W

Gen. Math. Notes, Vol. 26, No. 1, January 20158dp101

ISSN 2219-7184; Copyright © ICSRS Publication, 2015
WWW.i-CSrs.org
Available free online at http://www.geman.in

Some Regular Elements, |dempotents and
Right Units of Semigroup By (D) Defined by
X- Semilattices which is Union of a Chain and
Two Rhombus

Y asha Diasamidze" and Giuli Tavdgiridze®

12Sh. Rustaveli State University, Batumi, Georgia
'E-mail: diasamidze_ya@mail.ru
?E-mail: g.tavdgiridze@mail.ru

(Received: 28-9-14 / Accepted: 17-11-14)

Abstract
In this paper we take Q={To. T .Tn6 s TnsTmz Tnz Twe Th( ™ &

subsemilattice of X- semilattice of unions D whéeeelementdi s are satisfying
the following properties,

LO0L0.0T,.:0T,,0T,,0T, ,0T0.0 1,010 T..0 T, 0@ 1.0 T,
OTpa OTa 0Ty Tra\TeaZ0, Tes\ Taazd, Taa\TZ0, T\ T2 0, T\ T#
Tm—l\Tm—2¢D' Tm—4DTrﬁ3: TmZ' Tm4D Tm1: %—2 DTm—lsz

g
o,

We will investigate the properties of regular elemseand idempotents of the
complete semigroup of binary relationg @) satisfying V(D, a)=Q. Also we
investigate right units of the semmigroup (B). For the case where X is a finite
set we derive formulas by means of which we canutzit the numbers of
regular elements, idempotents and right units efrésspective semigroup.
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1 I ntroduction

Let X be an arbitrary nonempty seb, be a X -semilattice of unions, i.e. a
nonempty set of subsets of the sethat is closed with respect to the set-theoretic
operations of unification of elements fron, f be an arbitrary mapping from

into D. To each such a mapping there corresponds a binary relatian on the
set X that satisfies the conditian=|J({x}xf(x)). The set of all suchy,

(f:X - D) is denoted bg, (D). It is easy to prove that, (D) is a semigroup with
respect to the operation of multiplication of biyaelations, which is called a
complete semigroup of binary relations defined by asemilattice of unions
D (see [2,3 2.1 p. 34]).

By 0O we denote an empty binary relation or empty sulb$dhe sek. The
condition (x,y)Oa will be written in the formxay. Further letxyoX, v O X,

a0B, (D), TOD, O0#D'0OD andtOb=JY. Then by symbols we denote the

YOD

following sets:
ya={x0xw}, w=J v, { )={ ¥| ¥ p,
yI

X'={T|0270X, ={zOD|DZ,p={z20D|T0 3

D, ={Z’0D|Z0T}, (D,T)=0(0D\D), ¥={xd X| 2= F.

Under the symbold(D,D,) we mean an exact lower bound of the sgin the
semilatticeD .

Definition 1.1: An elementa taken from the semigroup, (D) called a regular
element of the semigroup, (D) if in B, (D) there exists an elemeng such that
aoffeca=a.

Definition 1.2:. We say that a completex - semilattice of unionsD is
an Xl - semilattice of unions if it satisfies the followitvgp conditions:

@ 0(D,D,)0D for anytOD;

(b) z=J0O(p,p,) for any nonempty element Z of D (see [2,3 defimiti

toz

1.14.2)).

Definition 1.3: Let D be an arbitrary completex - semilattice of unions,
a0B (D and Yy ={x0 X| o= T . If
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V(X% a), if 00D,
Via] =<V( X% a), if 00OV(X",a),
V(X%,a)0{0}, if 0OV X?a) andO O D,

then it is obvious that any binary relatiarof a semigroup, (D) can always be
written in the forma= | (%' xT) the sequel, such a representation of a binary

TOV[a]

relation o will be called quasinormal.

Note that for a quasinormal representation of arfyimelationa , not all setsy”
(Tov[a]) can be different from an empty set. But for thépresentation the
following conditions are always fulfilled:

(@) Y nY =0, foranyT,TOD andT 2 T';

0  x=Uw

TOV[a]

(See [2, 3 definition 1.11.1]).

Definition 1.4: We say that a nonempty elem@&nts a non limiting element of the
setD' if T\I(D',T)#0 and a nonempty elementis a limiting element of the set

D' if T\I(D',T)=0 (see [2, 3 definition 1.13.1 and definition 1.13.2

Definition 1.5: The one-to-one mapping between the complete - semilattices
of unions ¢(Q,Q) and D"is called a complete isomorphism if the condition

#(0D,)= U 4(T)

T'0D,
is fulfilled for each nonempty subset of the semilatticeD’ (see [2, 3 definition
6.3.2]).

Definition 1.6: Let @ be some binary relation of the semigroap(D). We say
that the complete isomorphism between the complete semilattices of unigns
and D' is a completer -isomorphism if

@ Q=V(Da);
(b) ¢(0)=0 for OOV(D,a) and ¢(T)a=T for any TOV(Da)(see [2,3
definition 6.3.3]).

Lemma 1.1: Let Y={y, y... ¥} and D, ={T,...T} be some sets, where>1
andj =1. Then the numbes(k j) of all possible mappings of the sebn any such
subset of the setp; that T,0D/ can be calculated by the formula
s(k, j)= j*-(j-1* (see [2, 3 Corollary 1.18.1]).
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Lemma 1.2: Let D, ={T,.T,...T}, X and Y- be three such sets, that v O X.
If f is such mapping of the set, in the setD,, for which f(y)=T, for some
yOY, then the numbelof all those mappings of the setx in the setD, is

equal tos= X" E@jM ~(j —1)“‘) (see [2,3 Theorem 1.18.2)).

Lemma 1.3: Let D be a completex - semilattice of unions. If a binary relation
& of the form

g:[[UD({t}xD(D,D[))D((x\D)xD)

is a right unit ofB, (D), then it is largest right unit.

Theorem 1.1: Let D={D,Z,Z2,....Z,,} be some finitex - semilattice of unions
and C(D)={R,R R...,B} be the family of sets of pairwise nonintersectingsets of
the setX. If ¢ is a mapping of the semilattice on the family of setg(D)
which satisfies the conditiog(D)=r, and ¢(z)=p for any i=12,..n-1 and
D, =D\{TOD|z 0T}, then the following equalities are valid:

D=RORORDO..OR,, Z=ROJ (7).

TOD,

(*) In the sequel these equalities will be calledial.

It is proved that if the elements of the semil&bcare represented in the form
(*), then among the parameteps (i =0,1,2,..n- ) there exist such parameters that

cannot be empty sets f@. Such setsk (0<i<n-1) are called basis sources,
whereas setg (0< j<n-1) which can be empty sets too are called complesenes
sources.

It is proved that under the mappiggthe number of covering elements of the pre-
image of a basis source is always equal to ondewimnder the mapping the

number of covering elements of the pre-image obmpleteness source either
does not exist or is always greater than one.[Ege

Theorem 1.2: A binary relations 0B, (D) is a right units of this semigroup it
is idempotent anad =V(D,¢) (see Theorem 4.1.3).

Theorem 1.3: Let D be a finite X - semilattice of unions and 0B, (D); D(a)
be the set of those elemerts of the semilatticeQ=V(D,a)\{0} which are
nonlimiting elements of the sed,. Then a binary relationa having a
quasinormal representation of the form= [ J (YT"XT) Is a regular element of

TOV(D.a)

the semigroups, (D) iff V(D,a) is a XI-semilattice of unions and for some
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a-isomorphismg fromV (D,a) to someX -subsemilatticeD’ of the semilattice
D the following conditions are fulfilled:

a) U ¥ 0O¢(T) foranyTOD(a);
T'O0D(a),
b) Y ng(T)z0 for any nonlimiting element of the setD(a), (see [2,3

Theorem 6.3.3]).

Lemma 1.4: Let 0={D,Z,2,..Z,} and ¢(D)={R,RRB,...R} are the finite
semilattice of unions and the family of sets ofwige nonintersecting subsets of

the setX, ¢:(E 4 I%T"éw—lj is a mapping of the semilattic® on the family of

the setsc(D), If ¢(T)=POC(D) for someD#TOD, thenb, =D\, for all tOP
(see [***] Lemma 11.6.1).

Definition 1.8: Let @ and D' be respectively somel and X - subsemilattices of
the completex -semilattice of unions. Then R,(Q D) is a subset of the
semigroup By (D) such thataOR,(Q D) only if the following conditions are
fulfilled for the elements and ¢ :

a) The binary relatiomr be regular element of the semigroBp(D) ;
b)  Vv(Da)=Q;
C) @ is a completea -isomorphism between the complete semilattices of

unions Q and D' satisfying the conditions) andb) of the Theorem 1.4
(see [2,3] definition 6.3.4).

Further ¢,, Q(Q) and ®(Q,D') respectively are the identity mapping of the
semilatticeQ, the set of allxi - subsemilattices of the compleke- semilattice of
unions D such thatQ'0Q(Q) if there exists a complete isomorphism between the
semilattices @ and Q and the set of all complete isomorphisms of the
XI - semilattice of unions into the semilatticeé such thaty 0®(Q,D') if ¢ is a

a -isomorphism for some 0B, (D) andV(D,a)=Q.

Next, let
R(@D)= |J R(Q@D)andR(D)= (] R(Q D).
$00(Q, D) QUQ(Q)
R(Q D) is an arbitrary element of the g&,(Q D)|¢0®(Q D)} and a mapping

T - T between the complet&l and X - semilattices of union® and D' is a
complete isomorphism corresponding to themsg, D) (see Theorem 6.3.5).
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Theorem 1.4: A regular elementr of the semigrougs, (D) is idempoteniff the
mapping¢ satisfying the conditiop(T)=Ta for any TOV(D,a) is an identity
mapping of the semilattice(D,a) (see[2,3 Theorem 6.3.7).

Theorem 15: If E{'(Q) is the set of all right units ofB, (Q), then
EY(Q)=R,(QQ (see Theorem 6.3.11).

Theorem 1.6: Let X be a finite set. if¢ is a fixed element of the se{Q,D’),
Q(Q)=m, and gbe number of all automorphisms of the semilattieat

[R(D) = m O B ( @ D)
(See Theorem 6.3.5).

2 Results

Theorem 21: Let Q={ToTTheTnsTmaTnsTna TmeTh(m3 be a
subsemilattice of the semilatticeand

TWO0T0.0Ts0T,,0 o0 T,
TWOT0.0T, 0T, 0T, ,0T,
TLOT,0..0T, 0T, ,0T,,0T,
Toa\Tra20, T\ Ty 20, Ty \ Ty 20,
T \Toa 20, Too\ T 20, Tog\ To? 0,

TnaUTn3=Tho Tall Tpa= Tl Te= Ty
ThenqQ is always anxi - semilattice of unions.

Proof: Let R,,R,...,.R,.; and C be the pairwise nonintersecting subsets of the set
X and ¢ be a mapping of the semilattice onto the family of sets
{R,R,...R,1,G that has the form

:(TO Tl "'Tm—G Tm—5 Tm—4 Tn°r3 Tm2 Tml Tna
POPl“'Fr)n—6 Pm—5 m4 "m3 'm2 'ml

I
TO

Fig. 1

Then the formal equalities corresponding to theilsgtice Q are written as
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T,=CORORO..OR0 R0 R0 R RO R,

T =CORORO..OR ORI R ORI R,
T»=CORORL.ORORLOR,ORO R,
Toe=CORORO.OP 6D P 5D %4

T =COROROLO B o R4 R, 2.1)
Toe =CORCIROL. %6,

Tne=CORORI.OR,,,

T=CUR,
=G
where [C|z0, |R,/=0, |P, /=0 and R,R,....P_,.P_,.P_,,P,.0{0} . Further, let

tOT,. Then from equalities (2.1) and from the LemmawieZhave

0QQ)=

Then We have obtained that(QQ)OD for any tOT,. Furthermore, if
Q"={0(@Q)t0 T}, then Q" ={T%,.T.... T, 5. T, ,.T,,. T, and it is easy to verify
that any nonempty element of the semilattices the union of some elements of

the setQ". Now, taking into account Definition 1.2, we olotaihat Q is an
XI - semilattice of unions.

For the largest right uni¢ of the semigrous, (D) we have:

£=(Pm—2me—1)D(Pm—4xT 3)D( P ml Tm4%D&& Pm6

0
0(RxT,)0(C X T)*T)
(See Lemma 1.3).

Of the formal equalities (2.1) follows that:

Then we have

£=((T,.\ ) (TM T

Theorem 22: Let Q={ToTTheTnsTmaTnsTna TmeTh(m3 be a
subsemilattice of the semilatti@e such that
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T O O0.0T 50T Tw,0 T O T

ToOT 0. 0750 T30 TnoO Ty

To 0T 0. 0750 T30 T O T,
Tra\Ts 20, Tog\ T 20, T\ Tz 0,
T \Tea 20, T \T1 20, T\ T2 0,
TnaUTns = Tar Tald T = T To= Ty

(see Fig. 1). A binary relatiorr of the semigrougB, (D) that has a quasinormal

m
representation of the formy :U(Yi"XTi), where Q=V(D,a), is a regular
i=0

element of the semigroums, (D) iff for some a-isomorohism ¢ of the
semilattice Q on some X - subsemilattice D' ={¢(T,).¢(T,)....¢(T,)} of the
semilatticeD satisfies the conditions.

Proof: To begin with, we recall that is an Xl -semilattice of unions (see

Theorem 2.1). Now we are to find the nonlimitingraknt of the sets’jqD of the
semilatticeQ" = Q\{0} (see definition 1.4). Indeed, letDQ", whereq=0,1,2,...m.
Then forq=0,1,2,...m we obtain respectively

,Tm)zD({TO,Tl ..... T =0{%. T Tud = T
1'Tm_l):D({TO’Tl """ Tm‘5’TfT*3’Tm1} {Tm}):[l{ -B’-E""’Tm 51Tm}: Tm31
TO’Tl """ Tm‘5’TrT’r4’Trﬁ3'Tm% \{Tm%):[l{ 16,11 """ TmSva4va:}’= Tnay

=06 Tod (T d) =0{ o T T d = Tor

Therefore

T MO Tw) =Tl To= 0, Toa V(@ Toa) = T\ o2 0,
Tm_2\|(QEM,TM):TM\Tmzm, T, 5\ |( '@MTM): T o\ T, 20,
Tm_4\I(Q$M,Tw4) =T A\T. 20, T g\ |( & TmS) =T, \ T, .20,
T o\l (QEM ,Tm_e) =T T .20,

TV T) =T\ K% 0, V(& T)= K\ =0, if T=0,
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ie. T,\(&.T,)#0, where g=1,2,..m- 6,m- 5,m 4,m 3,m . Thus we have
obtained thatr,, T,,, are the limiting elements of the sefs , Q; = and ther,

are the nonlimiting elements of the set QEq where
q=12,..m- 6,m- 5, m- 4,m 3,m . Now, in view of Theorem(1.3) a binary
relation a of the semigrougs, (D) is a regular element of this semigroup iff there
exists ana-isomorphismg¢ of the semilatticeQ on some X - subsemilattice
D' ={¢(T,)....¢(T,)} of the semilatticey such that

YWOVWDO.0¥0g(T), ¥0 ¥YO.0 %0 %:08( 19,
Yo 0¥ 0.0 Yos0 YosO %1 O06( o) %ﬂ¢( -!)7”]

forany p=0,1,..m- 4 mandq=12,..m- 4, m- 3,m .

It is clearly understood that the inclusiggi 0 Y 0.0 ¥ = XO¢( T,) is always
valid. Therefore

YWOYWO.0¥0g(T), ¥0 ¥YO.0 %0 %:08( 19,
Yo 0¥ 0.0 Yos0 YosD %1 O06( o) %ﬂ¢( -!)7”]

forany p=0,1,..m- 4 mandq=12,..m- 4, m- 3,m .
Theorem is proved.

Corollary 21: Let Q={ToT-TheTnsTwaTnsTmaTwe Th(m3 be a
subsemilattice of the semilatti@e such that

T O0LO0.0T, 50T, ,0T,,0T,

ToOT 0. 0T 50 T30 T 0 T,
ToOTO0..0Ts0 T30 T O Ty
Tra\Tes 20, Ta\Ta 20, Tra\ T2 O,
T \Tra 20, Too\ T 20, T\ T2 0,
TaUTns=Tno Trall Tei= Tl Ti= Ty

A binary relation a of the semigroup, (D), which has a quasinormal
representation of the formy=| J(¥“xT), such thatrze Q=V(Da) is an
i=0

idempotent element of the semigroBp(D) iff

YWOWD.0¥OT, ¥O0 0.0 $0 ¥,0 T..
Y OWO0..0¥sO %0 %0 Tow ¢n 20
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forany p=0,1,..m- 4andq=1,2,..m- 4, m- 3,m .

Proof: As has been shown in the proof of Theorem 2.Zlalhents of the s&),
different from the elementg;, Ts are the nonlimiting elements of the semilattice
Q. Now the corollary immediately follows from Thearel.4. Corollary is
proved.

Corollary 2.2: Let Q={T. T Tn6: Tos T ar Tz Tm2: T, Th ( 12 5 e a semilattice
such that

T 00 0Ts0 T y0 Ty O T,

T 0RO 0Ts0T 0T, 0 T,

T OO0, 0Ts0 T30 T O Ty

Tooa T3 20, Toa\Tws 20, T\ Tz 0,

T \Ta 20, Toop\ T 20, T\ Tz 0,

Tm—4DTm—3_Tm—2* Tn°r4D Tm1= TmZD Tmlz Tm

A binary relationa of the semigrougB, (Q) that has a quasinormal representation

of the form a = J(¥*xT), such thatQ=Vv(Qua), is a right unit of the semigroup
i=0

By (Q) iff
YYOYWO.0WOT, ¥O¥YO0.0 %0 %0 T
Y O 0.0 YisO ¥os0 %iO Top §n T2O

forany p=0,1,..m- 4andq=1,2,..m- 4, m- 3,m .

Proof: By assumptionQ=V(Qa). Now the validity of the corollary immediately
follows from Corollary 2.2 and from Theorem 1.2.

Corollary is proved.

Theorem 23: Let Q={To T TheThsTmaTnaTmaTweTh(m3 be a
subsemilattice of the semilattice such that

TLOTO0.0T, 0T, ,0T,,0T,
THOLO0.0T 0T, 30T, ,0T,
TODT1D O T 0 Ts O T O T
Tea\Ts 20, Tm3\Tn,r4¢D Tra\Th20,
m_1\T 220, Tro\T 120, Th\ T2 0,
Tm—4DTm—3_Tm-21 Tm4D Tm1: TmZD Tm1= Tm

If the xi-semilatticesQ and D' ={T0.T.... To-6. Ts5 T T s: Tm2r Tm1: T @re
~isomorphic andQ(Q)| = m, then the following equality is valid:
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IR(D)|=m Eéz\fl\fo\ _1)E€3LT2\TJ _ fz\ﬂ)mé( m- 3\16\1}_( - Q\TFGVM)[
[ﬂm—4)‘((fwlnfm4)ﬁm5)‘ (m_ 4)‘Tm5\Tm15‘ _( m- 5)‘Tm5\irm4) 0
[é(m—?))‘fm_‘l\fm—l‘ _( m- 4)‘Tm_4\fm]j I:é( m= 3)‘Tm3\TmAJ _( m 4)‘?m3\7Tm4) 0

[é(m_ 2)‘1}-1\'?”2‘ _ ( m- 3)‘-T—m-1\Tm2‘ Eq mt 1)‘ X\TI',J“ .

Proof: In the first place, we note that the semilatti@ has only one
automorphisms  (i.e. [#(QQ|=1). Let «OR(Q D) and a quasinormal

representation of a regular binary relatiorhave the form

a:O(Yi"X'Ii'). (2.2)

i=1

Then according to Theorem 1.2 the condition R(Q, D') is fulfilled if

Yo OWO0.0¥ 0T, poL..,m 4§00 Y0 .0 %0 N0 J5 ( 22
Yo OW 0.0 ¥s0 %0 %a0 Ry ¢n RO, (2.4

g=12..m-4m 3 m 1. ( 2F

Now, assume that, is a mapping of the setin D such thatf,(t)=ta for any
tOX. fous foss foar foss fmas e (K=12,...m-6 and f_,, are respectively the
restrictions of the mapping, on the sets

m+1

Tm 1 \_Tm 27

m 47

We have, by assumption, that these sets do naseétepair wise and the set-
theoretic union of these sets is equat to

Let us establish the properties of the mappings. f,,, f.os fiss foss foas fua
(k=12,..m-9 andf,,,.
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1) tOT,. Hence by virtue of the inclusior{g.3) we havetdyYy, i.e., ta =T, by the
definition of the set;?. Thus f,, (t)=T, for anytOT,.

2) t0(T,, n T, ,)\T,. . In that case, by virtue of inclusiofe.4) (2.9 we have

t0(Tg 0 Tra)\ Tia 0 Ty O
O OWD..0 ¥is0 ¥rsO Yoo $0 Y00 %0 %)= 90 0.0 %

Therefore ta 0{T,.T,.....T,s} by the definition of the setsy,Y,....Yis. Thus

m-5,

fsa (1) O{To To-es Tro fOF anytD(T"m_l n fm)\fm

On the other hand, the inequality . n T, #0 is true. Therefore,  0YZ . for
some elementt, 0T, s. Hence it follows thatt _.a=T, .. Furthermore if
trs OTme, thent, sa 0{T,, T,,....T,, o . However the latter condltlon contradicts the
equality t_.a =T, .. The contradiction obtained shows that OT, . \T,,. Thus
fnsa (tmes) = Trs fOr SOMet,  OT, AT,

3) tOT,,\T,,. In that case, by virtue of inclusion2.3) we have
t0T s\ T 0Ty 0 O Y 0.0 ¥, 50 ¥, 4, Thereforeta O{T,, T, ... Tos. T b DY
the definition of the setsy, Y ,..Y0 s, Yi-s- Thus f 4, (1)O{To. Ty, To5. T 4 fOI

anytoT,_,\T,_,.

On the other hand, the inequality , n T, #0 is true. Therefore,_,0YZ_, for

some elementt, 0T, ,. Hence it follows thatt,_,a=T,,. Furthermore, if

tnea OTmes then t ,aO{To, Ty Ths. T s T g - HOwever the latter condition

contradicts the equality, ,a =T,_,. The contradiction obtained shows that
LOT, . Thus f,_4, (tns) =T, for somet,, OT, ,\T, .

4) tOT,,\T,.,. In that case, by virtue of inclusion2.3) we have
t0T s\ s O Ta O Y O W O...0 Y, 50 Y, . Thereforeta O{Ty, Ty, ... s, T-g DY
the definition of the setsy,Y’,.. Yo s, ¥o5. Thus f, o, (t)O{To. T Trs. T4 fOF
anytoT _,\T_,

On the other hand, the inequality ,n T, ;20 is true. Therefore, _,0Y4 , for

some elementt, 0T, ,. Hence it follows thatt, _.a=T,,. Furthermore, if

tnsOTma, then t .a0{TyT,... T 5. T4 . HOwever the latter condition

contradicts the equalityt, ,a =T, ,. The contradiction obtained shows that
LOT . Thus f,, 5, (tm-s) =Tms fOr somet, 0T, _,\T,,

m—4’
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5 tOT,,\T,,. In that case, by virtue of inclusion24) we have

tO0T,  \T, o 0T 0¥ O Y 0.0 Y5O Yool Yo

Therefore taO{Ty, T,... T 5. 5. Tnd Dy the definition of the sets
Yo Y Yos, Yoss Yore ThUus £y (0 O{To, Toy oo T 5. T 20 T 4 fOr anytoT, A\ T,

On the other hand, the inequali¥{, n T, 20 is true. Therefore,_, 0Y7, for
some elementt,, ,0T,,. Hence it follows thatt ,a=T, . Furthermore, if
tmo 0Tz, thent, ,a O0{To, T Trs T s T 3. T 4 - HOWeVver the latter condition

contradicts the equalityt, ,a =T, ,. The contradiction obtained shows that
LO0T, . Thus f,_y, (tn2) =T, fOr somet, , 0T, \T,,,.

6) tOT\T,., (k=1,2,..m- . In that case, by virtue of inclusiqa.3) we have
tOT\T, 0T, O OYDOYOo.0Y.

Therefore ta O{T,, T,,... 7} by the definition of the setsy,Y’,..¥ . Thus
frg (1) 0{To, Ty, T} fOr anytom AT, .

On the other hand, the inequality n T, #0 is true. Therefore, OYS for some
element t, OT,. Hence it follows thatte =T,. Furthermore, ift, OT,_,, then
tea 0{To, T.... T} . HOwever the latter condition contradicts the ditpa, o =T,.
The contradiction obtained shows thatiT \T,_ . Thus f,(t)=T, for some
t OT\T,, .

7) tOX\T,. Then by virtue of the conditiox :U\q" we havetDUYi" . Hence

=0 i=0
we obtainta O{Ty, T, T,,... .} . Thus f_, (t)O{T,. T, T,,... T,} foranytdXx\T,.

Therefore for a binary relationr DR(Q D) that has a representation of form 2.2
there always exists a uniquely defined system

(o s Tm-aer Trvar T et Fea o e i) 26)
where (k=1,2,...m- §. It is obvious that to different elements of tle¢ B(Q D)
there correspond different ordered sets of f¢zrs) .

Now let

f:T, - {1}, fM:(Tmlme4)\Tm6—>{'I;'I;,...,Tm5},f T\ T T T Tns T
frol Toa\Toa ={ o T Tos Tud s Fo i T\ Tz = { oo Toves T T T

m5’ 'm3’

fk :-Fk\-T—k—l 4»{-'—0, -E”TK} k:].,zy---ym_ 6) fm+1:X \Tm - {TO'-E-’.“'TN}
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be the mappings satisfying the following conditions
8) f,(t)=T, for anytOT,;

9) f(t)0{T T g for any tO(T ,n T \T,s and f, g, (trs)=Tps fOr
somet_.OT . \T,,;

10) f_ () {T,Tl,
\T,

T.4 foranytoT, \T., and f, ., (tms)=Tm. fOr some

m—5’

m_ll H

11) f () {T,T,
\T

T.q4 foranytoT ,\T., and f, 5, (tns) =T fOr some

m—5’

m—4’ 7

12) £ () 0{To. Ty 5. T s T ¢ fOr anytoT, ,\ T, ,, and f,_y, (ty,) =Ty, fOr
somet ,0T \T _,;

13) f, (t)0{T,. ..., T} foranytoT\T_ and f (1) =T, for somet, OT,\ T, ;
14) £, (0)0{To. T, To,..., T} fOranytox\,.

Now we write the mapping: X - D as follows:

fo (t), if tOT,,

fos(t), if tD(T" N Ta) \Toes

Foa (), I €0 Ty \T,
f(t)=<f,o(t),if tOT, ,\T, .,

fo.(t), if tOT, \TM,

f(t), if tOT \T . k=12,..m~ 6

fm() if tOX\T,.

To the mappingf we put into correspondence the relatial J({t} x f ().

tox

Now let Y*={tOX|8=T}, wherei=0,1,2,..m. With this notation, the binary rela-
tion g is represented a&szJ(Yi"X'Ii') . Moreover, from the defnition of the binary
i=0
relation 4 we immediately obtain
YYOYO0.0¥OT, p=04..,m 6

Yoﬂ O Ylﬂ 0.0 mf_f, 0¥ .0 s,

YoﬁDYl'BD---D ﬁ—sD f—sD \frlm_%-—l’
YinT, 20, 9=1,2,..,m- 4, m 3, m 1
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since fm 50(m—5):Tm—5 for some t, OT, \T. s frsg(tms)=Tms fOr some
e\t frose (tes) =Ts fOr some t, ,OT, \T, 05 sy (to) =Ty fOr
somet, , 0T, \Tm, f (t) =T, for somet, OT\T,.,, k=1,2,...m- 6.

Hence by virtue of Theorem 2.2 we conclude that bhary relationg is a
regular element of the semigrowp (D) that belongs to the s&(Q D).

Therefore there exists a one-to-one correspondeetecen the binary relations
a of the setR(Q D) that have representations of fo{m2) and ordered systems

of the form(2.6).

The numbers of all mappings of the forty), f f f f

m-57 'm-4? 'm-37 ‘m-1? fka

(k=12,..m-§ andf_, (¢OR(Q D)) areequal respectivelyto 1,

(m = 4)((Tran T T (T ms\Tme\((m 4) Trd Tnd _ (- 5)\7Tms\7Tm4),

(m=3)Tme'Tesd _ (= g) T T (= g)TosV Tl (= )T\ T
(m—2)\ Tl _ (= g) et Toal | ()™l 3% k=12, m- §
(m+1)X\ ™l

Therefore the equality

|§ 0, D') (Z\Tl\T0 _ )E(éTZ\T]j éTZ\T)DDIt( m— 3\1_6\14_( me 6\16\1})

f{m- 4)‘(( 10 T a)\Tovs)| (m-4 )\Tms\Tms\ _ \Tms\ Trd [( \Tm\ T m 4)\ Tond T C
Eé(m _ 3)‘Tm,3\fw4‘ _ ( m- 4)‘Tm~3\fm4‘) [(( m- )‘Tml\ Tmﬁ ( 3)‘ T T J) I:q ])‘ )QiTJ.n .

is valid.

Now, using the equalitie®(Q)|=m, |#(QD) =1 and Theorem 1.6, we Obtain
IR(D)|= m [éz\ﬁ\fo\ _1)E€3ﬁ2\ﬂ _ fz\ﬂ)mé( m- g Tt (e Q\*M*M)D
[@m 4)‘(( nHﬂTr,H;)\T,M—,)‘ I:é( m— 4)ﬁm5\fl'm5‘ _( m- )ﬁms\ﬁ'mg)té( 3)‘7m4\7'l'm£_( . Z»‘iTmAiTﬂh)[
[é(m_g)‘ n‘rS\TrrrA‘ _(m_ 4)‘Tm3\7m41)[é( m- 2 )‘Tml\T ( 3)‘ T Tmi)[q -y ])‘ )(7T}n '

Theorem is proved.
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Corollary  14. Let Q:{TOle 2T s Teas Tea Tmzs [}1( mE) be a
subsemilattice of the semilattice such that

TLORLO0. 0T 0T, 0T, ,0T,
TLOTO0.0T, 0T, 30T,,0T,
TODT1D OTes 0T 30T, 0T,

NT o200, TmS\T,M;tD Ta\ T % O,
m_l\TrM;cD o \T1 20, T\ Tz 0,
Tm—4DTm—3_Tm—2 Tn°r4[| Tml_ Tm2D TI‘FII: Tm

If E{(Q) is the set of all right units of the semigroBp(Q), then

‘ (Z\Tl\To\ ) I:QéTz\Tjj 2T2\T ) D]ﬂﬁ( Q‘TM\ T ( Q\TM\TM\ ) 0
mm 4) T 0 Tora N Tovs)| [Q m— 4 [Tis\ Tond ( e 5)\Tm5\ ng) [Q( e 3\ T T _( e 4)\ Tond T_m{)[
[@(m_s)h A\ Trd] (m 4)\T 3\Tm4\)[€( - 2)\Tm1\ng _( m 3\ Tondd ng,)[q - ])\ AT

Proof: By virtue of Theorem 6.3.1 we hawg (Q)=R,_(Q Q, whereg, is the
identity mapping of the semilattice . Hence, taking into account the equalities

Q=D |REQ(Q Q)|:|_F{ QD) and

IR(D)| = m [ézmw - )[égw - fz\ﬂ)mﬁ( m g (e @\’H’M)m
fm- 4)\( Tt 0 T\ T [é(m_ 4)\Tm5\Tm6[_( )\Tms\?mg)[é( S)\nﬁm;_( - 4)\1“3141)[
[é(m—B)‘T’"‘S\T"““ ~(m- 4)\TM\TM\)[€( )\Tml\T ~(m 3)\ T Tmi)[q - ])\ AT

We obtain

0] 52 4 9
[ﬂm 4) T 0 Tora N Tovs)| [Q m— 4 [Tis\ Tond ( e 5)\Tm5\ ng) [Q( e 3\ T T _( e 4)\ Tond T_m{)[
[@(m_s)hm A\ T (m 4)\TM\TM\)[Q( - 2)\Tm1\T nd ( 3\ Tond ng,)[q m j)‘ X Tl '

Corollary 1.5: Let Q={T,, T, T,... |} be a subsemilattice of the semilattice D and

LULULUOTLOT, KU U B 10 §
TOLOLOROT B\ %20, T\ 720,
T\L20, B\ L0, T\ E20, T\ 20,
LUL=T, BUE=TU &=
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a-isomorphic andQ(Q)| = m, the equality is valid.

IR(D) = m 25 f 0 )
{5 BB B @ Yol

Proof: The corollary immediately follows from Theorem 1.3.

Corollary 1.6: Let Q={T,,T,, T, %, T,, & & Ty is a subsemilattice of the semilattice

D such that
LOLOLOLOTLOT O 10 O T,0 B0 ¥
LOLOLOTLOTLOT, T\ 20, B\ Tz0,
T \T,20, LOT,20, T\ 20, &0 Tz0,
T,005=T, TO0L=T0T%=T

Fig. 5

(see Fig. 13.3.7). If the xi-semilattices Q={T,,T, T, ., T, & & § and
D= % %T%% T are a-isomorphic andQ(Q)|=m, then the following
statement is true:

R(D)=m [éfﬁo\ _1) o (W [é & W) 0

f B B 33 ()0 8

Proof: The corollary immediately follows from Theorem k3.
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