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Abstract 

     In this paper we take { } ( )0 1 6 5 4 3 2 1, ,..., , , , , , ,  6m m m m m m mQ T T T T T T T T T m− − − − − −= ≥  

subsemilattice of X- semilattice of unions D where the elements 
,

iT s are satisfying 
the following properties, 
 

0 1 5 4 2 0 1 5 3 2 0 1 5

3 1 4 3 3 4 4 1 1 4 2 1

1 2 4 3 2 4 1

... ,    ... ,   ...
,   \ ,   \ ,    \ , \ ,  \ ,  

\ ,  ,   

m m m m m m m m m

m m m m m m m m m m m m m

m m m m m m m

T T T T T T T T T T T T T T T
T T T T T T T T T T T T T

T T T T T T T T

− − − − − − −
− − − − − − − − − − − −

− − − − − − −

⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂
⊂ ⊂ ⊂ ≠ ∅ ≠ ∅ ≠ ∅ ≠ ∅ ≠ ∅

≠ ∅ ∪ = ∪ = 2 1 . m m mT T− −∪ =
 
We will investigate the properties of regular elements and idempotents of the 
complete semigroup of binary relations BX (D) satisfying V (D, α)=Q. Also we 
investigate right units of the semmigroup BX (Q). For the case where X is a finite 
set we derive formulas by means of which we can calculate the numbers of 
regular elements, idempotents and right units of the respective semigroup.  
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1 Introduction 
 
Let X  be an arbitrary nonempty set, D  be a X − semilattice of unions, i.e. a 
nonempty set of subsets of the set X  that is closed with respect to the set-theoretic 
operations of unification of elements from D , f  be an arbitrary mapping from X  
into D . To each such a mapping f  there corresponds a binary relation  fα  on the 

set  X   that satisfies the condition { } ( )( )f
x X

x f xα
∈

= ×∪ . 
 
The set of all such fα   

( ):f X D→  is denoted by ( )XB D . It is easy to prove that ( )XB D  is a semigroup with 

respect to the operation of multiplication of binary relations, which is called a 
complete semigroup of binary relations defined by a X − semilattice of unions 
D (see [2,3  2.1 p. 34]). 
 
By ∅  we denote an empty binary relation or empty subset of the setX . The 
condition ( ),x y α∈  will be written in the formx yα . Further let ,x y X∈ , Y X⊆ , 

( )XB Dα ∈ , T D∈ , D D′∅ ≠ ⊆  and 
Y D

t D Y
∈

∈ =
⌣
∪ . Then by symbols we denote the 

following sets: 
{ } ( ) { }
{ } { } { }
{ } ( ) ( ) { }

| ,  ,  , | ,

| ,   | ,  | .
| ,  , \ ,  | .

y Y

t T

T T T

y x X y x Y y V D Y Y D

X T T X D Z D t Z D Z D T Z
D Z D Z T l D T D D Y x X x Tα

α α α α α α

α

∈
∗

= ∈ = = ∈

′ ′ ′ ′ ′ ′ ′ ′= ∅ ≠ ⊆ = ∈ ∈ = ∈ ⊆
′ ′ ′ ′ ′ ′ ′= ∈ ⊆ = ∪ = ∈ =ɺɺ

∪

 

 
Under the symbol ( ), tD D∧  we mean an exact lower bound of the set tD in the 

semilattice D . 
 
Definition 1.1: An element α taken from the semigroup ( )XB D called a regular 

element of the semigroup ( )XB D  if in ( )XB D  there exists an element  β  such that 

α β α α=� � . 
 
Definition 1.2: We say that a complete X − semilattice of unions D  is 
anXI − semilattice of unions if it satisfies the following two conditions: 
 
(a) ( ), tD D D∧ ∈  for any t D∈

⌣
; 

 
(b) ( ), t

t Z

Z D D
∈

= ∧∪  for any nonempty element Z of D (see [2,3 definition 

1.14.2]). 
 
Definition 1.3: Let D  be an arbitrary complete X − semilattice of unions, 

( )XB Dα∈  and { | }TY x X x Tα α= ∈ = . If 



86                                                                                       Yasha Diasamidze et al. 

( , ),   ,
[ ] ( , ),   ( , ),

( , ) { },   ( , ) and ,

V X if D
V V X if V X

V X if V X D

α
α α α

α α

∗

∗ ∗

∗ ∗

 ∅ ∉
= ∅ ∈
 ∪ ∅ ∅ ∉ ∅ ∈

 

 
then it is obvious that any binary relation α of a semigroup ( )XB D can always be 

written in the form 
[ ]

( )T
T V

Y Tα

α
α

∈

= ×∪  the sequel, such a representation of a binary 

relation α  will be called quasinormal. 
 
Note that for a quasinormal representation of a binary relation α , not all sets TYα  

[ ]( )T V α∈  can be different from an empty set. But for this representation the 

following conditions are always fulfilled: 
 
(a) T TY Yα α

′∩ = ∅ , for any ,T T D′∈  and T T′≠ ; 
 
(b) 

[ ]
T

T V

X Yα

α∈

= ∪  

 
(See [2, 3 definition 1.11.1]). 
 
Definition 1.4: We say that a nonempty element T  is a non limiting element of the 
set D ′  if  ( )\ ,T l D T′ ≠ ∅  and a nonempty element T  is a limiting element of the set 

D′  if ( )\ ,T l D T′ = ∅  (see [2, 3 definition 1.13.1 and definition 1.13.2]). 

 
Definition 1.5: The one-to-one mapping ϕ  between the complete X − semilattices 
of unions  ( ),Q Qφ  and D′′ is called a complete isomorphism if the condition 

( ) ( )
1

1
T D

D Tϕ ϕ
′∈

′∪ = ∪  

is fulfilled for each nonempty subset 1D  of the semilattice  D′ (see [2, 3 definition 
6.3.2]). 
 
Definition 1.6: Let α  be some binary relation of the semigroup ( )XB D . We say 

that the complete isomorphism  ϕ  between the complete semilattices of unions Q  
and D′  is a complete α − isomorphism if 
  
(a) ( ),Q V D α= ; 

(b) ( )ϕ ∅ = ∅  for ( ),V D α∅ ∈  and ( )T Tϕ α =  for any ( ),T V D α∈ (see [2,3 

definition 6.3.3]). 
 
Lemma 1.1: Let = kY y y y1 2{ , ,..., }  and 1{ ,..., }j jD T T=  be some sets, where ≥k 1  

and ≥j 1. Then the number ( , )s k j  of all possible mappings of the set Y on any such 
subset of the set ′jD   that ′∈j jT D  can be calculated by the formula 

= − −k ks k j j j( , ) ( 1)  (see [2, 3 Corollary 1.18.1]). 
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Lemma 1.2: Let { }1 2, ,...j jD T T T= , X  and  Y −  be three such sets, that  Y X∅ ≠ ⊆ . 

If f is  such mapping of the set X , in the set jD , for which  ( ) jf y T=   for some 

y Y∈ ,  then the numbersof all those mappings f  of the set X  in the set jD  is 

equal to ( )( )\ 1
YX Y Ys j j j= ⋅ − −  (see [2,3 Theorem 1.18.2]). 

 
Lemma 1.3: Let D  be a complete X − semilattice of unions. If a binary relation 
ε  of the form  

{ } ( )( ) ( )( ), \t
t D

t D D X D Dε
∈

= × ∧ ∪ ×
⌣

⌣ ⌣
∪  

 is a right unit of ( )XB D , then it is largest right unit.  

 
Theorem 1.1: Let { }1 2 1, , ,..., nD D Z Z Z −=

⌣
 be some finite X − semilattice of unions 

and ( ) { }0 1 2 1, , ,..., nC D P P P P−=  be the family of sets of pairwise nonintersecting subsets of 

the set X . If ϕ  is a mapping of the semilattice D  on the family of sets ( )C D  

which satisfies the condition ( ) 0D Pϕ =
⌣

 and ( )i iZ Pϕ =  for any 1,2,..., 1i n= −  and 

{ }ˆ \ |ZD D T D Z T= ∈ ⊆ , then the following equalities are valid: 

  
( )0 1 2 1 0

ˆ

... ,  .
Zi

n i
T D

D P P P P Z P Tϕ−
∈

= ∪ ∪ ∪ ∪ = ∪
⌣

∪                                         

(*) In the sequel these equalities will be called formal. 
 
It is proved that if the elements of the semilatticeD  are represented in the form 
(*), then among the parameters iP  ( )0,1,2,..., 1i n= −  there exist such parameters that 

cannot be empty sets for D. Such sets iP  ( )0 1i n< ≤ −  are called basis sources, 

whereas sets jP  ( )0 1j n≤ ≤ −  which can be empty sets too are called completeness 

sources. 
 
It is proved that under the mapping ϕ  the number of covering elements of the pre-
image of a basis source is always equal to one, while under the mapping ϕ  the 
number of covering elements of the pre-image of a completeness source either 
does not exist or is always greater than one. (see [5]) . 
 
Theorem 1.2: A binary relation ( )XB Dε ∈  is a right units of this semigroup  iff  ε  
is idempotent and ( , )D V D ε=  (see Theorem 4.1.3). 
 
Theorem 1.3: Let D  be a finite X − semilattice of unions and ( )XB Dα ∈ ; ( )D α  

be the set of those elements T  of the semilattice ( ) { }, \Q V D α= ∅  which are 

nonlimiting elements of the set TQɺɺ . Then a binary relation α  having a 

quasinormal representation of the form ( )
( ),

T
T V D

Y Tα

α
α

∈

= ×∪  is a regular element of 

the semigroup ( )XB D  iff ( ),V D α  is a XI − semilattice of unions and for some 
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α − isomorphism ϕ  from ( ),V D α  to some X − subsemilattice D′ of the semilattice 

D the following conditions are fulfilled: 
 
a)  

( )
( )

T

T
T D

Y Tα

α
ϕ′

′∈

⊇
ɺɺ
∪  for any ( )T D α∈ ; 

 
b)  ( )TY Tα ϕ∩ ≠ ∅  for any nonlimiting element T of the set ( )

T
D αɺɺ  (see [2,3 

Theorem 6.3.3]). 
 
Lemma 1.4: Let { }1 2 1, , ,..., nD D Z Z Z −=

⌣
 and ( ) { }0 1 2 1, , ,..., nC D P P P P−=  are the finite 

semilattice of unions and the family of sets of pairwise nonintersecting subsets of 

the set X , 1 2 1

0 1 2 1

    ...
    ...

n

n

D Z Z Z
P P P P

ϕ −

−

 =  
 

⌣

 is a mapping of the semilattice D  on the family of 

the sets ( )C D , If ( ) ( )T P C Dϕ = ∈  for some D T D≠ ∈
⌣

, then \t TD D D= ɺɺ  for all t P∈  

(see [***]  Lemma 11.6.1). 
 
Definition 1.8: Let Q  and D′  be respectively some XI  and X − subsemilattices of 
the complete X − semilattice of unionsD . Then ( ),R Q Dϕ ′   is a subset of the 

semigroup ( )XB D  such that ( ),R Q Dϕα ′∈  only if the following conditions are 

fulfilled for the elements α  and ϕ : 
 
a) The binary relation α be regular element of the semigroup ( )XB D ; 
b) ( ),V D Qα = ; 

c) ϕ  is a complete α − isomorphism between the complete semilattices of 
unions Q  and D′ satisfying the conditions )a  and )b  of the Theorem 1.4 

(see [2,3] definition 6.3.4). 
 
Further Qε , ( )QΩ  and ( ),Q D′Φ  respectively are the identity mapping of the 

semilattice Q , the set of all XI − subsemilattices of the complete X − semilattice of 
unions D  such that ( )Q Q′∈Ω  if there exists a complete isomorphism between the 

semilattices Q′  and Q  and the set of all complete isomorphisms of the 
XI − semilattice of unions into the semilattice D′  such that ( ),Q Dϕ ′∈Φ  if ϕ  is a 

α − isomorphism for some ( )XB Dα ∈  and ( ),V D Qα = . 

 
Next, let 

( ) ( )
( ),

, ,
Q D

R Q D R Q Dϕ
ϕ ′∈Φ

′ ′= ∪  and  ( ) ( )
( )

,
Q Q

R D R Q D
′∈Ω

′ ′ ′= ∪ . 

 
( ),R Q D′  is an arbitrary element of the set ( ) ( ){ }, | ,R Q D Q Dϕ ϕ′ ′∈ Φ  and a mapping 

T T→  between the complete XI  and X − semilattices of unions Q  and D′  is a 
complete isomorphism corresponding to the set ( ),R Q D′  (see Theorem 6.3.5). 
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Theorem 1.4: A regular element α  of the semigroup ( )XB D  is idempotent iff the 
mapping ϕ  satisfying the condition ( )ϕ α=T T   for any ( )α∈ ,T V D  is an identity 
mapping of the semilattice ( )α,V D  (see[2,3 Theorem 6.3.7). 
 
Theorem 1.5: If ( ) ( )r

XE Q  is the set of all right units of ( )XB Q , then 
( ) ( ) ( ),

Q

r
XE Q R Q Qε=  (see Theorem 6.3.11). 

 
Theorem 1.6: Let X  be a finite set. if  ϕ  is a fixed element of the set ( ),Q D′Φ , 

( ) 0Q mΩ =  and q be number of all automorphisms of the semilattice then 

  
( ) ( )0 ,R D m q R Q Dϕ′ ′= ⋅ ⋅  

(See Theorem 6.3.5). 
 

2 Results  
 
Theorem 2.1: Let { } ( )0 1 6 5 4 3 2 1, ,..., , , , , , ,  5m m m m m m mQ T T T T T T T T T m− − − − − −= ≥  be a 

subsemilattice of the semilattice D and 
  

0 1 5 4 2

0 1 5 3 2

0 1 5 3 1

4 3 3 4 4 1

1 4 2 1 1 2

4 3 2 4 1 2 1

... ,  

... ,

... ,
\ ,  \ ,  \ ,
\ ,  \ ,  \ ,

,  .

m m m m

m m m m

m m m m

m m m m m m

m m m m m m

m m m m m m m m

T T T T T T
T T T T T T
T T T T T T
T T T T T T
T T T T T T
T T T T T T T T

− − −
− − −
− − −

− − − − − −
− − − − − −
− − − − − − −

⊂ ⊂ ⊂ ⊂ ⊂ ⊂
⊂ ⊂ ⊂ ⊂ ⊂ ⊂
⊂ ⊂ ⊂ ⊂ ⊂ ⊂

≠ ∅ ≠ ∅ ≠ ∅
≠ ∅ ≠ ∅ ≠ ∅

∪ = ∪ = ∪ =  

 

 
Then Q  is always an −XI semilattice of unions. 
 
Proof: Let −0 1 1, ,..., mP P P  and C  be the pairwise nonintersecting subsets of the set 
X  and ϕ  be a mapping of the semilattice Q  onto the family of sets 

{ }−0 1 1, ,..., ,mP P P C  that has the form 

 
0 1 6 5 4 3 2 1

0 1 6 5 4 3 2 1

  ...       
  ...         

m m m m m m m

m m m m m m

T T T T T T T T T
P P P P P P P P Cϕ − − − − − −

− − − − − −

 =  
 

 

 

 

 

 

 

 

 

 

 
 
Then the formal equalities corresponding to the semilattice Q  are written as 

Fig. 1 

1T  
0T

 

1mT −

 

mT  

i
 

i
 i 

2mT −

 
3mT −  4mT −

 5mT −  
6mT −  
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0 1 6 5 4 3 2 1

1 0 1 6 5 4 3 2

2 0 1 6 5 4 3 1

3 0 1 6 5 4

4 0 1 6 5 3 1

... ,
... ,
... ,
... ,
... ,

m m m m m m m

m m m m m m

m m m m m m

m m m m

m m m m m

m

T C P P P P P P P P
T C P P P P P P P
T C P P P P P P P
T C P P P P P
T C P P P P P P
T

− − − − − −
− − − − − −
− − − − − −
− − − −
− − − − −

= ∪ ∪ ∪ ∪ ∪ ∪ ∪ ∪ ∪
= ∪ ∪ ∪ ∪ ∪ ∪ ∪ ∪
= ∪ ∪ ∪ ∪ ∪ ∪ ∪ ∪
= ∪ ∪ ∪ ∪ ∪ ∪
= ∪ ∪ ∪ ∪ ∪ ∪ ∪

5 0 1 6

6 0 1 7

1 0

0

... ,

... ,

,
,

m

m m

C P P P
T C P P P

T C P
T C

− −
− −

= ∪ ∪ ∪ ∪
= ∪ ∪ ∪ ∪

−−−−−−−−−−−−
= ∪
=

          (2.1) 

 
where ≥ 0C , 5 0mP − ≥ , 3 0mP − ≥  and { }0 1 6 4 2 1, ,..., , , ,m m m mP P P P P P− − − − ∉ ∅ . Further, let 

∈ mt T . Then from equalities (2.1) and from the Lemma 1.2 we have 
 

( )

0

1 0

5 6

5 5

3 4

5 3

1 2

4 1

,    ,
,    ,

,    ,
, ,    ,

,    ,
,    ,
,    ,
,    .

m m

t m m

m m

m m

m m

m m

T if t C
T if t P

T if t P
Q Q T if t P

T if t P
T if t P
T if t P
T if t P

− −
− −
− −
− −
− −
− −

∈
∈

− − − − − −
∈∧ = ∈
∈
∈
∈
∈

 

 
Then We have obtained that ( ), tQ Q D∧ ∈  for any ∈ mt T . Furthermore, if 

( ){ }, t mQ Q Q t T∧ = ∧ ∈ , then { }0 1 5 4 3 1, ,..., , , ,m m m mQ T T T T T T∧
− − − −=  and it is easy to verify  

that any nonempty element of the semilattice Q  is the union of some elements of 
the set Q∧ . Now, taking into account Definition 1.2, we obtain that Q  is an 

−XI semilattice of unions. 
 
For the largest right unit ε  of the semigroup ( )XB D  we have: 

 
( ) ( ) ( ) ( )( )

( ) ( ) ( )( )
2 1 4 3 1 4 6 5 3 5

0 1 0

...
                                        \ .

m m m m m m m m m m

m m

P T P T P T P P P T
P T C T X T T

ε − − − − − − − − − −= × ∪ × ∪ × ∪ ∪ ∪ × ∪
∪ × ∪ × ∪ ×  

(See Lemma 1.3). 
 
Of the formal equalities (2.1) follows that: 
 

( )
2 1 2 1 4 1 4 3 4

6 5 3 1 4 6 0 1 0 0

\ ,  \ ,  \ ,
\ ,  \ ,  

m m m m m m m m m

m m m m m m

P T T P T T P T T
P P P T T T P T T C T

− − − − − − − − −

− − − − − −

= = =
∪ ∪ = ∩ = =  

Then we have 
 

( )( ) ( )( ) ( )( ) ( )( )( )
( )( ) ( )( ) ( ) ( )( )

1 2 1 3 4 3 4 1 4 1 4 6 5

6 7 6 1 0 1 0 0

\ \ \ \
              \ ... \ \ .

m m m m m m m m m m m m m

m m m m m

T T T T T T T T T T T T T
T T T T T T T T X T T

ε − − − − − − − − − − − − −

− − −

= × ∪ × ∪ × ∪ ∩ × ∪
∪ × ∪ × ∪ × ∪ ×

 
Theorem 2.2: Let { } ( )0 1 6 5 4 3 2 1, ,..., , , , , , ,  5m m m m m m mQ T T T T T T T T T m− − − − − −= ≥  be a 

subsemilattice of the semilattice D  such that 
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0 1 5 4 2

0 1 5 3 2

0 1 5 3 1

4 3 3 4 4 1

1 4 2 1 1 2

4 3 2 4 1 2 1

... ,  

... ,

... ,
\ ,  \ ,  \ ,
\ ,  \ ,  \ ,

,  .

m m m m

m m m m

m m m m

m m m m m m

m m m m m m

m m m m m m m m

T T T T T T
T T T T T T
T T T T T T
T T T T T T
T T T T T T
T T T T T T T T

− − −
− − −
− − −

− − − − − −
− − − − − −
− − − − − − −

⊂ ⊂ ⊂ ⊂ ⊂ ⊂
⊂ ⊂ ⊂ ⊂ ⊂ ⊂
⊂ ⊂ ⊂ ⊂ ⊂ ⊂

≠ ∅ ≠ ∅ ≠ ∅
≠ ∅ ≠ ∅ ≠ ∅

∪ = ∪ = ∪ =  

 

  
(see Fig. 1). A binary relation α  of the semigroup ( )XB D  that has a quasinormal 

representation of the form ( )
0

m

i i
i

Y Tαα
=

= ×∪ , where ( )Q V D α= , , is a regular 

element of the semigroup ( )XB D  iff for some α − isomorohism ϕ  of the 

semilattice Q on some X − subsemilattice ( ) ( ) ( ){ }1 2, ,..., mD T T Tϕ ϕ ϕ′ =  of the 

semilattice D satisfies the conditions. 
 
Proof: To begin with, we recall that Q  is an XI − semilattice of unions (see 

Theorem 2.1). Now we are to find the nonlimiting element of the sets qQ∗ɺɺ  of the 

semilattice { }\Q Q∗ = ∅ (see definition 1.4). Indeed, letqT Q∗∈ , where 0,1, 2,...,q m= . 

Then for 0,1, 2,...,q m=  we obtain respectively 
 

( ) { } { }( ) { }
( ) { } { }( ) { }
( ) { } { }( ) { }

1

2

0 1 0 1 1

1 0 1 5 3 1 1 0 1 5 3 3

2 0 1 5 4 3 2 2 0 1 5 4 3

, , ,..., \ , ,..., ,

, , ,..., , , \ , ,..., , ,

, , ,..., , , , \ , ,..., , , ,

m

m

m

T m m m m m

T m m m m m m m m

T m m m m m m m m m m

l Q T T T T T T T T T

l Q T T T T T T T T T T T T

l Q T T T T T T T T T T T T T T
−

−

∗
−

∗
− − − − − − − −

∗
− − − − − − − − − −

= ∪ = ∪ =

= ∪ = ∪ =

= ∪ = ∪ =

ɺɺ

ɺɺ

ɺɺ

( ) { } { }( ) { }
( ) { } { }( ) { }
( ) { } { }( ) { }
( )

3

4

5

6

2

3 0 1 5 3 3 0 1 5 5

4 0 1 5 4 4 0 1 5 5

5 0 1 5 5 0 1 6 6

6

,

, , ,..., , \ , ,..., ,

, , ,..., , \ , ,..., ,

, , ,..., \ , ,..., ,

,

m

m

m

m

T m m m m m m

T m m m m m m

T m m m m m

T m

l Q T T T T T T T T T T

l Q T T T T T T T T T T

l Q T T T T T T T T T

l Q T T

−

−

−

−

∗
− − − − − −

∗
− − − − − −

∗
− − − − −

∗
−

= ∪ = ∪ =

= ∪ = ∪ =

= ∪ = ∪ =

= ∪

ɺɺ

ɺɺ

ɺɺ

ɺɺ { } { }( ) { }

( ) { } { }( ) { }
( ) { } { }( ) { }

1

0

0 1 6 6 0 1 7 7

1 0 1 1 0 0

0 0 0

, ,..., \ , ,..., ,

, , \ ,

, \ ,

m m m m

T

T

T T T T T T T

l Q T T T T T T

l Q T T T

− − − −

∗

∗

= ∪ =
− − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − −

= ∪ = ∪ =

= ∪ = ∪ ∅ = ∅

ɺɺ

ɺɺ

 
Therefore 
  

( ) ( )
( ) ( )
( ) ( )

1

2 3

4 5

6

1 1 1 3

2 2 2 2 3 3 3 5

4 4 4 5 5 5 5 6

6

\ , \ ,  \ , \ ,

\ , \ ,  \ , \ ,

\ , \ ,  \ , \ ,

\ ,

m m

m m

m m

m

m T m m m m T m m m

m T m m m m T m m m

m T m m m m T m m m

m T

T l Q T T T T l Q T T T

T l Q T T T T l Q T T T

T l Q T T T T l Q T T T

T l Q

−

− −

− −

−

∗ ∗
− − − −

∗ ∗
− − − − − − − −

∗ ∗
− − − − − − − −

∗
−

= = ∅ = ≠ ∅

= = ∅ = ≠ ∅

= ≠ ∅ = ≠ ∅

ɺɺ ɺɺ

ɺɺ ɺɺ

ɺɺ ɺɺ

ɺɺ( )
( ) ( )1 0

6 6 7

1 1 1 0 0 0 0 0

\ ,

\ , \ ,  \ , \ ,   ,

m m m

T T

T T T

T l Q T T T T l Q T T if T

− − −

∗ ∗

= ≠ ∅
− − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − −

= ≠ ∅ = ∅ ≠ ∅ ≠ ∅ɺɺ ɺɺ

 

 



92                                                                                       Yasha Diasamidze et al. 

i.e. ( )\ ,
qq T qT l Q T ≠ ∅ɺɺ , where 1,2,..., 6,  5,  4,  3,  1q m m m m m= − − − − − . Thus we have 

obtained that 2,  m mT T −  are the limiting elements of the sets 
mTQ∗ɺɺ , 

2mTQ
−

∗ɺɺ  and the qT  

are the nonlimiting elements of the set 
qTQ∗ɺɺ , where 

1,2,..., 6,  5,  4,  3,  1q m m m m m= − − − − − . Now, in view of Theorem ( )1.3  a binary 

relation α of the semigroup ( )XB D  is a regular element of this semigroup iff there 
exists an α − isomorphism ϕ  of the semilattice Q  on some X − subsemilattice 

( ) ( ){ }0 ,..., mD T Tϕ ϕ′ =  of the semilattice Q  such that 

 

( ) ( )
( ) ( )

0 1 0 1 5 3 3

0 1 5 3 1 1

... ,  ... ,

... ,  
p p m m m

m m m m q q

Y Y Y T Y Y Y Y T

Y Y Y Y Y T Y T

α α α α α α α

α α α α α α
ϕ ϕ

ϕ ϕ
− − −

− − − −

∪ ∪ ∪ ⊇ ∪ ∪ ∪ ∪ ⊇
∪ ∪ ∪ ∪ ∪ ⊇ ∩ ≠ ∅

 

 
for any 0,1,..., 4,  p m m= −  and 1,2,..., 4,  3,  1q m m m= − − − . 
 
It is clearly understood that the inclusion ( )0 1 ... m mY Y Y X Tα α α ϕ∪ ∪ ∪ = ⊇  is always 

valid. Therefore 
 

( ) ( )
( ) ( )

0 1 0 1 5 3 3

0 1 5 3 1 1

... ,  ... ,

... ,  
p p m m m

m m m m q q

Y Y Y T Y Y Y Y T

Y Y Y Y Y T Y T

α α α α α α α

α α α α α α
ϕ ϕ

ϕ ϕ
− − −

− − − −

∪ ∪ ∪ ⊇ ∪ ∪ ∪ ∪ ⊇
∪ ∪ ∪ ∪ ∪ ⊇ ∩ ≠ ∅

 

 
for any 0,1,..., 4,  p m m= −  and 1,2,..., 4,  3,  1q m m m= − − − . 
 
Theorem is proved. 
 
Corollary 2.1: Let { } ( )0 1 6 5 4 3 2 1, ,..., , , , , , ,  5m m m m m m mQ T T T T T T T T T m− − − − − −= ≥  be a 

subsemilattice of the semilattice D  such that 
 

0 1 5 4 2

0 1 5 3 2

0 1 5 3 1

4 3 3 4 4 1

1 4 2 1 1 2

4 3 2 4 1 2 1

... ,  

... ,

... ,
\ ,  \ ,  \ ,
\ ,  \ ,  \ ,

,  .

m m m m

m m m m

m m m m

m m m m m m

m m m m m m

m m m m m m m m

T T T T T T
T T T T T T
T T T T T T
T T T T T T
T T T T T T
T T T T T T T T

− − −
− − −
− − −

− − − − − −
− − − − − −
− − − − − − −

⊂ ⊂ ⊂ ⊂ ⊂ ⊂
⊂ ⊂ ⊂ ⊂ ⊂ ⊂
⊂ ⊂ ⊂ ⊂ ⊂ ⊂

≠ ∅ ≠ ∅ ≠ ∅
≠ ∅ ≠ ∅ ≠ ∅

∪ = ∪ = ∪ =  

 

 
A binary relation α  of the semigroup ( )XB D , which has a quasinormal 

representation of the form ( )
0

m

i i
i

Y Tαα
=

= ×∪ , such that где ( )Q V D α= ,  is an 

idempotent element of the semigroup ( )XB D  iff 

   

0 1 0 1 5 3 3

0 1 5 3 1 1

... ,  ... ,

... ,  
p p m m m

m m m m q q

Y Y Y T Y Y Y Y T

Y Y Y Y Y T Y T

α α α α α α α

α α α α α α
− − −

− − − −

∪ ∪ ∪ ⊇ ∪ ∪ ∪ ∪ ⊇
∪ ∪ ∪ ∪ ∪ ⊇ ∩ ≠ ∅
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for any 0,1,..., 4p m= −  and 1,2,..., 4,  3,  1q m m m= − − − . 
  
Proof: As has been shown in the proof of Theorem 2.2, all elements of the set Q, 
different from the elements T3, T5 are the nonlimiting elements of the semilattice 
Q. Now the corollary immediately follows from Theorem 1.4. Corollary is 
proved. 
 
Corollary 2.2: Let { } ( )0 1 6 5 4 3 2 1, ,..., , , , , , ,  5m m m m m m mQ T T T T T T T T T m− − − − − −= ≥  be a semilattice 

such that  
0 1 5 4 2

0 1 5 3 2

0 1 5 3 1

4 3 3 4 4 1

1 4 2 1 1 2

4 3 2 4 1 2 1

... ,  

... ,

... ,
\ ,  \ ,  \ ,
\ ,  \ ,  \ ,

,  .

m m m m

m m m m

m m m m

m m m m m m

m m m m m m

m m m m m m m m

T T T T T T
T T T T T T
T T T T T T
T T T T T T
T T T T T T
T T T T T T T T

− − −
− − −
− − −

− − − − − −
− − − − − −
− − − − − − −

⊂ ⊂ ⊂ ⊂ ⊂ ⊂
⊂ ⊂ ⊂ ⊂ ⊂ ⊂
⊂ ⊂ ⊂ ⊂ ⊂ ⊂

≠ ∅ ≠ ∅ ≠ ∅
≠ ∅ ≠ ∅ ≠ ∅

∪ = ∪ = ∪ =  

 

 
A binary relation α of the semigroup ( )XB Q  that has a quasinormal representation 

of the form ( )
0

m

i i
i

Y Tαα
=

= ×∪ , such that ( )Q V Qα= , , is a right unit of the semigroup 

( )XB Q  iff 

0 1 0 1 5 3 3

0 1 5 3 1 1

... ,  ... ,

... ,  
p p m m m

m m m m q q

Y Y Y T Y Y Y Y T

Y Y Y Y Y T Y T

α α α α α α α

α α α α α α
− − −

− − − −

∪ ∪ ∪ ⊇ ∪ ∪ ∪ ∪ ⊇
∪ ∪ ∪ ∪ ∪ ⊇ ∩ ≠ ∅

 

 
for any 0,1,..., 4p m= −  and 1,2,..., 4,  3,  1q m m m= − − − . 
 
Proof: By assumption, ( ),Q V Qα= . Now the validity of the corollary immediately 

follows from Corollary 2.2 and from Theorem 1.2. 
  
Corollary is proved. 
 
Theorem 2.3: Let { } ( )0 1 6 5 4 3 2 1, ,..., , , , , , ,  5m m m m m m mQ T T T T T T T T T m− − − − − −= ≥  be a 

subsemilattice of the semilattice D  such that 
  

0 1 5 4 2

0 1 5 3 2

0 1 5 3 1

4 3 3 4 4 1

1 4 2 1 1 2

4 3 2 4 1 2 1

... ,  

... ,

... ,
\ ,  \ ,  \ ,
\ ,  \ ,  \ ,

,  .

m m m m

m m m m

m m m m

m m m m m m

m m m m m m

m m m m m m m m

T T T T T T
T T T T T T
T T T T T T
T T T T T T
T T T T T T
T T T T T T T T

− − −
− − −
− − −

− − − − − −
− − − − − −
− − − − − − −

⊂ ⊂ ⊂ ⊂ ⊂ ⊂
⊂ ⊂ ⊂ ⊂ ⊂ ⊂
⊂ ⊂ ⊂ ⊂ ⊂ ⊂

≠ ∅ ≠ ∅ ≠ ∅
≠ ∅ ≠ ∅ ≠ ∅

∪ = ∪ = ∪ =  

 

 
If the XI − semilattices Q  and { }0 1 6 5 4 3 2 1, ,..., , , , , , ,m m m m m m mD T T T T T T T T T− − − − − −′ =  are 

α − isomorphic and ( ) 0Q mΩ = , then the following equality is valid: 

 
 
 



94                                                                                       Yasha Diasamidze et al. 

 
 
 
 
 
 
 
 
 
 
 

( ) ( ) ( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( )

1 0 2 1 2 1 6 7 6 7

1 4 5 5 6 5 6

4 1 4 1 3 4 3 4

1 2 1 2

\ \ \ \ \
0

\ \ \

\ \ \ \

\ \ \

2 1 3 2 5 6

4 4 5

3 4 3 4

2 3 1 .

m m m m

m m m m m m m

m m m m m m m m

m m m m m

T T T T T T T T T T

T T T T T T T

T T T T T T T T

T T T T X T

R D m m m

m m m

m m m m

m m m

− − − −

− − − − − − −

− − − − − − − −

− − − −

∩

′ = ⋅ − ⋅ − ⋅⋅ ⋅ − − − ⋅

⋅ − ⋅ − − − ⋅

⋅ − − − ⋅ − − − ⋅

⋅ − − − ⋅ +

 

 
Proof: In the first place, we note that the semilattice Q has only one 
automorphisms (i.e. ( ), 1Q QΦ = ). Let ( ),R Q Dα ′∈  and a quasinormal 

representation of a regular binary relation α  have the form 
  

( )
1

m

i i
i

Y Tαα
=

= ×∪ .                            (2.2) 

 
Then according to Theorem 1.2 the condition ( ),R Q Dα ′∈  is fulfilled if 

  
( )
( )

0 1 0 1 5 3 3

0 1 5 3 1 1

... ,  0,1,..., 4;  ... ,  2.3

... ; ,                                      2.4
1,2,..., 4,  3,  1 .                      

p p m m m

m m m m q q

Y Y Y T p m Y Y Y Y T

Y Y Y Y Y T Y T
q m m m

α α α α α α α

α α α α α α
− − −

− − − −

∪ ∪ ∪ ⊇ = − ∪ ∪ ∪ ∪ ⊇
∪ ∪ ∪ ∪ ∪ ⊇ ∩ ≠ ∅

= − − − ( )                                                           2.5

 
Now, assume that fα  is a mapping of the set X in D  such that ( )f t tα α=  for any 

t X∈ . 0f α , 5mf − , 4mf − , 3mf − , 1mf − , kf α  ( )1,2,..., 6k m= −  and 1mf +  are respectively the 

restrictions of the mapping fα  on the sets 
  

( )0 1 4 6 4 1 3 4 1 2

1 0 6 7

,  \ ,  \ ,  \ ,  \ ,

\ ,..., \ ,  \
m m m m m m m m m

m m m

T T T T T T T T T T

T T T T X T
− − − − − − − − −

− −

∩  

 
We have, by assumption, that these sets do not intersect pair wise and the set-
theoretic union of these sets is equal toX . 
 
Let us establish the properties of the mappingst X∈ . 0f α , 5mf − , 4mf − , 3mf − , 1mf − , kf α  

( )1,2,..., 6k m= −  and 1mf + . 

Fig. 2 

1T  

0T  

1mT −

mT  

i
 

i
 i
 

2mT −

3mT −  4mT −

5mT −  
6mT −  
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1) 0t T∈ . Hence by virtue of the inclusions ( )2.3  we have 0t Yα∈ , i.e., 0t Tα =  by the 

definition of the set 0Yα . Thus ( )0 0f t Tα =  for any 0t T∈ . 

 
2) ( )1 4 6\ ,m m mt T T T− − −∈ ∩ . In that case, by virtue of inclusion  ( ) ( )2.4 , 2.3  we have 

  

( )
( ) ( )

1 4 1 4

0 1 5 3 1 0 1 5 4 0 1 5

\

... ... ... .
m m m m

m m m m m m

t T T T T

Y Y Y Y Y Y Y Y Y Y Y Yα α α α α α α α α α α α
− − − −

− − − − − −

∈ ∩ ∩ ⊆
⊆ ∪ ∪ ∪ ∪ ∪ ∩ ∪ ∪ ∪ ∪ = ∪ ∪ ∪

  
Therefore { }0 1 5, ,..., mt T T Tα −∈  by the definition of the sets 0 1 5, ,..., mY Y Yα α α

− . Thus 

( ) { }5 0 1 5, ,...,m mf t T T Tα− −∈  for any ( )1 4 6\m m mt T T T− − −∈ ∩ . 

 
On the other hand, the inequality 5 5m mY Tα

− −∩ ≠ ∅  is true. Therefore 5 5m mt Yα
− −∈  for 

some element 5 5m mt T− −∈ . Hence it follows that 5 5m mt Tα− −= . Furthermore, if 

5 6m mt T− −∈ , then { }5 0 1 6, ,...,m mt T T Tα− −∈ . However the latter condition contradicts the 

equality 5 5m mt Tα− −= . The contradiction obtained shows that 5 5 6\m m mt T T− − −∈ . Thus 

( )5 5 5m m mf t Tα− − −=  for some 5 5 6\m m mt T T− − −∈ . 

 
3) 4 1\m mt T T− −∈ . In that case, by virtue of inclusion ( )2.3  we have 

4 1 4 0 1 5 4\ ...m m m m mt T T T Y Y Y Yα α α α
− − − − −∈ ⊆ ⊆ ∪ ∪ ∪ ∪ . Therefore { }0 1 5 4, ,..., ,m mt T T T Tα − −∈  by 

the definition of the sets 0 1 5 4, ,... ,m mY Y Y Yα α α α
− − . Thus ( ) { }4 0 1 5 4, ,..., ,m m mf t T T T Tα− − −∈  for 

any 4 1\m mt T T− −∈ . 
 
On the other hand, the inequality 4 4m mY Tα

− −∩ ≠ ∅  is true. Therefore 4 4m mt Yα
− −∈  for 

some element 3 4m mt T− −∈ . Hence it follows that 4 4m mt Tα− −= . Furthermore, if 

4 1m mt T− −∈ , then { }4 0 1 5 3 1, ,..., , ,m m m mt T T T T Tα− − − −∈ . However the latter condition 

contradicts the equality 4 4m mt Tα− −= . The contradiction obtained shows that 

4 4 1\ ,m m mt T T− − −∈ . Thus ( )4 4 4m m mf t Tα− − −=  for some 4 4 1\m m mt T T− − −∈ . 

 
4) 3 4\ ,m mt T T− −∈ . In that case, by virtue of inclusion ( )2.3  we have 

3 4 3 0 1 5 3\ , ...m m m m mt T T T Y Y Y Yα α α α
− − − − −∈ ⊆ ⊆ ∪ ∪ ∪ ∪ . Therefore { }0 1 5 3, ,..., ,m mt T T T Tα − −∈  by 

the definition of the sets 0 1 5 3, ,... ,m mY Y Y Yα α α α
− − . Thus ( ) { }3 0 1 5 3, ,..., ,m m mf t T T T Tα− − −∈  for 

any 3 4\m mt T T− −∈ . 
 
On the other hand, the inequality 3 3m mY Tα

− −∩ ≠ ∅  is true. Therefore 3 3m mt Yα
− −∈  for 

some element 3 3m mt T− −∈ . Hence it follows that 3 3m mt Tα− −= . Furthermore, if 

3 4m mt T− −∈ , then { }3 0 1 5 4, ,..., ,m m mt T T T Tα− − −∈ . However the latter condition 

contradicts the equality 3 3m mt Tα− −= . The contradiction obtained shows that 

3 3 4\ ,m m mt T T− − −∈ . Thus ( )3 3 3m m mf t Tα− − −=  for some 3 3 4\m m mt T T− − −∈ . 
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5) 1 2\m mt T T− −∈ . In that case, by virtue of inclusion ( )2.4  we have 

1 2 1 0 1 5 3 1\ ...m m m m m mt T T T Y Y Y Y Yα α α α α
− − − − − −∈ ⊆ ⊆ ∪ ∪ ∪ ∪ ∪ .  

 
Therefore { }0 1 5 3 1, ,..., , ,m m mt T T T T Tα − − −∈  by the definition of the sets 

0 1 5 3 1, ,... , ,m m mY Y Y Y Yα α α α α
− − − . Thus ( ) { }1 0 1 5 3 1, ,..., , ,m m m mf t T T T T Tα− − − −∈  for any 1 2\m mt T T− −∈ . 

 
On the other hand, the inequality 1 1m mY Tα

− −∩ ≠ ∅  is true. Therefore 2 1m mt Yα
− −∈  for 

some element 2 1m mt T− −∈ . Hence it follows that 2 1m mt Tα− −= . Furthermore, if 

2 2m mt T− −∈ , then { }2 0 1 5 4 3 2, ,..., , , ,m m m m mt T T T T T Tα− − − − −∈ . However the latter condition 

contradicts the equality 2 1m mt Tα− −= . The contradiction obtained shows that 

2 1 2\ ,m m mt T T− − −∈ . Thus ( )1 2 1m m mf t Tα− − −=  for some 2 1 2\m m mt T T− − −∈ . 

 
6) 1\k kt T T −∈  ( )1, 2,..., 6k m= − . In that case, by virtue of inclusion ( )2.3  we have 

1 0 1 2\ ...k k k kt T T T Y Y Y Yα α α α
−∈ ⊆ ⊆ ∪ ∪ ∪ ∪ . 

 
Therefore { }0 1, ,..., kt T T Tα ∈  by the definition of the sets 0 1, ,..., kY Y Yα α α . Thus 

( ) { }0 1, ,...,k kf t T T Tα ∈  for any 1\k kt T T −∈ . 

 
On the other hand, the inequality k kY Tα ∩ ≠ ∅  is true. Therefore k kt Yα∈  for some 
element k kt T∈ . Hence it follows that k kt Tα = . Furthermore, if 1k kt T −∈ , then 

{ }0 1 1, ,...,k kt T T Tα −∈ . However the latter condition contradicts the equality k kt Tα = . 

The contradiction obtained shows that 1\k k kt T T −∈ . Thus ( )k k kf t Tα =  for some 

1\k k kt T T −∈ . 

7) \ mt X T∈ . Then by virtue of the condition 
0

m

i
i

X Yα

=

=∪  we have 
0

m

i
i

t Yα

=

∈∪ . Hence 

we obtain { }0 1 2, , ,..., mt T T T Tα ∈ . Thus ( ) { }0 1 2, , ,...,m mf t T T T Tα ∈  for any \ mt X T∈ . 

 
Therefore for a binary relation ( ),R Q Dα ′∈  that has a representation of form 2.2 

there always exists a uniquely defined system 
 

( ), , , , , ,50 4 3 1 1f f f f f f fm m m m mkαα α α α αα− − − − + ,                                      (2.6)   

  
where  ( )1,2,..., 6k m= − . It is obvious that to different elements of the set ( ),R Q D′  

there correspond different ordered sets of form ( )2.6 . 

Now let 
 

{ }1 0 0:f T T→ , ( ) { }5 1 4 6 0 1 5: \ , ,...,m m m m mf T T T T T T− − − − −∩ → , { }4 4 1 0 1 5 4: \ , ,..., ,m m m m mf T T T T T T− − − − −→ , 

 { }3 3 4 0 1 5 3:  \ , ,..., ,m m m m mf T T T T T T− − − − −→ , { }1 1 2 0 1 5 3 1: \ , ,..., , ,m m m m m mf T T T T T T T− − − − − −→ ,  

{ }1 0 1: \ , ,...,k k k kf T T T T T− → 1, 2,..., 6k m= − , { }1 0 1: \ , ,...,m m mf X T T T T+ →   
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be the mappings satisfying the following conditions: 
 
8) ( )1 0f t T=  for any 0t T∈ ; 

 
9) ( ) { }5 0 1 5, ,...,m mf t T T T− −∈  for any ( )1 4 6\m m mt T T T− − −∈ ∩  and ( )5 5 5m m mf t Tα− − −=  for 

some 5 5 6\m m mt T T− − −∈ ; 
 
10) ( ) { }4 0 1 5 4, ,..., ,m m mf t T T T T− − −∈  for any 4 1\m mt T T− −∈  and ( )4 4 4m m mf t Tα− − −=  for some 

3 4 1\ ,m m mt T T− − −∈ ; 
 
11) ( ) { }3 0 1 5 3, ,..., ,m m mf t T T T T− − −∈  for any 3 4\m mt T T− −∈  and ( )3 3 3m m mf t Tα− − −=  for some 

3 3 4\ ,m m mt T T− − −∈ ; 
 
12) ( ) { }1 0 1 5 3 1, ,..., , ,m m m mf t T T T T T− − − −∈  for any 1 2\m mt T T− −∈ , and ( )1 2 1m m mf t Tα− − −=  for 

some  2 1 2\m m mt T T− − −∈ ; 
 
13) ( ) { }0 1, ,...,k kf t T T T∈  for any 1\k kt T T −∈  and ( )k k kf t T=  for some 1\k k kt T T −∈ ; 

 
14) ( ) { }1 0 1 2, , ,...,m mf t T T T T+ ∈  for any \ mt X T∈ . 

 
Now we write the mapping:f X D→  as follows: 
 

( )

( )
( ) ( )
( )
( )
( )

( )
( )

0 0

5 1 4 6

4 4 1

3 3 4

1 1 2

1

1

,    ,
,    \ ,

,     \ ,
,     \ ,
,    \ ,

,    \ , 1,2,..., 6,
,   \ .

m m m m

m m m

m m m

m m m

k k k

m m

f t if t T

f t if t T T T

f t if t T T
f t f t if t T T

f t if t T T
f t if t T T k m
f t if t X T

− − − −

− − −

− − −

− − −

−

+

 ∈
 ∈ ∩

∈
= ∈
 ∈
 ∈ = −

∈

 

To the mapping f  we put into correspondence the relation { } ( )( )
t X

t f tβ
∈

= ×∪ . 

 
Now let { }|i iY t X t Tβ β= ∈ = , where 0,1,2,...,i m= . With this notation, the binary rela-

tion β  is represented as ( )
0

m

i i
i

Y Tββ
=

= ×∪ . Moreover, from the defnition of the binary 

relation β  we immediately obtain 
  

0 1

350 1 3

150 1 3 1

... ,  0,1,..., 6,  

... ,

... ,
,  1,2,..., 4,  3,  1.

p p

mm m

mm m m

q q

Y Y Y T p m

Y Y Y Y T

Y Y Y Y Y T

Y T q m m m

β β β

β β β β

β β β β β

β

−− −

−− − −

∪ ∪ ∪ ⊇ = −
∪ ∪ ∪ ∪ ⊇
∪ ∪ ∪ ∪ ∪ ⊇
∩ ≠ ∅ = − − −
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since ( )5 5 5m m mf t Tα− − −=  for some 5 5 6\m m mt T T− − −∈ ; ( )4 4 4m m mf t Tα− − −=  for some 

3 4 1\m m mt T T− − −∈ ; ( )3 3 3m m mf t Tα− − −=  for some 3 3 4\m m mt T T− − −∈ ; ( )1 2 1m m mf t Tα− − −=  for 

some  2 1 2\m m mt T T− − −∈ ; ( )k k kf t T=  for some 1\k k kt T T −∈ , 1, 2,..., 6k m= − . 

 
Hence by virtue of Theorem 2.2 we conclude that the binary relation β  is a 
regular element of the semigroup ( )XB D  that belongs to the set ( ),R Q D′ . 

 
Therefore there exists a one-to-one correspondence between the binary relations 
α  of the set ( ),R Q D′  that have representations of form ( )2.2  and ordered systems 

of the form ( )2.6 . 

 
The numbers of all mappings of the form 0f α , 5mf − , 4mf − , 3mf − , 1mf − , kf α   
 
( )1,2,..., 6k m= −  and 1mf +   ( )( ),R Q Dα ′∈   are equal respectively to 1,  

 

 ( ) ( )( ) ( ) ( ) ( )( )1 4 6 5 6 5 6 5 6\ \ \ \ \
4 4 5m m m m m m m m mT T T T T T T T T

m m m− − − − − − − − −∩− − − − , 

 

( ) ( )4 1 4 1\ \
3 4m m m mT T T T

m m− − − −− − − , ( ) ( )3 4 3 4\ \
3 4m m m mT T T T

m m− − − −− − − , 

 

 ( ) ( )1 2 1 2\ \
2 3m m m mT T T T

m m− − − −− − − , ( ) 1 1\ \
1 k k k kT T T T

k k− −+ − , ( )1,2,..., 6k m= −  

 

  ( ) \
1 mX T

m + .  

 
Therefore the equality 
 

( ) ( ) ( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( ) ( )

1 0 2 1 2 1 6 7 6 7

1 4 5 5 6 5 6 4 1 4 1

3 4 3 4 1 2 1 2

\ \ \ \ \

\ \ \ \ \

\ \ \ \ \

, 2 1 3 2 5 6

4 4 5 3 4

3 4 2 3 1 .

m m m m

m m m m m m m m m m m

m m m m m m m m m

T T T T T T T T T T

T T T T T T T T T T T

T T T T T T T T X T

R Q D m m

m m m m m

m m m m m

− − − −

− − − − − − − − − − −

− − − − − − − −

∩

′ = − ⋅ − ⋅ ⋅ ⋅ − − − ⋅

⋅ − ⋅ − − − ⋅ − − − ⋅

⋅ − − − ⋅ − − − ⋅ +

 
is valid. 
 
Now, using the equalities ( ) 0Q mΩ = , ( ), 1Q D′Φ =    and Theorem 1.6, we Obtain 

  

( ) ( ) ( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( ) ( )

1 0 2 1 2 1 6 7 6 7

1 4 5 5 6 5 6 4 1 4 1

3 4 3 4 1 2 1 2

\ \ \ \ \
0

\ \ \ \ \

\ \ \ \ \

2 1 3 2 5 6

4 4 5 3 4

3 4 2 3 1 .

m m m m

m m m m m m m m m m m

m m m m m m m m m

T T T T T T T T T T

T T T T T T T T T T T

T T T T T T T T X T

R D m m m

m m m m m

m m m m m

− − − −

− − − − − − − − − − −

− − − − − − − −

∩

′ = ⋅ − ⋅ − ⋅ ⋅ ⋅ − − − ⋅

⋅ − ⋅ − − − ⋅ − − − ⋅

⋅ − − − ⋅ − − − ⋅ +

 

 
Theorem is proved. 
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Corollary 1.4. Let { } ( )0 1 6 5 4 3 2 1, ,..., , , , , , ,  5m m m m m m mQ T T T T T T T T T m− − − − − −= ≥  be a 

subsemilattice of the semilattice D  such that 
  

0 1 5 4 2

0 1 5 3 2

0 1 5 3 1

4 3 3 4 4 1

1 4 2 1 1 2

4 3 2 4 1 2 1

... ,  

... ,

... ,
\ ,  \ ,  \ ,
\ ,  \ ,  \ ,

,  .

m m m m

m m m m

m m m m

m m m m m m

m m m m m m

m m m m m m m m

T T T T T T
T T T T T T
T T T T T T
T T T T T T
T T T T T T
T T T T T T T T

− − −
− − −
− − −

− − − − − −
− − − − − −
− − − − − − −

⊂ ⊂ ⊂ ⊂ ⊂ ⊂
⊂ ⊂ ⊂ ⊂ ⊂ ⊂
⊂ ⊂ ⊂ ⊂ ⊂ ⊂

≠ ∅ ≠ ∅ ≠ ∅
≠ ∅ ≠ ∅ ≠ ∅

∪ = ∪ = ∪ =  

 

 
If ( ) ( )r

XE Q  is the set of all right units of the semigroup ( )XB Q , then 

 
( ) ( ) ( ) ( ) ( ) ( )( )

( ) ( )( ) ( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( ) ( )

6 7 6 71 0 2 1 2 1

1 4 5 5 6 5 6 4 1 4 1

3 4 3 4 1 2 1 2

\ \\ \ \

\ \ \ \ \

\ \ \ \ \

2 1 3 2 5 6

4 4 5 3 4

3 4 2 3 1 .

m m m m

m m m m m m m m m m m

m m m m m m m m m

T T T TT T T T T Tr
X

T T T T T T T T T T T

T T T T T T T T X T

E Q m m

m m m m m

m m m m m

− − − −

− − − − − − − − − − −

− − − − − − − −

∩

= − ⋅ − ⋅⋅⋅ − − − ⋅

⋅ − ⋅ − − − ⋅ − − − ⋅

⋅ − − − ⋅ − − − ⋅ +

 

 
Proof: By virtue of Theorem 6.3.1 we have ( ) ( ) ( )ε=

Q

r
XE Q R Q Q, , where Qε  is the 

identity mapping of the semilattice Q . Hence, taking into account the equalities 

Q D′=  ( ) ( )ε ′=
Q

R Q Q R Q D, ,  and 

  

( ) ( ) ( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( ) ( )

1 0 2 1 2 1 6 7 6 7

1 4 5 5 6 5 6 4 1 4 1

3 4 3 4 1 2 1 2

\ \ \ \ \
0

\ \ \ \ \

\ \ \ \ \

2 1 3 2 5 6

4 4 5 3 4

3 4 2 3 1 .

m m m m

m m m m m m m m m m m

m m m m m m m m m

T T T T T T T T T T

T T T T T T T T T T T

T T T T T T T T X T

R D m m m

m m m m m

m m m m m

− − − −

− − − − − − − − − − −

− − − − − − − −

∩

′ = ⋅ − ⋅ − ⋅ ⋅ ⋅ − − − ⋅

⋅ − ⋅ − − − ⋅ − − − ⋅

⋅ − − − ⋅ − − − ⋅ +

 

 
We obtain 
 

( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( ) ( )

6 7 6 71 0 2 1 2 1

1 4 5 5 6 5 6 4 1 4 1

3 4 3 4 1 2 1 2

\ \\ \ \

\ \ \ \ \

\ \ \ \ \

2 1 3 2 5 6

4 4 5 3 4

3 4 2 3 1 .

m m m m

m m m m m m m m m m m

m m m m m m m m m

T T T TT T T T T Tr
X

T T T T T T T T T T T

T T T T T T T T X T

E Q m m

m m m m m

m m m m m

− − − −

− − − − − − − − − − −

− − − − − − − −

∩

= − ⋅ − ⋅⋅⋅ − − − ⋅

⋅ − ⋅ − − − ⋅ − − − ⋅

⋅ − − − ⋅ − − − ⋅ +

 

 
Corollary 1.5: Let { }0 1 2 6, , ,...,Q T T T T=  be a subsemilattice of the semilattice D and 

 

0 1 2 4 6 0 1 3 4 6

0 1 3 5 6 2 3 3 2

2 5 5 2 4 5 5 4

2 3 4 2 5 4 5 6

, 
, \ , \ ,

\ , \ , \ , \ ,
, . 

T T T T T T T T T T
T T T T T T T T T
T T T T T T T T
T T T T T T T T

⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂
⊂ ⊂ ⊂ ⊂ ≠∅ ≠∅

≠∅ ≠∅ ≠∅ ≠∅
∪ = ∪ = ∪ =

 

 
 
 
 



100                                                                                       Yasha Diasamidze et al. 

 
 
 
 
 
 
 
 

  Fig. 4 
 
(see Fig. 13.6.4). If the XI − semilattices Q and { }1 2 6, ,...,D T T T′ =  are 

α − isomorphic and ( ) 0Q mΩ = , the equality is valid. 

 

                               
( ) ( )( ) ( )

( ) ( ) ( )
5 2 1 1 0

2 5 2 5 3 2 3 2 5 4 5 4 6

\ \
0

\ \ \ \ \ \ \

2 2 1

                  3 2 3 2 4 3 7 .

T T T T T

T T T T T T T T T T T T X T

R D m
∩′ = ⋅ ⋅ − ⋅

⋅ − ⋅ − ⋅ − ⋅
 

 
Proof: The corollary immediately follows from Theorem 1.3. 
 
Corollary 1.6: Let { }0 1 2 3 4 5 6 7, , , , , , ,Q T T T T T T T T=  is a subsemilattice of the semilattice 

D  such that 
0 1 2 3 5 7 0 1 2 4 5 7

0 1 2 4 6 7 4 3 3 4

6 3 3 6 6 5 5 6

4 3 5 6 3 6 5 7

,  ,
,  \ ,   \ ,

\ ,  ,  \ ,  ,
,  

T T T T T T T T T T T T
T T T T T T T T T T
T T T T T T T T
T T T T T T T T

⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂
⊂ ⊂ ⊂ ⊂ ⊂ ≠ ∅ ≠ ∅

≠ ∅ ∪ ≠ ∅ ≠ ∅ ∪ ≠ ∅
∪ = ∪ = ∪ =

 

 
 
 
 
 
 
 
 
 

       Fig. 5 
 
(see Fig. 13.3.7). If the XI − semilattices { }0 1 2 3 4 5 6 7, , , , , , ,Q T T T T T T T T=  and 

{ }0 1 2 3 4 5 6 7, , , , , , ,D T T T T T T T T′ =  are α − isomorphic and ( ) 0Q mΩ = , then the following 

statement is true: 

( ) ( ) ( )( ) ( )
( ) ( ) ( )

6 3 21 0 2 1 2 1

3 6 3 6 4 3 4 3 6 5 6 5 7

\\ \ \
0

\ \ \ \ \ \ \

2 1 3 3 2

                   4 3 4 3 5 4 8 .

T T TT T T T T T

T T T T T T T T T T T T X T

R D m
∩′ = ⋅ − ⋅ ⋅ − ⋅

⋅ − ⋅ − ⋅ − ⋅
 

 
Proof: The corollary immediately follows from Theorem 1.3.□  

 

2T

 

4T

 

6T

 

0T  

3T  
1T  

5T  

1T  

6T  

2T  
3T  4T  
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0T  

7T  
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