20,x="2(0x=0, Ox0Q (1-1)
ot
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and the boundary conditions:

du du
—==—=0 ons

o a®

Wheres=0Q, r is the exterior point.

Analogous to the problem (1 — 1), we consider ital goroblem. We denote dy
the formal dual of the operatbwhich is defined with respect to the inner product
in the spacd_»(Q) using

(lu,v)=(u 1), OuvdG* (Q 1-2)
The dual equations:
\ 0 0°,,0v 0%
l'v=(——- - = t, X
ot o) G o) T I
With the final conditions:
VT, )= 2(T, ) =2X(T,x) =0, Ox0Q 1-3)
and the boundary conditions:
ov_0°v _
—=-—75=0 ors
or or

2  Functional Spaces

The domain D(l) of the operatod is D(I)=H: *(Q), the subspace of the
Sobolev spaced **(Q) ,which consists of all the functionsd H**(Q) satisfying
the conditions of (1-1). The domain bfis D(I") =H2*(Q) which consists of
all the functionsvd H*>*(Q) satisfying the conditions of (1-3).

Let H™™(Q) be the dual space of the spaté*(Q).

Definition The solution of (1-1) is called the generalizedusoh of the
operational equation

lu=f, uddD() (2-1)
and the solution of the problem (1 — 3) is callbd generalized solution of the
operational equation

V=g, vOD(") (2-2)

Where | ,I" are extension of the operatots
Then we obtain:
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(I'v,u) = (v, Lu), Oud D(I) ,vO H*@Q)
(v, lu) = (Lv, u), Oud H2 @) vO I(T)

3 A Priori Estimates

Theorem For problems (1 — 1) and (1 — 3) we have the falhgwa priori
estimates:

|ul, .=l tul,. ., DuD BXY @y
M,,<¢ LD\M_Z’_3 , Ovd D( ) (3-2)
Where the constanis>0 andc”>0 are independent af andv.

Proof. Firstly we prove the inequality (3 —1) for the ftioo uOD(l).
For uD(l) we define the operator:

s _ o) d°u

Mu = <D(t) e ot

Whered(t) = (t -T)?

Problem (1-1) can be written in the form:

Iu:aSU_ 0°u 0% 6 u_ - F(t.%)
ot® otox® oxot’ ax

Then we have:
j luMudtdx= j fMudtd>
Q Q

We but
03u

| J'as 26u =

—=(t-T)

2 Mdtdx, 1, = j 0 - Tt

Integrating by parts and using the conditions wiaiob

4
26u

m did:

| _—j(t T)(—) dtdx , 1, = j(

A|SO we bUt:
63U 6 u
L — | 2

Qataz(t T) dtdx, J= j(t 1)(6)(26) dtdx
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Integrating J, by parts and using the conditions (1-1), therhase:

J, =
Q

Also we have:

d‘u 20 u 2°Q , 0%
K, = t-T dtd = | ——(t-
' iaxzatz( ) & iaxzatz( RiFven

Integrating the last integral by parts and usingditions (1-1) we have:

dtdx

2. 0°U |,
=—[@t-T
i( ) (z

Finally we but:

ja—t T)Za u
Qa

a*u 0
didx , L=|—(t-
iax4 Xt

Integrating the last integral by parts and usingdtiions (1-1) we find that:

le—j{(t—T)z(af;izj (g ”j }dtdx L = j(t— (O;J dtd

Then we have:

(Iu t- T)z@2 —(t- T)Za‘j;;t] f (T- t){ j ddt+j (T- {gt:(j dxdtj{g;uj dx

Q

Ju o°u
J'(axajdxdt fer- D[axzaj dxdth'(T ’(afj dxat

Q

(3-3)
We use the following Poincare estimates:
2 L[ ou
ju dxdts4Tj( j dtdx, 0 W @)
5\ ot
ou 6 u
j . dxdt<4Tj (T-9| 5= dxdt 0w D) (3-4)
Q

j(gxuj dxdts 4Tj(t— t)[ P

Q

dedt,Dlﬂ )
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Now apply € —inequality to the left hand side of (3 — 3) andhgsinequalities (3
—4) we obtain (3 —1) fouOD(L) .

4  Solvability of the Problem (Existence of Solution)

The uniqueness of the solution follows immediatieym inequality (3-1). This
inequality also ensures the closure of the rang®&k@8e) of the operator L.

We prove the existence of solution or we prove that all functions
f OH™73(Q) there is a unique solution of the problem (1-1).

To prove that R(L) equals the spage2-3(Q), we obtain the inclusion
R(L) O R(L), andR(L) = H>73(Q).

Let {f,},,, be a Cauchy sequence in the space®(Q), which consists
of element of seéR(L). Then it corresponds to a sequelﬁclﬁ}nEIN O D(L) such
that:

From the energy inequality (3 — 1) we have
Ju, = uf = o L(u - u)l - d Lu- Ly= § - fhse

Then{un}nDN is also a Cauchy sequence in the space®(Q), and converges to
an elemenu inH 23(Q) .

Then we haveLu, = f, , limLu,=lim f, then Lu= f and f OR(L)
this means thaf O R(L) and R(L) O R(L) then we have that:

R(L) = R'L) andR(L) is closed.

It remains to obtain the density of the &{tL) in the space H*73(Q) when
udD(L).

Therefore we establish an equivalent result whiagmownts to proving that
R” ={0}.

Let vOH™7%Q) be such thatL u,v) =0,0ul D(L), that is

(Lv,uy=0 , OuO D(L). By the equality(L'v,u)=(v,Lu) , Oud DD
we have(v,Lu)=0 , OuOD(L), vO H*?@Q).
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From (L'v,u)=0 we have thatLv=0 and by virtue of the inequality (3-2) we
conclude that =0 in the spaced >73(Q) whenu D(L).Then R(L) is dense
iNnH™>73(Q).

The inequality (3-2) can be proved in a similar viagyusing the operator:
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