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Abstract

In this paper we present Greens function for sg\non-homogeneous two dimensional
non-stationary heat equation in axially symmetricglindrical coordinates for unbounded
plate high with discontinuous boundary conditiof$e solution of the given mixed
boundary value problem is obtained with the aidtted dual integral equations (DIE),
Greens function, Laplace transform (L-transfornseparation of variables and given in
form of functional series.
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1 Introduction

Several problems involving homogeneous mixed bogndalue problems of a non-
stationary heat equation and Helmholtz equatiorewl&cussed with details in monographs
[1, 4-7]. In this paper we present the use of Gsefimction and DIE for solving non-
homogeneous and non-stationary heat equation imllaxsymmetrical cylindrical
coordinates for unbounded plate of a high h. Thal gd this paper is to extend the
applications DIE which is widely used for solvingathematical physics equations of the
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elliptic and parabolic types in different coordimagystems subject to mixed boundary
conditions, to solve non-homogeneous heat condu&guation, related to both first and
second mixed boundary conditions acted on the seiddunbounded cylindrical plate. The
solution of the non-homogeneous mixed problem sgedan earlier results received in [5,
7] and emphasizes that the weight function, unkntwaction, and free term depend on a
parameter of a L- transform parameter. The DIkitsm discussed below is reduced to
some type of singular integral with unknown funatikernel and free term depend on a
parameter of L-transform. The obtained integraliatipn is solved by expanding its
unknown function as a functional series of a Lapla@nsform parameter. The use of
Green's function in the solution with unmixed boaryd conditions with different
coordinates and applications can be found for examg3, 9].

2 Problem Formulations

Find a temperature distribution functiom u(r, z,7), of unbounded solid plate<z < h
0<r<o , 7>0 with heat generation function, the initial temparat distribution
function is constant and satisfies mixed boundalye problem

u, —a’d%u= g(r,t) (1)
u(r,0,r)=f,(,r), roQ (2)
u,(r,0,r)=f,(,r), raQ (3)

The initial condition

u(r,z,0)=6(r,z,0-T,, T, constant

The functions f,(r,7),i =1,2 known and integrable functions, with respect to
r,0<r<w ,and,r>0, Q={r,0<r <R,z=G,Q={r,R<r<ew,z=0, §,=00/0z,

a is a heat diffusivity coefficient, constang(r,t) is known function,(heat generating
function).

On a surface z = h , a linear combination of unmixed boundary cdodiis given
au +au, =0 (4)

Wherea,,a, constants. There are three particular cases of (4)

Case (i):If a,=1,a,=0, along the boundary surface = h,u=u(r, hr) is kept at
zero temperature satisfies a homogeneous bourdargtitions first kind

u(r,h,r)=0, r=0 (5)
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Applying (L-transform) to the boundary-value prabl€l)-(5) with respect ta, then by
separating variables for (1) under the assumgtiatr,z bounded at zero and infinity,

we obtain the solution of the homogeneous parthef groblem in form of improper
integral

G(rz,9=] Cpg (mEUn- 2V PrH g ©)

5 ch hy P + K]

Where sh(x) and ch(x)are sine and cosine hyperbolic functiond,(pr is)a Bessel
function first kind of order zero, s: parameter bftransform [2] ~a is a heat diffusivity

coefficient (constant)k =s/a andC(p,s) is an unknown function.
Substitution a mixed boundary conditions (1) &d into (6), yields the following a pair
of DIE to determine the unknown functi@ p,s):

[C(p.93 (Pt R/ B+ ¥ de= K 13, BO @
[CpoV F+kI(phdp= (13, OO (8)

where thx = shx/ chx. Hyperbolic tangent function.

Now to solve DIE (7) and (8) ,the unknown funoti C(p,s) should be replaced by
another unknown functiong(t,s) with the help of the relation [1]

C(p,s)= prszia, gcost/ g+ k)dt 9)

Where g(t,s)= L[é(t,7)] differentiable with respect to a varialtieand analytical with
respect to a parameter s, alg¢,7)should be continuous or piecewise continuous in any
interval 7, <7 <T7,, then use the expansion [5]

3t.5)=expRVK )Y 6, (197 (10)

The inverse Laplace transform of (10) always eXigks

B R pal_ 2 o RO, Ho(RI2Jar)
L {exp( RJF);)% t)s' }—ﬁrexpew )Z¢ 05
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Substitute (9) into (6), use (10) we obtain aegal solution of (1) in L-transform image

U_l(f1278>=ﬁ(t,s) T '—a2p+k J(pn cos( g+ k)Ch((h 2J P+ K %

sh(h/ F + K)
%iii(_l)w,u—l]i¢ (t)sn/z eXp(_C (R+,[q[ +r )dt (11)

n
n v=0u=0 0 w’aﬂ2+r2

a,=(v+Dh-(h-2z)-it, 3 = (@ +h+ (h- 2)- it
a=(v+1)h-(h-2z)+it, g = (@ + )h+ (h— 2+ it

@ (t),i =1,....n are the solution of an integral equation of tbeosid kind [5].

Apply the inverse L-transform to (11), a generdlson of the homogeneous part of the
problem (1)-(6) for the first particular casehem g(r,7)=0

ul(r,z,r):T¢n(t)Gl(r,z,t,r,O)dt (12)
o o w R+ a2+
G,(r,z,t,7,0)=—= Zzz )" e —( i ) X
n= v=0u=0 dar
(13)

H.(R+\a2+r?)/2/ 4ar
2nz_n/2\/w

Based on (12),(13), we construct the solution efribn-homogeneous part of the problem
wheng(r,7)#0

u(r,z,r):j¢n(t)Gl(r,z,t,r,O)dt+§“ 9(t&)G (r,z,tr & )dtd (14)

WhereG, (r,z,7,¢) is the Green's function given by the expression

G,(r,z,t,1,§)=—= ZZZ( ])V+y—1 _(R+W)

nOu 0u=0 48.(2'—5)

H,L(R+\[a2+ ?)/2/4al - &)
2n (Z._E)nIZ ’aluZ + r2

(15)
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Case (ii): The second particular case i, =0,a,=10n a surface of cylindrical
coordinatesz=h,r 20 in (4) a normal derivative is prescribed unmixemzmiogeneous

boundary condition of the second kind (an insuldtedndary condition) in L-transform
field

6.(r,hs)=0,r=0 (16)

8.(r,hs)= L[&,(r,h,T)] .The general solution of the heat equation (21i¢nvg(r,7) =0
in L-transform with regard to (16), under the asption that &(r,z 1) is limited

asVz’+r? - o andr =0 , the medium is initially at constant temperaimg applying
(L-transform) and separation of variables for (1, have

ch((h— W B+ k)

sh( h\/m)

Use a mixed boundary conditions (2) and (3) (17)aa DIE were obtained to determine
the unknown functionC( p,s)

U2(1,2.9)= [C(p 3 P d an

[C(p.9)3(prcoth(hf B+ k)dp= (19, (Q
° (18)

]oc_:(p's) F+k3(p)dp= £( 13, 0

where cothx = chx/ shx hyperbolic cotangent function. The solution of theal equations
(18) is obtained with the help of equalities (90 d@0) in L-transform image. Repeat the
same procedure of case (i), the general solutioth@fhomogeneous part of the problem
for the second particular case whgfr,7) =0 is

u_z(r,z,s):J?(t, s){I JapTc 3( i cof W)Ch[i;_ﬁa d% ‘

© o o R _k R + 2+ 2
:%ZZZ(_]_)#&J'¢” (t)snlz exp(k qu r ))dt (19)

2 2
e

Applying the inverse L-transform for the homogeneqart of the problem (19) when
g(r,7)#0, the solution of the non-homogeneous mixed boyndatue problem(1)-(5)

and (16) is
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u(r,z,r):ji¢n (t)GZ(r,z,t,r,O)dt+JT'T 9(t&)G (r,z,tr £ )dtd (20)

WhereG,(r,z,7,¢{) is the Green's function given by the expression

(R+W)2

—
IR D PN Eawrrr

H,.(R+aZ+ %)/ 2/4aC-&))
2n (T _E)nlz\/m

wherea,, ;= 1234 i =J-1 in (21) have the same values given in (13}idéahat at

2 - oo,r » o , the general solution of the given problem forhbtwo above particular
cases is vanish in L-transform or in the origifi@ld, furthermore, satisfy the considered
boundary-value problem. As - 0, and g(r,s) =0 the solution of the non-homogeneous
mixed boundary value problem mentioned above redocéhe known solutions [8].
If g(r,7)#0,h - o, the solutions (14), (20) correspond solutionsnoh-homogeneous
mixed problem for a half-space [7].

G(rztr{)—

ﬁ‘

(21)

Case (iii): Consider a more general case whenu +au, =0 If a,=-1a,=1
Separating variables for (1) in L-transform imagéh regard to (4) where,z bounded at
zero and infinity, we obtain the solution of thentmgeneous part of the problem

Uy(r,z,s)=
p - JpZ+k - - (2h-z)/ 22
IC(D,S)JO(DY)[( Ptk 1)\7)(?( lizhlz P+ k)+ex|0(—z N p>+k |[dp (22)
0 p + +

Use a mixed a boundary conditions (2), (3) to (229, obtain a DIE for determination
C(p,s)

[Cp9)3(pa(p9de £ 13, DQ (23)

[Cp.9%(pna(pddeE §( 13, DQ (24)
Where

(WP +k -Dexpt 2y p+ k) .

\/p +k +1

9,(p.5)=
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7+ K (Jp®+k —DexpE2h/ p*+ k)_1

JpZ+k +1

9,(p,s)=

The DIE (23) and (24) very complicated to solvacei the known methods of solution
(Hankel integral transform or substitution methadmot be used in this situation), however
as h - o, the above dual equations becomes

JC(p.9)3(pndp=f(r 9, DQ (25)

[SP o F+KI(Pde=T(1 3, OO (26)

(25) and (26) play very important role in the smntof a non stationary heat equation in a
cylindrical coordinates for a semi-space and hexact solution discussed with much
details in [1,4]. As s - 0, andg(r,7)=0, all solutions of DIE mentioned above were

reduced to the Laplace equation with mixed condgiof the first and for the second
kind[8,10].

3 Conclusion

Finally the above technique involving Greens fumttiand inhomogeneous mixed
boundary value problem can be used for solving reévehomogeneous problems (heat
equation, Helmholtz equation and Laplace equationkylindrical coordinates, spherical
coordinates and other coordinate system undeedrnioundary conditions of the first, the
second and of the third kind .
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