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Abstract
In this paper, the exact formulae for the Harary indices of join, disjunction,
symmetric difference, strong product of graphs are obtained. Also, the Schultz and
modified Schultz indices of join and strong product of graphs are computed. We ap-
ply some of our results to compute the Harary, Schultz and modified Schultz indices
of fan graph, wheel graph, open fence and closed fence graphs.
Keywords: Harary index, Graph operations.

1 Introduction

All the graphs considered in this paper are simple and connected. For vertices
u,v € V(G), the distance between u and v in G, denoted by dg(u, v), is the length
of a shortest (u, v)-path in G. The strong product of graphs G and H, denoted by
G ® H, is the graph with vertex set V(G) X V(H) = {(u,v) : u € V(G),v € V(H)}
and (u, x)(v,y) is an edge whenever (i) u = v and xy € E(H), or (ii) uv € E(G) and
x =y, or (iii) uv € E(G) and xy € E(H).
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A sum G + H of two graphs G and H with disjoint vertex sets V(G) and V(H) is
the graph on the vertex set V(G) U V(H) and the edge set E(G) U E(H) U {uv | u €
V(G), v € V(H)}. Hence, the sum of two graphs is obtained by connecting each
vertex of one graph to each vertex of the other graph, while keeping all edges of

both graphs. The sum of two graphs is sometimes also called a join, and is denoted
by GVH.

The disjunction GV H of graphs G and H is the graph with vertex set V(G)xV(H)
and (u;,v) 1s adjacent with (u,,v,) whenever uju, € E(G) or viv, € E(H). The
symmetric difference G @ H of two graphs G and H is the graph with vertex set
V(G) x V(H) and E(G ® H) = {(uy,vi)(uz,v2) luju, € E(G) or viv, € E(H) but
not both}.

A topological index of a graph is a real number related to the graph; it does not
depend on labeling or pictorial representation of a graph. In theoretical chemistry,
molecular structure descriptors (also called topological indices) are used for model-
ing physicochemical, pharmacologic, toxicologic, biological and other properties of
chemical compounds [6]. There exist several types of such indices, especially those
based on vertex and edge distances. One of the most intensively studied topological
indices is the Wiener index; for other related topological indices see [10].

Let G be a connected graph. Then Wiener index of G is defined as W(G) =
1

3 Z‘]/(G) dg(u, v) with the summation going over all pairs of distinct vertices of G.
u,ve

Similarly, the Harary index of G is defined as H(G) = % > m.
u,veVv(G) "

The Harary index of a graph G has been introduced independently by Plavsic
et al. [8] and by Ivanciuc et al. [7] in 1993. Its applications and mathematical
properties are well studied in [1, 2, 3, 9]. Zhou et al. [4] have obtained the lower
and upper bounds of the Harary index of a connected graph. Very recently, Xu et
al. [5] have obtained lower and upper bounds for the Harary index of a connected
graph in relation to y(G), chromatic number of G and w(G), clique number of G and
characterized the extremal graphs that attain the lower and upper bounds of Harary
index. Also, Feng et. al. [2] have given a sharp upper bound for the Harary indices
of graphs based on the matching number, that is, the size of a maximum matching.
Various topological indices on tensor product, Cartesian product and strong product
have been studied various authors, see [11, 12, 13, 14, 15].

Dobrynin and Kochetova [16] and Gutman [17] independently proposed a vertex-
degree-weighted version of Wiener index called Schultz molecular topological in-
dex or Degree distance, which is defined for a connected graph G as W, (G) =

% > (dg(u)+dg(v)ds(u,v), where dg(u) is the degree of the vertex u in G. Note
u,veV(G)

that the degree distance is a degree-weight version of the Wiener index. In [18] it
has been demonstrated that the Wiener index and the Schultz index are closely mu-

tually related for certain classes of molecular graphs. Similarly, the modified Schultz

molecular topological index is defined as W.(G) = % >, dew)ds(v)dg(u,v).

u,veV(G)
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The first and second Zagerb index are defined as M,(G) = Y dg(u)* and
uev(G)
M,(G) = ), dg(u)ds(v). Infact, one can rewrite the first Zagreb index as M(G) =
uveE(G)

Y. (dg(u) + dg(v)). The Zagreb indices are found to have appilications in QSPR
uveE(G)

and QSAR studies as well, see [19]. Ashrafi et al. [20, 21] defined the first Za-

greb coindex and second Zagerb coindex as M(G) = >, (dg(u) + dg(v)) and
uvg¢E(G)

My(G) = Y, dg(wydgs(v), respectively.
uvg¢ E(G)

A path, cycle and complete graph on n vertices are denoted by P,, C, and K,,,
respectively. In this paper, the exact formulae for the Harary indices of join, dis-
junction, symmetric difference, strong product of graphs are obtained. Also, the
Schultz and modified Schultz indices of join and strong product of graphs are com-
puted. We apply some of our results to compute the Harary, Schultz and modified
Schultz indices of fan graph, wheel graph, open fence and closed fence graphs.

2 Harary indices of composite graphs

In this section, first we compute the Harary indices of join, disjunction and
symmetric difference of two connected graphs. The proof of the following lemma
follows easily from the definitions of join, disjunction, symmetric difference of two
graphs.

Lemma 2.1.. Let G and H be two graphs. Then
0, ifu=v
(@) dg+n(u,v) =31, ifuv € E(G) oruv € E(H) or (u € V(G) and v € V(H))
2, otherwise.

de(x) +|V(H)|, if x € V(G)
du(x) +V(G)I, if x € V(H)

0, ifu=vandx =y
(@ii) dovu((u, x), (v,y)) = 11, if uv € E(G) or xy € E(H)

2, otherwise.

(i1) dgu(x) = {

0, ifu=vandx =y
(iv) dgen((u, x), (v,y)) =31, ifuv € E(G) or xy € E(H) but not both |

2, otherwise.

Theorem 2.2.. Let G| and G, be graphs with n and m vertices, respectively. Then
H(G + Gy) = mn+ 5(|EG))| + |E(G)|) + j(n(n = 1) + m(m — 1)).

Proof. Set V(G,) = {uy,u,,...,u,} and V(G,) = {vi,Vvs,...,v,}. Then by Lemma
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2.1., we have

1 1

2 uveV(G1+Ga) dGl+Gz(u’ v)

1 1
B ( Z dcl+c2(u V) Z dcl+cz(u,V)+ Z dgvu(u,v)

uveE(Gy) uv¢E(Gy) uveE(Gy)

1 1
N AP I ey

H(G, + Gy)

uveE(Gy) d ueV(Gy), veV(Gy) dG1+G2(M, V)
_ 1 ,nn-1)
= |EG)I+5(=—— - [EGI) + |EG)]

1, m(m—1)

(75— ~IEG) +mn

1 1
= mn+ 5( IE(GDI+E(G)]) + Z(n(n - D +m(m—-1)).

Using Theorem 2.2., we have the following corollary.

Corollary 2.3.. Let G be graph on n vertices. Then H(G + K,,) = mn + % |E(G)| +
Yn(n = 1)+ m(m - 1)). O

Using Corollary 2.3., we compute the formula for Harary indices of fan and
wheel graphs, P, + K; and C, + K, see Figs. 1a and 1b.

Fig, 1a. Fan graph Fig, 1b. Wheel graph
Example 1.
(i) H(P, + Ky) = 3(n* + 5n - 2).
(i) H(C, + K}) = 3(n* + 5n).

Theorem 2.4.. Let G, and G, be graphs with n and m vertices, respectively. Then
2 2
H(G, V Gy) = % |E(G)| + & |E(Gy)| — |E(G)I |E(Gy)| + zmn(mn — 1).
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Proof. Set V(G) = {u,us,...,u,} and V(Gz) = {vi,Vvs,...,v,}. Let x;; denote the
vertex (u;, v;) of G; V G,. Then by Lemma 2.1., we have

1
H(G, V Gy)

Xij» Xkp € V(G1VG2) dG' VG2 (xij’ ka)

N = N =

> {(mdaw) + ndv)) - du) + d(v)))

Xij € V(G1VvGy)

1
+§(mn — md(u;) — nd(v)) + d(u)d(v)) - 1)}
1 1 1 1 1
= 5 Z (Emd(u,) + El’ld(Vj) - Ed(u,)d(vj) + E(mn - 1))
Xij € V(Gl \/Gz)
m? m? 1
= S |EG)I+ Z EG)] — [EGDIE(G)] + mn(mn = 1).
]
Using similar argument as Theorem 2.4., one can prove the following result:

Theorem 2.5.. Let G| and G, be graphs with n and m vertices, respectively. Then
2 2
H(G, ® Gy) = % |E(G))| + 5 |E(Gy)| = |[EG)I|E(G)| + gmn(mn — 1). O

3 Harary index of strong product of graphs

In this section, we obtain the Harary index of G ® K.
Theorem 3.1.. Let G be a connected graph with n vertices and m edges. Then
H(GRrK,) = r*H(G) + inr(r - 1).
Proof. Set V(G) = {ui,uo,...,u,} and V(K,) = {vi,v2,...,v,}. Let x;; denote the
vertex (u;, v;) of GRK,. One can see that for any pair of vertices x;;, xx, € V(GRK,),
dowrk, (Xij, Xip) = 1 and dggk, (Xij, Xip) = di (Ui, ug).

HGuK) = - !
' 2 w1ty SV(GEK)) deuk, (Xijs Xip)

n-1 r-1
- 3(% 2 +
dGIZK (xzp xzp) —0 dGIZK (xzp xk])

i=0jp=0 i,k=0j
J#p i+

n—-1 r-1 1
S )
Ly 2 doar, i i)
ik j#p

= %(nr(r — 1)+ 2rH(G) + 2r(r - I)H(G))

) 1
= rHG) + Enr(r -1).
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O

n

n n ) 1
of P, and C,. H(P,) = n( ¥, }) - nand H(C,) = (

By direct calculations we obtain expressions for the values of the Harary indices
) —1, ifniseven
i=1'
i=1

n( 2 1), if nis odd.

i=1
As an application we present formulae for Harary indices of open and closed
fences, P, ® K, and C,, R K,, see Fig. 2.

Fig. 2. Closed and open Fence graphs

By using Theorem 3.1., H(C,) and H(P,), we obtain the exact Harary indices of
the following graphs.
Example 2.

() HP, m Ky) = n(4 3, 1 - 3).
2z
%) —4, ifniseven

—
+
AN

lMI\)\*

S

g
(ii) H(C, R K3) =
(

3 4), ifnisodd
4 Schultz and modified Schultz indices of join and
strong product of graphs

In this section, we obtain the Schultz and modified Schultz indices of G| + G,
and G R K.
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Theorem 4.1.. Let G, and G, be graphs with n and m vertices, respectively. Then
W, (G + Gy) = Mi(G) + Mi(H) +2(M(G) + M{(H)) + nm(3n + 3m — 4).

Proof. Set V(G) = {uy,uy,...,u,} and V(H) = {vy,va,...,v,}. By Lemma 2.1., we
have

W.(G + H)

D (down) + dgon(v))dg.n(u, v)

1
2 u,veV(G+H)
1
= 5( Z (dg(u) + m+dg(v) + m) +2 Z (dg(u) + m + dg(v) + m)
uveE(G) uv¢E(G)
+ ) @u+n+dy()+n)+2 > (du(w) +n+ du(v) +n)
uveE(H) uveE(H)
> (o) +m+du(v) +n))
ueV(G), veV(H)

= M(G)+ M(H) + 2(M(G) + M,(H)) + nm(3n + 3m — 4).

O
Using similar arguments as Theorem 4.1., one can prove the following result:

Theorem 4.2.. Let Gy and Gy be graphs with n and m vertices p and q edges,
reﬂ)ectively. T_hen W(G1 +Gr) = Ma(G) + Ma(H) + mM,(G) + nM(H) +2M»(G) +
2M,(H)+2mM(G) +2nM(H) + mn(3mn —m —n) +4pg — m*p —n’q +2mn(p + q).
O

Using Theorems 4.1. and 4.2., we have the following corollaries.

Corollary 4.3.. Let G be graph on nvertices. Then W.(G+K,,) = M,(G)+2M,(G)+
m(m = 12 + nm(3n + 3m — 4)). 0

Corollary 4.4.. Let G be graph on n vertices and p egdes. Then W.(G + K,,) =
My(G) +mM,(G) +2M»(G) +2mM (G) + mn(3mn —m —n) + mp(2n —m) + %m(m -
D(4p —n? +2mn + 3m?> — 4m + 1). m|

One can observe that M(C,) =4n, n > 3, M;(P;) =0, M;(P,) =4n—-6, n > 1
and M, (K,) = n(n — 1)%. Similarly, M,(K,) = 0, M;(P,) = 2(n — 2)* and M;(C,) =
2n(n — 3).

By direct calculations we obtain the second Zagreb indices and coindices of
P, and C,. My(P,) = 4(n — 2), M5(C,) = 4n, M(P,) = 2n> — 10n + 13, and
M,(C,) = 2n(n - 3).

Using Corollaries 4.3. and 4.4., we compute the formulae for Schultz and mod-
ified Schultz indices of fan and wheel graphs.

Example 3.

(@) W (P, + K)) = Tn* — 13n + 10.
@) W (C, + Ky) =n(Tn - 9).
{i)W.(P, + K) = 12n* — 32n + 29.
@)W.(C, + K)) = 12n* — 18n.
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Theorem 4.5.. Let G be a connected graph with n vertices and m edges. Then
Wo(GRK,) = r(PPW.(G) + 2r(r = DW(G) + 2r(r — Dm + n(r — 1)?).

Proof. Set V(G) = {ui,uo,...,u,} and V(K,) = {vi,v2,...,v,}. Let x;; denote the
vertex (u;,v;) of G ® K,. The degree of the vertex x;; in G ® K, is dg(u;) + dg, (v;) +
di(u;)dg, (v;), that 18 dgek, (xij) = rdg(u;) + (r — 1). One can observe that for any pair
of vertices x;j, xi, € V(G R K,), dgrk, (Xij, Xip) = 1 and dggk, (Xij, Xkp) = de(u;, ug).

1
= Z (dGlzK,(xi i)+ deK,(xkp))deK,(Xi s Xkp)
Xijs Xkp € V(GRrK,)

W.(GRrK,)

n—-1 r-1
= (Z Z ngK (xl]) + dGIZK (xl]?))dGEK ('xlj’ le)

i=0jp=0
J#Ep

r—1

Z (deK,(Xij) + deK,(ij))deK,(xij, Xij)
j

n—1
+ D
ik=0j=0
itk
n— r—
+ Z Z (deK,.(Xij) + dGlzK,(xkp))dG&Kr(xij, ka))
i,k=0jp=0
itk j#p

1
= E{A] +A2 +A3}, (41)

where A, A, and A3 are the sums of the terms of the above expression, in order.

We shall obtain A; to A; of (4.1), separately.

—

n-1 r—

dGmK,(xij) + deK,(Xip))deK,(xij, Xip)
0

ES
1
"ﬁM

i=0 j,
J

n-1 r—

H
=

(2dg(uy) + 2(r = 1) +2(r = Dda(uy))

0

“ﬁM

i=0 j,
J

= 47 (r— Dm+2nr(r — 1)? (4.2)

H
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AZ = Z (dGmKr(Xij) + dGlZKr(xkj))dGEK,-(xij, xkj)
0

= (da) + (r = Dda) + da() + (r = Dda() + 20 = 1))do (s, u)

j=0i,k=0
i+
r—-1 n—1 r—-1 n—1
= r (do(w) + deuo)douiu) + D > 20r = Dde (s, ug)
j=0ik=0 j=0ik=0
itk itk
= 2°PW.(G) + 4r(r - HW(G). (4.3)
n—1 r—1
Az = (deK,(Xi i)+ deK,(ka))deK,(Xi s Xkp)
i,k=0j,p=0
ik j#p
n—1 n—1
= Pr=1) ) (do(w) + do(u)do(wi, ) + 2r(r = 17 Y do(ui, uy)
t,ik¢:k0 l,[kisz
= 2°%(r— DW.(G) + 4r(r - 1)’W(G). (4.4)

Using (4.2), (4.3) and (4.4) in (4.1), we have
WAGRK,) = r(FPW.G)+2r(r - DW(G) +2r(r = Dm + n(r - 1)%).

]
Using similar arguments as Theorem 4.5., one can prove the following result:

Theorem 4.6.. Let G be a connected graph with n vertices and m edges. Then
W.(GrK,) = r(r3W*(G) +rX(r — DWL(G) + r(r — 1)’W(G) + %rz(r - 1)’M,(G) +
Y= 1%+ 2r(r = 1)’m). O

3
L. ifniseven

One can see that W(P,) = @ and W(C,) =1 %2y .. .
=== ifnis odd.

8

Similarly, W.(P,) = in(n — )2n — 1), W.(P,) = 1(n — 1)(2n* — 4n + 3) and
W.(Cp) = W(C,) = 4W(C)).

As an application we present formulae for Schultz and modified Schultz indices
of open and closed fence graphs.
Example 4.

) Wi(P,RK;) = %(4n(n — 1)(5n—1) + 30n — 24).
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5n(n* +2) niseven
5n(n* +1) nis odd.
(i) W(P, ® K3) = 3(2(n — 1)(25n* — 35n + 24) + 751 - 96).

(i) W(C, R K>) = {

2n(n® +2), if niseven

i) WA(C, R K3) = o
(i Wl 2 {§n(n2+1), if n is odd.
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