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Abstract

In this paper, we take ) = {Tl,TQ, . ,Tm,3,Tm,2,Tm,1,Tm} subsemi-
lattice of X —semilattice of unions D where the elements T;’ s are satisfying the
following properties, T'C T'3C --- C Ty, 3C Ty oC Ty, 1CT3C -+ C T3
cT,,_1C Tm, T5C T3C e C Tm_gc T,—2C Tm, T5C T3C e C Tm_gc Tt
C Ty, TWI\Ty#0, T\T# 0, T, 2\T,, # 0, T,_1\T,, 5 # 0, T1UTy= T,
T oUT 1= T,,. We will investigate the properties of reqular element o €
Bx (D) satisfying V(D,a) = Q. Moreover, we will calculate the number of
reqular elements of Bx (D) for a finite set X.
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1 Introduction

Let X be an arbitrary nonempty set and Bx be semigroup of all binary rela-
tions on the set X. If D is a nonempty family of subsets of X which is closed
under the union then D is called a complete X — semilattice of unions. The
union of all elements of D is denoted by the symbol D.

Further, let z,y € X, Y C X, a € By, T€ D, 0 # D' C D and t € D.
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Then we have the following notations,

yo={re X | (y,z) €a}, Ya= Uya, V(D,a)={Ya|Y € D}

yey
D,={Z'eD|teZ}, Dh={2eD |TCZY, Dp=1{2eD |2 CT}
N(D,DY={ZeD|ZCZ forany Z' € D'}, A(D,D') = UN(D, D)

Let f be an arbitrary mapping from X into D. Then one can construct

a binary relation ay on X by a; = U ({z} x f(x)). The set of all such

zeX
binary relations is denoted by Bx (D) and called a complete semigroup of bi-

nary relations defined by an X —semilattice of unions D. This structure was
comprehensively investigated in Diasamidze [1].
Let D be a complete X —semilattice of unions. If it satisfies A(D, D) € D

foranyt € Dand Z = UA(D, Dy) for any nonempty element Z of D| then D is

tez
called X I— semilattice of unions. a € Bx (D) is called idempotent if coa = «

and « € Bx(D) said to be regular if & o f o a = « for some § € Bx(D).
Let D’ be an arbitrary nonempty subset of the complete X —semilattice of
unions D. Set (D', T) = U(D'\D’.). We say that a nonempty element T is a
nonlimiting element of D" if T\I(D',T) # ). Also, a nonempty element 7" said
to be limiting element of D' if T \I(D',T) = 0.

The family C(D) of pairwise disjoint subsets of the set D = UD is the
characteristic family of sets of D if the following hold

a) ND e C(D)
b) UC(D) =D

c¢) There exists a subset Cz(D) of the set C'(D) such that Z = UC%(D) for
all Z € D.

A mapping 6 : D — C(D) is called characteristic mapping if Z = (ND) U
U 0 (Z") for all Z € D. The existence and the uniqueness of characteristic

7'eb
family and characteristic mapping is given in Dlasamldze [ Moreover it is

shown that every Z € D can be written as Z = 6(Q) U 6 (T), where
A TeQ(2)
0(2)=Q\{TeQ|ZCT}

Definitions and properties of ®(D, D’), Q(D), R(D’) and R, (D, D’) can be
found in [1], [2] and [5].

In [5], they found that the properties of regular element aw € Bx (D) which
satisfying V(D,a) = @Q for Q = {T1,7,,T5,7,,T5,Ts,T;} with seven el-
ements. Therefore, we generalized the results which found in [5] for @ =
{11, Ty,...,T T2, T T,,} with m elements.

m—3» m—1



98 Barig Albayrak et al.

Now we state two theorems which will be used later.

Theorem 1.1. [}, Theorem 10] Let o and o be binary relations of the semi-

group Bx (D) such that acooa = . If D(«) is some generating set of the semi-

lattice V(D, a)\ {0} and o = U (Y2 xT) is a quasinormal representation
TeV(D,a)

of the relation cv, then V (D, «) is a complete X I— semilattice of unions. More-

over, there exists a complete isomorphism ¢ between the semilattice V (D, «)
and D' ={To | T € V(D,«a)}, that satisfies the following conditions:

a) p(T)=To and ¢ (T)a=T for all T € V(D,«)

) |J Y& 2 () for any T € D(),

T'eD(a)p
¢) YEN o(T) # 0 for all nonlimiting element T of the set D (a),

d) If T is a limiting element of the set D (@), then the equality UB (T) = T
is always holds for the set B (T) = {Z € D(a); | Y§ne(T) # @}.

On the other hand, if « € Bx(D) such that V(D,«) is a complete XI—
semilattice of unions and if some complete a—isomorphism ¢ from V (D, a) to
a subsemilattice D' of D satisfies the conditions b) —d) of the theorem, then «
is a regqular element of Bx (D).

Theorem 1.2. [2, Theorem 6.3.5] Let X be a finite set. If ¢ is a fized element
of the set ®(D, D") and |Q2(D)| = mo and q is a number of all automorphisms
of the semilattice D then |R(D')| =mg-q- |R,(D,D")|.

The material in this work forms a part of first author’s PH.D. Thesis, under
the supervision of the second author Dr. Nesget Aydin.

2 Results

Let X be a finite set, D be a complete X —semilattice of unions, m > 7 and
Q= {Tl, Ty, Ts, ... T, 3.1, 9T, 1, Tm} be a X —subsemilattice of unions
of D satisfies the following conditions.

ThcTscTyC ---CTp3C Ty oCT,,,

TyC TsC TaC -+ C T sC TonaC Tom,

TyC TsC T4C -+ C Ty sC Top 1 C Ty,

ToCcT3CTyC - CTps3CTh1CTh,
T \T. ot 0. T\ £,

TN\T,# 0, T\T,# 0,

T\UTy= T3 Ty sUT s 1= T
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The diagram of the @) is shown in the following figure.

Ty I,

Let C(Q) ={P;|i=1,2,...,m} be a characteristic family of sets of Q.
The assignment ¢(7;) = P; defines a one to one correspondence between ) and
C(Q). Then T,,= P,,UP,,_1UP,, oU---U Py, T, 1= P,,UP,, 5U---U Py,
To= PnUP, 1UP, _sU---UP, T, 35=P,UP, 4U---UPy, ...,

T4: PmUP3UP2UP1, ng PmUPQUPh TQI PmUPl, le PmUP2 are ob-
tained.

Now, let us investigate that in which conditions () is an XI— semilat-
tice of unions. First, we determine the greatest lower bounds of the each
semilattice @) in ) for t € T,,,. Since T},= P,,UP,,_1UP,,_oU---U P and P,
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1=1,2, m) are pairwise disjoint sets, it follows
p )

([ Q tepP,
{Tm:Tmf2} 7t € Pm—l
{Tmmifl} 7t € Pm—2
{Tmmi—la Tm—2} 7t € Pm—3

Loy Trn—1, Tn—2, Tn—3y ,t € P,
Q= { v o} o (2.1)
{Tr,....,T5} ,te P,
{Trm,..., T4} ,t € Py
{Th,..., T3, T1} ,te P,
{Tm7 '7T37T2} 7t€P1

From the Equation (2.1) the greatest lower bounds for each semilattice Q)

teP, =NQQ)=0

L€ Pyt = N(Q.Q) = {Tp s Ton s, ..
te Ppo = N(Q’Qt) = {Tm_l,Tm_g, o
te P,_3 :N(QyQt):{Tm—E};”-;TI}
tGPm_4 #N(Q,Qt):{Tm_g,...,Tl}
te Py = N(Q,Q,) ={T5,...,T1}
tePs = N(Q.Q)={Tv....T\)
tEPQ iN(Q,Qt):{Tl}

tePr = N(@QQ)={Tz}

= A(Q> Qt) =0
T} = AQQ) =T, ,
7T1} = A(Q7 Qt) = Tm—l
= ANQ,Q,)=T,, 5
= A(Q7 Qt) = Tm—3
= A(Q, Qt) =Ty
= AMQ,Q) =T,
= ANQ. Q) =T,
= A(Q7 Qt) = T2

(2.2)

are obtained. If ¢t € P, then A(D,D,) =0 ¢ D. So, P,, = (). Also using the
Equation (2.2), we have easily seen that UA Q,Q) € D.
€Ty

Lemma 2.1. Q is an XI1— semilattice of unions if and only if Ty NTy = ()

Proof. =: Let (Q be an XI— semilattice of unions. Then P,, = () and T} = P,
Ty = P, by Equation (2.1). Therefore T} NT5
disjoint sets. <: If Ty N Ty = (), then P,, = (). Using the Equation (2.2), we

see that U AQ, Q)

teT;

Lemma 2.2. Let G = {11, T3,...,Tn1} be a generating set of Q). Then the
s Tin—1 are nonlimiting elements of the set Gr,, Gr,,

Gr,,_, respectively and Tj is limiting element of the set Gr,.

elements Ty, T, Ty, T5, . ..
Gr,, Gryy .-y

= () since P, and P, are pairwise

= T;. So, we have () is an X — semilattice of unions. [
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Proof. Definition of D/T and [(Gr,,

T)=U(G\{T:}), i € {1,2,...,m— 1},

we find nonlimiting and limiting elements of GT

TN\(Gy,, Ty) =T \D =T, # 0
T2\Z(GT2> Ty) =T\0 =T,
T\U(Cry, Ts) = TAT,= 0,
TGy, Ty) = T\T5# 0,

T \U(Go, s T
Tm—3\l(C%Tm,3

Tm—2\l(QTm,2’ m—2) =T
Tm—l\l(GT 17+ m—1

T nonlimiting element of Gy,
Ts nonlimiting element of GT2
T3 limiting element of GT?)

T, nonlimiting element of GT4

T =T, T, .#0, T, 4 nonlimiting element of G, ,
Ts) =T, T, ,#0, T,_3nonlimiting element of Gr,, ,
T, o) N\T, _s# 0, T,_o nonlimiting element of G, ,
T)=T _\T _#0, T, , nonlimiting element of Gz, ,

O

Now, we determine properties of a regular element a of Bx(Q) where

m

V(D,a) =@ and « :U(Y?XTZ-).

i=1

Theorem 2.3. Let a € Bx(Q) with a quasinormal representation of the form

a=|JV{xT:) such that V(D, a)

i=1

= Q. Then o € Bx (D) is a reqular iff for

some complete a-isomorphism ¢ : Q — D' C D, the following conditions are

satisfied:

YV{IQ SO(Tl)7
Yv2a2 SD(T2>7

YUY SUYSUYSD (T,),

YeuYsU
YeUYSU
YeUYSU
YEUYSU

Y4aﬂ90(T4

Proof. Let G = {T1,T5,...,T,
Bx (D) is regular and V(D, «)

Uym 4D 90(

s (2.3)

(m )7
D‘P(T 2)7
SO(T 71)7

3% so(Tm ) #0

m—1} be a generating set of (). =: Since o €
= (Q is an X [—semilattice of unions, by Theo-

rem 1.1, there exits a complete a—isomorphism ¢ : ) — D’. By Theorem 1.1
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(a), o (T)a =T for all T € V(D,«). Applying the Theorem 1.1 (b), we have

Y2 90<T1)7 YSQ SD(TQ)a
YPUYSUYED o(T,), YUYSUYSUYSD o(T,).

YruYsu---uYs DT, ), YIUYSU---uYo DT, ),
YUY SU ---uan,:,,qu, DT, ), Y{UYsU.---uYs UYe DT, ;)

Moreover, considering that the elements T4, T5, Ty, T5, . . . , T);,—1 are nonlimiting
elements of the sets Gp,, Gp,, Gr,, G1, . ..,Gr,,_, respectively and using the
Theorem 1.1 (¢), following properties

le(lmgo(Tl) 7é (Z)a Y;m(p(T2> # ®7 YZHQO<T4) 7£ (2)7 R Yranflmgp(Tme 7& ®7

are obtained. From Y*D ¢(T',) and Y3*D o(T,); Y*No(T',) #0, Ys'Np(T,) # 0
always ensured. Also by using Y*2 ¢(T,) and Y5*D ¢(T,), we get

YPUYSUYs 2 o(T)) Up(T,) UYs = o(T,UT) UYS
=(T5) VY5 2 ¢(T)

Thus there is no need the condition Y* U Y*UY§D (T5). Therefore there
exists a complete a—isomorphism ¢ which holds given conditions. <: Since
V(D,a) =Q, V(D,«) is an X [—semilattice of unions. Hence we have a com-
plete a—isomorphism ¢ satisfying (2.3). Notice that 75 is a limiting element of

the set Gz,. By Theorem 1.1 we form B (T3) = {Z € G, | Ygne(T,) # (Z)}

It was seen in [5, Theorem 3.4] that UB (T3) = T5. By Theorem 1.1 we conclude
that « is the regular element of the Bx (D). O

Now we calculate the number of regular elements «, satisfying the hyphoth-
esis of Theorem 2.3. Let o € By (D) be a regular element which is quasinormal

representation of the form « :U(Y? xT;) and V (D, a) = Q. Then there exist

i=1
a complete a— isomorphism ¢ : Q@ — D' = {o(T1),o(T3),...,o(T),)} sat-
isfying the hyphothesm of Theorem 2.3. So, o € R (Q D) We will denote
©o(T;) = Ty, i =1,2,...m. Diagram of the D’ = {Tl, To,..., Ty, } is shown

in the following ﬁgure
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Then the Equation (2.3) reduced to below equation.

}/1062?17

}/QOCQT27

YUY suY suY DTy,

YeuUYSuU---UYe DT 4, (2.4)

YOUYSU---uY?e DT, s,
YOUYSU---UY? Y2 DT, o,
YAUYSU- - U Y LUy DT,
Y ﬂT47£@ ;ln 1ﬂTm—17£@

On the other hand, T1,T5,T\Ts, ... Tonei\T—s. (Trne2N Trne1)\Trn—t, Tine1 \ T2,
Tm—o\Ty—1, X\T),, are also pairwise disjoint sets and union of these sets equals
X.
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Lemma 2.4. For every o € R,(Q,D’), there exists an ordered system of
disjoint mappings.

Proof. Let f, : X — D be a mapping satisfying the condition f,(t) =
ta for all t € X. We consider the restrictions of the mappmg fo as fia,

f2on s Jm- la on the SetS T1,T2,T4\T3,T5\T4,~-- mea\Tm—s, (T N
T, 1)\Tm 4 Tonet\Tm—2, Trn-o\Tm—1, X\T'm, respectlvely Now, consid-
ering the definition of the sets Y*, (i =1,2,...,m — 1) together with the

Equation (2.4) we have,

teT,=tecY=ta=T = fi(t) =T, Vt €T,
teETy=te Y =ta="Ty= folt) =T, Vt €T,
teT\Ti1,(i=4,....m—4) =tcT\T, 1 CT; CY*UYLU---UY?
= ta € {1, Ty, ..., T;} -
= fu-va(t) € {1, Ts,...,T;}, Vt € T\T;4

t€(TymoNTyp )\Tmg =t €Ty oNT, 1 CYUYSU---UY? .
= ta € {Tl, R ,Tm_g}
= f(m,4)a(t) e{T\,..., T3},
Vt € (T N Trn-1)\Trms

t €Ty \Tpo=t€T, 1 CYPU---UY2 UV |
= ta € {Tla s 7Tm—37Tm—1}
= f(mf?;)oz(t) S {T17 s 7Tm—37 Tm—l} 5 vVt € Tm—l\Tm—Q

t €T o\Tp1 =tE€T, » CYPU---UY2 UY2 ,
= ta € {Tla s 7Tm—37Tm—2}
= f(mf2)oz(t) S {T17 cee 7Tm—37 Tm—2} 5 Vt € Tm—Z\Tm—l

teX\Tp, =te X\Tn CX =V = ta € Q= fm1alt) € Q,Vt € X\T,,
i=1

Besides, Y,* N T; # () so there is an element t; € Yon T;_1. Then ;oo = T, and
t; € T;. Ift €Ty, thent; € T,y CYPU---UY2,. Thus t;a € {T1,..., Ti_1}
which is a contradiction with the equality t;a = T;. So, there is an element
t; € T;\T;_; such that Ji—a(t;) = T;. Similarly, fon—aya(tm—3) = Tm—3 for
some t,,3 € Tyy3\Trn_s , fim=3)a(tm-1) = T for some t,,_; € Tt \T_o
s fim—2)a(tm—2) = Tp—o for some t,,_5 € Tro\Tp_1 since Yo . NT, 5 # 0,
Yo oNTma#0,Y2  NTy 1 # 0. Therefore, for every a € R,(Q, D') there
exists an ordered system (fia, faa;- - fim—1) ) On the other hand, suppose
that for o, f € R,(Q, D’) which a # 3, be obtalned Jo = (f1a foas -5 fam—1)a)
and f/j = (fl,Ba fzg, cee >f(m71)ﬁ)- If fa = fg, we get

fao=fa= ful) = f3(t), VtE X = ta=1t8, Vte X =>a=f
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which contradicts to o # . Therefore different binary relations’s ordered
systems are different. n

Lemma 2.5. Let Q be an X I—semilattice of unions and f = (f1, fa, ..., fim-1))
be ordered system from X in the semilattice D such that

STy — {h}, fi(t) = Tx,

fo'Ts = {Th}  fo(t) = 1o,

f: TAT i1 = (T T}, (=4 om—4), fia() € {Th,..., T}
and fi1(t;) =T;, It; € Ti\Ti,

Frtt s VT N\t = {Ths oo s} s fna(t) € {Th, . T}
and fo-a(tm-3) = T3, Ftm-3€ Tr3\Tn4,

frns: Tt \Tom2 = {T1 - T, Tt} fones(8) € {T1, -+ Toug, Tt}
and fr—s3(tm—1) = Tpo1, I tm-1 € T1\Tm—2,

Frnz: Ton-o\Tout = {T1 oo T, Ta} s frna(t) € {Th, oo T, T}
and fr—o(tm—2) = Ty, I tm-2 € To\Tm-1,

Font: X\To >Q,  fona(t) € Q.

Then 3 = U ({x}x f(z)) € Bx(D) is reqular and ¢ is complete f—isomorphism.
zeX
So B € R,(Q,D").
Proof. First we see that V (D, ) = Q. Considering V/(D,8) ={Yp|Y € D},
the properties of f mapping, T;3 = U zf and D' C D, we get V(D, ) = Q.
xeTi
Also, 8 = U (Yﬁ X T> is quasinormal representation of 3 since () ¢ Q.

Tev(X*,8)
From the definition of 3, f(x) = af for all x € X. It is easily seen that

V(X" B)=V(D,5) =Q. We getﬁ:U(foT0.0n the other hand

=1
teT = t8=ft)=T =>teY =T, CY"
teTy=tB=f)=Tr=>tcYS =T, CYh,
teT, (i=4,....m—4)=>tB8e{l,T.... T} =tcY uYfu --uY/

=Y uvy/u...uY’ DT,
tETm_gﬁt/BE{Tl,...,Tm_g} :te}/laUYgU"'UYn?_i
= YPUYSU---UYS DT,

t€Tm o=tB€{Ty,..., Ty 3,Tm o} =tEY,UYSU---UY , UYe ,
teTpa=te{Tt,.... T 3Th 1} =t€YPUYSU---UY* ,UYY |

= YAUYSU---UY S ,uY2 | DT,
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Also, for i = 4,...,m — 4 by using fi_1(t;) = T}, 3 t4 € T;\T,;_1, we obtain
YPOT; # 0. Similarly, Y2 o Tp_s #0,Y" AT #0and Y AT,y # 0.
Therefore the mapping ¢ : Q@ — D' = {T4,Ts,..., Ty} to be defined (T;) =
T; satisfies the conditions in the Equation (2.4) for 3. Hence ¢ is complete
B—isomorphism because of ¢ (T) 3 =T3 =T, for all T € V(D, 3). By Theo-
rem 2.3, € R,(Q,D’). ]

Therefore, there is one to one correspondence between the elements of
R,(Q,D’) and the set of ordered systems of disjoint mappings.

Theorem 2.6. Let X be a finite set and () be an XI— semilattice and m > 7.
If D' ={T1, Ty, ..., Ty} is a— isomorphic to Q and Q) = my, then

|R(D/) ’: 4m0<4’T4\T3| _3’?4\73|)(5’T5\T4’_4’75\?4’) .
((m . 4)|Tm74\7m—5’_ (m B 5)’Tm74\7m75‘)<m . 3)|(Tm,2ﬁfm,1)\7m,3‘
(m — 3)[Tm=a\Tmeal _ (55 — g)|Tm-s\Tmmaly (g — ) Tmt\Tmz]
(m — 3T \Trzal) (g — )T\l (g ) T\ Tl VT

Proof. Lemma 2.4 and Lemma 2.5 show us that the number of the ordered
system of disjoint mappings (fia, faa,--5 fim-1)a) is equal to |R,(Q,D")],
which o € Bx (D) regular element V(D,a) = Q and ¢ : Q — D’ is a complete
a—isomorphism. The number of the mappings fia, foas f3as fias-- > fim—5)a
Jm—4)ar fim=3)a, fim—2)a and f,—1)s are respectively

1,1, (4|T4\Ts|_3’74\73’)’ (5’75\74’_4’75\74’) L

((m — 4)|Tm74\fm75|_ (m — 5)|Tm—4\7m75|)’ (m — 3)|(Tm72mfmfl)\?m73|

((m _ 3)’Tm73\7m74| i (m . 4)‘Tm73\7m74’)’ ((m _ 2)|T'm71\7m72|_

(m — 3)[Tn=1\Ton=zly (g — )2\ Ts| _ (i _ 3)[T-a\Tona [} [ X\
The number ¢ of all automorphisms of the semilattice () is 4. These are

I = Tl T2 T3 t 'Tmf2 Tmfl Tm = Tl T2 T3 o 'Tm72 Tmfl Tm

T\ T Ths Tt T VAN - Ty Ty T

o T'T5 T3 T Tno1 T o T'T5 T3 T Tno1 Tin
2T Tl T2 T3 t 'Tm—l Tm—2 Tm o T2 Tl T3 o 'Tm—l Tm—2 Tm .

Therefore by using, one to one correspondence between the elements of R, (Q, D)
and the set of ordered systems of disjoint mappings and Theorem 1.2,

|R(D/) |: 4m0<4|T4\T3| _3’?4\73')(5’75\74’_4’75\?4’) .
((m — 4)|Tm74\Tm75|_ (m — 5)’Tm74\T’m75|)(m _ 3)|(TM72OTW71)\T77173|
((m — 3)|Tm=s\Tmeal gy g)[Tmes\ Ty (g — [T\ Tz

(m . 3)|Tmfl\Tm—2|>((m _ 2)’77‘@72\?77171‘ . (m . 3)‘Tm,2\7m,1|)m|x\7m
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are obtained. ]

By taking m = 7 in Theorem 2.6 one gets the following corollary which is
given in [5, Theorem 3.7].

Corollary 2.7. [5, Theorem 3.7] Let X be a finite set and @ be an X1—

semilattice. If D' = {T1,T,T5,T4,T5,T¢,T7} is a— isomorphic to QQ and
Q(Q) = my, then

IR(D')|= 4 - my - 4lTsToNTa]. <4|T4\TS| B 3|T4\T3|)

-(5!76\75! _4|TG\T5|> . <5|T5\Te| B 4|T5\Tﬁ|) 7|X\T7|
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