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Abstract

We derive a solution of a certain class of convotutintegral equation of
Fredholm type whose kernel involve certain prodofttbinomial and special
functions by using Riemann-Liouville and Weyl fi@wal integral operators.
Certain interesting special cases have also bescudsed.

Keywords. Riemann Liouville fractional integral, Weyl fragtial integral,
Mellin transform techniqueH -function.

1 I ntroduction

The following is the special case of Raizada’s [d&heralized polynomial set and
defined as:
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s, YIx:ra.A Bk (]=(Ax +B) exp(Bx") T, ,[(ax+b)**™" exp(-px")]

= z (pl(e,p,u,v)x'-, .. (1.1
epuyv
Where
(=DP(=v), (=P, (@), (-a—an) (o +k+rv
— (RATPY 4N u € p e Ppv
@ (epuv)=BTT)! u! viel p! (1—0(—p)e( / jnA P
. (1.2)
L=/n+ ptrv,(p,v=0,1,...n) .. (1.3)
And
e;v :;0 ;O ;0 ;O. (14)

The polynomial set defined by (1.1) is a very gaher nature and it unifies and
extends a number of classical polynomials introduaed studied by various
research workers such as Chatterjea [1, 2], Gaudd=opper [7], Krall and Frink
[11], Srivastav and Singhal [15] etc. We have madeffort, in the present paper,
to obtain an exact solution of the following conwadn integral equation of
Fredholm type

[y u@f(y) dy=g(x), (x > 0) (L5)

where g is a recommended function, f is a unknametion to be determined and
the kernel u(x) is given by
P1 Pl)
e )

u(x):(cxt+d)eS [zxprqAka]HMlN{t( N

..(1.6)
(bj'BJ)l,Mv(bj'Br % M+1Q

(a aJA )1N (a GJ)N+1P:|

in (1.6) the H My 1[z] is the well known Fox’s H-function [6] and its sesi

representation |s glven by
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( E ) 00 Ml _ G
z| AR }:z (=1 (pz(r]G)zr'G, ..(1.7)
| !

M1 Ny
D F(fj _ane)g F(l—ej +Ejr]G)

®,(N.)= “‘g
|'| ra- f +Fng ) |‘| F(e ~Eng )

JM+1 le

and
(f, +G)

F
g

The H -function defined by Inayat-Hussain [9, 10] in (128
_|v| N
[Z]
PQ

1 +joo
:2_T[i'[' @,(s)z° ds, ...(1.8)
o

Ng =

(aj ‘Gj;Aj)l,N ;(ajﬂ j) N+1P

where
M

[1 b, [33)|_| {rl-a +as) g
@,(s)= JlQ ...(1.9)

[1{r@-b, +[3s)}J |‘| M(a,a;s)

j=EM+1 j=N+1

which contains fractional powers of some of fhunctions. Here z may be real
or complex but not equal to zero and an empty mbduinterpreted as unity.
P,Q.,M and N are integers suchth&a M <Q,0<N<P,0;(j=1,....P)3 (=
1,...,Q) are complex numbers. The exponen{s(jA= 1,..., N) and B( =
M+1,...,Q) can take non integer values, when thepemants take integer values,
the H -function reduces to the familiar H-function dueFmx.

Srivastav [16] introduced the general class of poiyial as follows
[ny/m1 (=N )

SSUEEDY TmlkllklAn 0, =012.] .(1.10)
k1:0
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where m is an arbitrary positive integer and the coefﬁd}i;eAn ‘ (nl,k1 >0)
1K1

are arbitrary constants, real or complex.

Let J denote the space of all functions f which @eéined on R = [0,0] and
satisfy

(i) fOC*(R™)

(i) lim [x* f"(x)] =0, for all non negative integer k and r.
X — 00

(i)  f(x) = 0(1) as x— 0

J corresponds to the space of good functions d&finethe whole real line (Miller
[12]).

For the present study, we shall also require them@nn-Liouville fractional
integral (of ordep) defined by

DH{f(x)} = D, {f()}

:ﬁj: (x =w)* L f(w) dw, (Re()>0;f 0J), ...(1.11)

and the Weyl fractional integral (of order h) defihby
_ -h
W)} = D_ {f(x)}

I S e .
= i, @0 (Re()>0:03) .(112)

2  Preiminary Results
Lemma 1: Assuming the following that

0] P,.Q,M,N are integers such that<iIM < Q, 0O<s N < P,q0; (j = 1,...,P),
B (= 1,...,Q) are complex numbers.

b.
(i) Re()> Re(h) ;Re[h+pL +tR+on +)\B—‘J>O,
i
where | = 1,...,M, M is a positive integer,
A=0,(L=/n+p+rv),p,v=0,1,..n;w=0,0=0;
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(i) |argw| <%T[Q2, where

M N
Q=Y BI+Y IAa |- » BB BS o, 1>0
=1 =1

j=M+1 j=N+1
then
® apo P %|(en Ep)
wh ]y c(ijm s*P z(fj 1A, Bk, ¢ [HY1M T(fj A
y n y 1| \y) [forfe)
A
>(HM,N W X (aj'aj;Aj)l,N;(aj'aj)MlP
PQ y (ijBj)lyM;(ijBj;Bj)M+1’Q
) ) ( . c R 0 pL+0r]G+tR
v Y g(eput 3 S Y ()T Gde(—] [ j[—]
epuy ! Gogl rRo G! Fg d) (R\y

(1-h-pL-ong—tRAD).(8).0 A g Ni (@)% ) o1 p 2.0
©5.B)1,m (D)8 BJ)M+1,Q (1-p-pL-ong-tRAD) |’ :

— M, N+
xH [w(—j
PHLQH y
Proof: Making use of definition (1.12) and the series espntation (1.1) and for
the generalized polynomial set and the Fox’s (&darski [14]) respectively in

the left hand side of (2.1), then expressiHgfunction in Mellin-Barnes type
contour integral and changing the order of summatiand integration (which is
justified under the condition stated), we find tledt hand side of (2.1).

o My

I R
N L 48( C S
" T(u-hzi h>2ru 2 GEpuv) 2 2, RS G'F o) Te 2 d (Ej (Rj

joo o x PL+0nG+tR+)\s o o —u—pL—or]G—)\s—tR
[ g [ (E-y)rs d5\ds.
i '3 y

y
(2.2

Now evaluating the inne¥ integral in (2.2) with the help of known resultdétyi
et al. [5] and the reinterpreting the resulting MeBarnes contour integral in

terms of H -function, we arrive at the desired result (2.1).

Lemma 2: Under the conditions stated with Lemma 1, we have
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0 |\/|1 0 e 6 c R e X pL+0r|G+tR
[ v Yoepuvizy 3. (ng)Td ( ] ( H
epuy G0 g7l R=0 d) \RA\Yy

(1-h—-pL- ong -tRAD), (a a A )1N (ajorj)N+1P

(0 B 3 (bj By BJ)M+1,Q (1-p-pL-ong-tRA:1) f(y) dy

M, N+
xH [w( j
Pr1Q+ y
N B ‘ q GSG.B.O x \° AB K/ gV X ? (p Ep)
= — + _ '1,q,A, B,K, ! tl —
I0 ¢ {Ej " Z(Ej A 1 (Ej (g )
et
PQ 3

Proof: Let [J denote the left hand side of (2.3). Then using toai and applying
(1.12), we get

(3j.05:A Py N (@0 P negp

DM W) dg, provided f Jandx >0
(bj 'Bj)l,M;(bj 'Bj;Bj)M+1,Q

..(2.3)

0
t
°° 1 ° et e [ X
J, SRR U [{Ej ]
B, P °|(ep Ep,)
xs' PO A XV r  AB K £ |H HYt) 7 2 AR
! E 1 E (le'FQ]_)
- (a a; A) (a0 ) |
xH w(f ETLREIEIRE ) e Uty dy (2.4)
PR | &) |Gy mith BBsag |
@ x ' T ago| (x)° Mg | ) [Cep, Ep)
=[ eHdZ| +d| S|4 =] ;naABKH TS| T T
.[0 3 [[Ej n [[EJ 9 ] Pl,Qll [Ej (le,FQl)]

f(y) dy}di .(2.5)

" N[W@

(@0 A DN (@9 ) ne1p {jm w
(;B1,m (0 BB w10 T
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where it has been assumed that the change of ardeegration is permissible as
in the proof of lemma 1. Now by using (1.11), we gasily the right hand side of
(2.3).

Main Theorem
If f0J,D* "{f} existsA>0,x > 0,Jargw |<gQZ,Q2 >0,Re(1)>Re(h)>0,

then the solution of the integral equation (1.5Jiien by

ctiy XS ®, (s)

A q .
f(x) =——x* 1 lim — 47 (s, ...(2.6
) 211 V—>°°'[C—iy W(sz,T,w) (2.6)
where
®,(s)= jo x“tg(x) dx, (2.7)
and
00 Ml 00 _1G C R 0
W(sz,T, W)= Y @epuvz-dy > > (GI)F (pZ(HG)TnGde(aj (Rj
epuyv G0 gzl R=0 2: I
—pL-s-on_-tR s+pL+on. +tR
(PSE 2 J— ( il J ..(2.8)
A w A

provided that

b. s+pL+0on_ +tR (1-a)
— min Re[B—‘}Re( P lle J< min Re{ A ) }

1<j<M i A 1<j<N ,
J J

where L=/n+p+rv:p,v=0,1,..n.

Replace f byD“_h{f} in left hand side of (2.3), we have

00 o M ) _N\G R )
90=] v X eepuvzt X > ¥ 6 (n)Ted Gj (Rj

epuyv G=0 g=1 R=0 G! Fg

(ijL+0nG+tR MN#L [ (Xj)\
x| — H w| —
Yy Pr1Q+1 Yy

xDH M {f(y)} dy. ..(2.9)

(1—h—pL—or]G—tR,)\;1),(aJ- A j)l,N ,(aj,a j) N+1P ]

(bJ 'B] )1,M ’(bJ rB] ,B] )M +1]Q,(1_H_0T]G_p|__tR,)\,l)
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Now taking Mellin transform of both sides, we get

[0) (S):J_oo z o (e,p,u V)ZL i % i (_1)(3 0.( )TnGde(EjR 0
¢ 0 epmv b 6=0 g1 R0 G'F, 276 d) (R

(1-h-pL-0n G -tRAD),

Xy
(bj 'Bj)l,l\/l v(bj 'Bj;Bj )M +10Q'

—h—pL-on5-tR J-°° X(s+pL+0r]G+tR)—1ﬁ M, N+1
0 Pr1Q+L

(a;,0:A ) (230
I ijx}Dw-m{f(y)} dy, (@49

(1-p-on G —-pL-tRAL

Now by using elementary property &f -function, assuming the change of order
of integration is permissible under the conditisteted with the theorem and on
evaluating the inner integral, (2.10) reduces to

Ap,(S)F(u-s) h —u-h _
r(h—S)Lp(S,Z,T,W)_M[y D* M f(y)} .s} ...(2.11)

which on applying Mellin inversion theorem gives

..(2.12)

D N A TR PR
D™t} 2my“fnoojc-iyy F(h=s)0(szT.W)

Now operating upon both the sides b)ﬁ_l‘.’) defined by (1.11) and then on
changing the order of integration which is pernfilssunder the conditions stated

with the theorem, we obtain

A im jCHy [(1=s)
2riF(L—h)y-wc-iy M(h-s)¥(s,z,T,w)

fly) =

X{ | D gy g di}%( ss (2.13)
0

which on evaluating the inner integral by appeatmghe well known definition
of Beta function, finally yield the required res(2t6).
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Lemma 3: If

() P, Q, M, N are integers such thhkk M SQ,OSNSP,O(J.(j =1,...,P),

Bj(j =1,...,Q) are complex numbers;

b.
(i)  Re@)>Re(h);Re(h+pL +on +tR+3k, +)\B—‘)>O,

j
where j = 1,...,M, M is a positive integer,
o<O0,A=0,L (/n+p+rv),(p,v=0,1,...n);
(i) mybe an arbitrary positive integer and the coeffitseA (nl, kl >0)
1K1
be arbitrary constants, real or complex;

(iv) |arg W|<%Q2 Whereins defined by

Q, Z 1B, I+Z A a, I—Z IBBI—Z la, >0

j=M+1 j=N+1

Then
ago| (x)° ) y 5
whHly g™ z(—j . 1,0,A,B,K, ¢ c{—j +d|St A(—J
n y y n y
My.Ny x [ ER) | MmN X
HP11Q1 T(_j fr F HP My
y) |l Fo, Q y

[nl/ml]( n ) M

—-h m1k1k vrvn00 b <
=y Y glepuvzt Y — TLMA Z > X

n k
epuyv k1=0 k1! 171 0 g=1 R=0

(_1)G ( )TnG de( jR 0 5 pL+0r]G+tR+6k1
G' F ?Ne d) \R)\y

A
- M, N+1 [W(ij
Pr1 O+ y

M (aj.0A D @9 ) ne1p
Cp By BB m+1Q

(I-h=pL-ong~tR-3ky A;1),(8j.0 A g N+ (@0 ) N1 p

(bJ 'BJ)].,M v(bJ ,B] ,B] )M +1‘Q,(1—u—pL—0I’]G—tR—6k1,)\,1)

] ..(2.14)
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Proof: To prove Lemma 3, firstly we use the definitionMdéyl fractional integral
given in (1.12), expres the generalized polynonsiet, H-function in series

representation, a general class of polynomiald-hsfdnction, then we change the
order of summations and integration (which is jieddi under the stated
conditions), evaluate the integral and reinterpeetihe resulting Mellin-Barnes

contour integral in terms dfl -function, we get the required resuilt.
3  Special Cases

(1) If we set n=q=k=B=0,/=r=-1andA =1 in (2.1), (2.3), (2.6) and

(2.14), we get the following results

(1.8

1Q1 y
_MN[ J (aGA)lN(aaj)MlP]
W

0B m (BB B M1
M

-y Yy 3y

0 ®,(n )T”Gde(EjR(GJ(EJmGﬂR
G=0 g=1 R=0 G!Fg 20’6 d Ry

(epl EPl)
(o Fop

)

A . . .
(I-h-onz-tRAD),(a,a:A ), ni(@5a )
— M, N+1 X G 1,N N+1P
xH W(—j SR a ...(3.1)
Pr1Q+1 y (bJ 'Bj)l,M §(bj 'B] ;Bj )M+1,Q,(1—u—0nG—tRJ\;1)
(2.b)
© o My o G R ong+R
h (-1 nege( C) [ 9 X
y©“ > > > ¢,(n,)T d(—j( —
IO 6=0 =1 R0 G'F, 206 d) \R\y
M, N+1 X A (1_h_0'r]G_tR,)\;1),(aj ’a]’A])l,N ;(aj,a J) N+1P
[H w| = f(y) dy
Pr1Q+1 y (bJ ’Bj)l,M ;(bj 'B] ;Bj )M +1’Q-(1_U_0r]G_tR,)\31)

0
AR E L R e L
0 & RQ g (fq, o))
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a O GA a.a
XHM'N[W(EJ (a.a3A N3 (@ J)MIP]Dh_“f(E)dE. 3.2)
PR | &) | OBy mi(0)BiB)v10
(1.0
t 0
oy c(fJ +d| HY1M T( J %)
0 y Q| \y) [(ofy

(3j.03:A P NG (@59 ) w1 p

s
PQ Yy

has its solution given by

u-1 CH © M G Rig
f(x)zA;nI t | y S[Z >y U cpz(n(;)T”Gde(gj ( J

]f(Y) dy=g(x)

Y- ®%c-iy G=0 g=1 R=0 I F R
-s-on~-tR
—S—O'T]G -tR ( G J
X, X w ?, (sys. ..(3.3)
(Ld)
t ° m 5 (ep ,Ep )
w - yH ({_j +d| S 1 A(ij HMl Ny T(ij AR
XHM,N (xj (@ apA N (@9 ) ne1p
W J—
PQ y (bj'Bj)l,M;(bj'Bj;Bj)M+1,Q
= y R
k;=0 k1! nlkle 0 g=1 R=0 G'F
R On e +tR+3kK
9 G 1
0,(x) TS| [~ |2
2V 1'G d R y
A . . .
(I-h-on,—-tR-&k, A1), (a;,0:;A ;) (@)
— M, N+1 X G 1 PP AN PR Y NELP
xH w| — (3.4)
Prl,Q+1[ (yj (bj 'Bj)l,M ;(bj ,Bj;Bj )M+1,Q,(1—p—an—tR—6k1,)\;1)]
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(2) If we setA=1,B=qg=k= 0and/=-1 in (2.1), (2.3), (2.6) and (2.14), we
obtain the following

(2@
]

wh e y“[c(fjt +d] HY [z(pr;a,B]Hgl’NllT(fjo
y "y 19 y

xH W(XJA (3.9 A P N30 ) nerp
PQ y (bj ’Bj)l,M §(bj ’Bj;Bj)M+1,Q

& (-v), (-a—ru) ° M2 (-p°
— h u n Qv orv-n
= Z
Y \;)UZ:‘E) ulvl! g (;0; ,-Z‘O G!Fg
R one- +tR+p(rv-n)
®,(n )TnGde(Ej (ej(ij °
2V G d R y

(bj 'Bj)l,M :(bj ,Bj;Bj IM+1,Q (I H-ONG —tR-prv+pn A1)

<Fi M, N+1 [W(ij)\
P10+ y
(2b)

o t © ; p o)
J, E“ng +d] Hf}’[z&j ;a,B]HL”l}égl TGJ
ol
PQ 3

n

— y—h z i (_V)u(_a - ru)n szrv—n i

v=0 u=0 u !V! G=0

R one- +tR+p(rv-n)
0\ x) ©
Thed®| = X
#2(Nc) (dj (Rj(yj

(I-h-ong—tR-prv+pnAd),(a;.a )y N :(85.013A ) N1 p
...(3.5)

(eplvEpl)
o fy

D" f(E) dE

(@054 o NC(@GA P nerp

(bj ’Bj)l,M ;(bj ij;Bj M +1Q |

<
[

i (-1°
1 k=0 GIF

«Q

IIM
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— M, N+1 [ (Xj (I-h- ong-tR- prv+pnA;1), (a 0( A )1N (ajaj) N+1P
xH w| —
Pr1Q+1 Yy

t 0
Q) X |\/|1 Nl

i) o] e s 5

M,N X A

w14

PQ [ Yy

has its solution given by

] f(y) dy

...(3.6)

(bj 'Bj)l,M ;(bj ,Bj;Bj )M+1,Q,(1—u—0r]G—tR—prv+pn)\;1)

(epl Epl)
(le Ql)

]f(y) dy=g(x)

(3 A LN )

OB m (b BB)IMm+10

f(x )— 7 i Icfiy X{Z Z 0, e, B’z

v=0 u=0 ulv!

Lo¢ o (D° c)'(®
22 2 GIF (pz(nG)TnGde(Ej ( j

R

R (-s—cr]G—tR—prv+pn] -1
-s-on,. —tR-prv+pn
x(p5( G JW A @,(sys. ...(3.7)

(ep .Ep)
AR

(g, )

wr el ] T oo s sl

__MN [XJ (@ ajpA P N (@9 ) ne1p
xH w| —
PQ y (bj'Bj)l,M;(bj ij;Bj)M+1’Q
n o n Iny/m](=v) (-a—ru) (-n,)

o M 0
—y,h myky kq v Zvn L
=y 1A
VZ:;‘, UZ:;‘) klzzo utv! k! Nk 1 Gz_ogzl g{)

(D" o )T”Gde(EjR (x| e
G!Fg 206 d) (R)\y




Convolution Integral Equation of Fredholm... 123

M, N+ X A (1—h—0nG—tR—6kl—prv+pn,)\;l),(aj 'aj;Aj)l,N;(aj'a j) N+1P
xH w| = ...(3.8)
PH1QHL y
(3) The result obtained by Srivastava, H.M. and RaR&. [17] follows as

special cases of our result on assigning certainesato parameters in the
function involved and by settirgy= 0.

(bj 1[3] )1,|V| J(bj 1[3] QBJ' )M+1,Q,(1-u-0n(3-tR-5k1-prV+pn)\;1)

(4) On takingAj(j :1,...,N):Bj(j:M +1,...,Q)=1,0 - 0andB=0 in (2.1)

and (2.3) the result reduce to known result deriwe@oyal, S.P. and Mukherjee,
Rohit [8] witht = 0.

(5) LettingA (j=1,..N)=B (j=M+1,..Q)=1,0 - 0,n=q=k= B=0,

¢ =r=-1A=1and 6=0, the result reduce to a known result derived by
Chaurasia, V.B.L. and Patni, Rinku [3] Jwith n = 0.

6) LettingA (j=1,..N)=B (j=M +1,..Q)=1,0 - 0,n=q=k= B=0,

¢ =r=-1A=1and 6=0, the result reduces to a known result derived by
Chaurasia, V.B.L. and Shekhawat, Ashok Singh [4hwi= 0.

(7) Taking AJ. (j=1,...N)= BJ. (j=M+1,...Q)=1,0 - Gand 8=0 in (2.6),
we find a known result of Goyal, S.P. and Mukherfeehit [8] with t = 0.
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