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Abstract

In this paper a unique common fixed point theore® heen proved for three
pairs of weakly compatible mappings in complete @etric space. This theorem
is the extension of many other results existintheliterature. An example has
been provided to validate the main result of ttaper.
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1 I ntroduction

The concept of the commutativity has been genedlia several ways. S. Sessa,
[11] has introduced the concept of weakly commutiiigereas Gerald Jungck [5]
initiated the concept of compatibility. It can bees#y verified that
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. When the two mappings are commuting then they angpatible but not
conversely.

. Compatible mappings are more general than commudind weakly
commuting mappings.

. Compatible maps are weakly compatible but not cosahg.

Many authors like [3], [4], [1] and [10] worked @ompatible mappings in metric
space.

Mustafa in collaboration with Sims [14] introducadew notation of generalized
metric space called G- metric space in 2006. Hegqd many fixed point results
for a self mapping in G- metric space under certaimditions.

The main aim of this paper is to prove unique comrfived point theorem for
three pairs of weakly compatible maps satisfyingea contractive condition in a
complete G — metric space.

Now, we give preliminaries and basic definitionsiethare used through-out the
paper.

Definition 1.1: Let X be a non empty set, and IBt X x X x X - R be a
function satisfying the following properties:

(G) G(xy,2=0if x=y=2

(G,) 0<G(xxYy) forallx,yd X ,with x#y

(G;) G(xxY)<G(x V2 forall x y,zO X, with y # z

(G,) G(X, .20 =G(xzY)=G(Y,zx) (Symmetry in all three variables)

(G;) G(xy,2)<G(xaa)+G(a,y,2) , for all xyzaldX (rectangle
inequality)

Then the function G is called a generalized metpace, or more specially a G-
metric on X, and the paifX,G) is called a G-metric space.

Definition 1.2: Let (X,G) be a G- metric space and I€tx,} be a sequence of
points ofX, a point xJ Xis said to be the limit of the sequefxg , if
lim G(xX,,X,) =0, and we say that the sequedoe} is G- convergent tax

n,m- +oo

or {x,} G-converges to.

Thus, x, — x in a G- metric spacegX,G) if for any [0>0 there existsk I N
such thatG(x, x,,, x,,) <O , for all m,n >k

n?
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Proposition 1.3: Let (X,G) be a G- metric space. Then the following are
equivalent:

i) {x.,} is G- convergent t&

i) G(x,,X,,X) - 0 asn - +oo
iii) G(x,,%X) - 0asn - +o

iv) G(X,,X,,X) - 0 as nm - +o

Proposition 1.4: Let (X,G) be aG- metric space. Then for any x, y, z, ain X it
follows that

i) If G(xYy,z)=0 thenx=y=2
ii) G(X %2 <G(xxY)+G(Xx2)
iii) G(XY,Y) <2G(Y, % X)

iv)  G(xy,2<G(xaz+G(@a Y2

Definition 1.5: Let (X,G) be aG - metric space. A sequente,} is called aG -
Cauchy sequence if for any> 0 there existsk O N such that G(x,, x,,, %) <O
for allm,n,l 2 k, that isG(x,,X,,,%) - 0 as nm,| - +co.

Proposition 1.6: Let (X,G) be a G- metric space .Then the following are
equivalent:

i) The sequencgx,} is G- Cauchy;
i) For any [0>O0there existskON such that G(x,,X,,,X,) <O for all
m,n =k

Proposition 1.7: A G- metric space (X,G) is called G-complete if everyG -
Cauchy sequence (s-convergent irfX,G).

Proposition 1.8: Let (X,G) be a G-metric space. Theri: X - X is G-
continuous atx[1 X , if and only if it is G-sequentially continuousa, that is ,
whenevef x.} is G-convergent to ,x{ f(xn)} is G-convergent tof (x) .

Definition 1.9: Letf and g be two self — maps on a set X. Maps f aan@ gaid to
be commuting iffgx = gfx , for all x[O X

Definition 1.10: Letf and g be two self — maps on a set X.fi¥= gx , for some
x[0 X then x is called coincidence point of fand g.
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Definition 1.11[6] : Let f and g be two self — maps defined on &sethen f
and g are said to be weakly compatible if they roome at coincidence points.
That is if fu=gu for someul X, then fgu = gfu.

Lemma 1.12 [5]: Let f and g be weakly compatible self mappings sétax. If f
and g have a unique point of coincidence , thatws= fx = gx, then w is the

unique common fixed point of f and g.

Definition 1.13: A functiong: [0,0) - [0,) is said to be special phi function if
it satisfies:

)] O<g¢(t)<t ,forall t>0
i) The seriequa”(t) converges for alt >0

nx1

i.e. we may havelirp ¢'(t) =0 forallt >0 and

iii) ¢ IS an upper semi continuous function.

Definition 1.15: A real valued functiory defined onX [0 Ks said to be upper
semi continuous ifim supg(t,) < ¢(t) , for every sequenc{tn}D X witht, -t

asn - oo,

2 Main Result

Theorem 2.1: Let (X,G) be a complete G - metric space and
A,B,C,L,M,N: X - X be mappingssuch that

) N(X) O A(X) , L(X)OB(X) , M(X) OC(X)
1)) G(Lx,My,N2) < ¢(A(X, ¥,2)) , whereg is a special phi function
and
A(x,y, 2= max{ G(Ax By, C3, G Lx AxCg G My By Ax G Nz Cz})

)  The pairqL,A), (M,B) and (N,C) are weakly compatible.
Then A,B,C,L,M and N have a unique common fixed point in X.

Proof: Let x, be an arbitrary point of X and define the sequ{:ndein X such
that
yn = an = BXn+1 ! yn+1 = IVIXn+1 = an+2 ! yn+2 = I\Ixn+2 = Axn+3

Consider,G(Y,, Yo Yieo) = G(LX,, MX,;, NX ., )
S 44/1 (Xn 1 Xn+1' Xn+2 ))
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where

G(AX,, BX,1, CX.2), }
)

A ' N1y 2 = )
(6 %21 %o2) max{G(L)g,A)g,Cm),qM%p BX. A @ N, Gx, By

= max .{G(N)ﬁ"‘l’ Lx, Mx,,), A Lx, Nx,, M%ﬂl)}
G(MX,,,, Lx,, Nx_,), G Nx,,, Mx,, LX)
= Max{G (Yot Yos Vo) GV Yot Yus): GVt Yo Yot )s G (Vi Yoot Vo )b
182 A%y X1 Xpi2) = MEXIG(Yrs Vs Yn)s G Vs Vs Voo )}
Sinceg¢ is a phi function,
Therefore A(X,, Xp.15 Xns2) = G(Yss Yosrr Yaiz )iS NOt possible.

Therefore G(Y,, Yni1s Yoe2) S AGC(Yots Yer Yoer ) ===mmmmmmmes (2.1.1)

Since ¢ is an upper semi continuous, special phi functsm,equation (2.1.1)
implies that the sequenc{gn} is monotonic decreasing and continuous.

Hence there exists a real number s&0 , such thatlim G(Y,, Y,.1s Yai2) =T
n-o

As n - oo, equation (2.1.1) implies thak ¢(r) , which is possiblenly ifr =0,
becauseg is a special phi function.

Therefore limG(y,,¥,.,Y2) =0 — mee—e- (2.1.2)

Now we show thafy, } is a Cauchy sequence.
We have,

G(yn ' yn+1’ yn+2) < (dG(yn—l’ yn' yn+1)) by (211)
< AAG(Yn2s Yoar Yo )
=@ (G(Yo-2: Yos: ¥n))

< ¢ (G(Yo: Y11 ¥2))
By using (G; ),(G,), (G;)and condition (2.1.1) for angON , we write
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G(yn ’ yn+k ’ yn+k) < G(yn' yn+1’ yn+1) + G(yn+1' yn+2' yn+2) + G(yn+2' yn+3' yn+3)
+ ===+ G(Ynikzs Yekerr Yorka) ¥ G(Ynekats Yoeks Yok

SG(Yor Yooar Yoe2) T A Yo Yoz o)t @ Y20 %o ¥
+===4+G(Ynirzr Yrrcrr Y 0 F A Vi ks Yoo Yo k1)

<O"(G(Yo Yoo YN TE™H (A ¥ Y W)TE™H(Q Y ¥ V)
+___+¢n+k(G(y0' Vi yz))

n+k

=Z¢(G(yo,y1,yz))

. Gy Yoo Vo) € 2O G0 VoY) 2.1.3)

i=n

By definition of function phi, we have > ¢ (G(y,.y.,Y,)) tends to O as
n - o

Thereforelim G(Y,,, Yk Your) =0 forall kKON

This means tha{yn} is a Cauchy sequence and sintcés complete, therefore
there exists a poinilJ X , such thatlimy, =u

n-o

Therefore lim Lx, =limBx,,, =u, limMx_,, =limCx_,, =u

n-oo n-oo n- o n- oo
and lim Nx_,, =1lim AX,; =u
n-oo n-oo

Since N(X) O A(X) , there exists a poinv[J X such thatu = Av
Therefore by (1) we have,

G(Lv,u,u) £ G(Lv,Mx,,;,u) + G(MX,,,u,u)

< G(LV, MX,.1, NX,,5) + G(NX,,, .U, MX,;) + G(MX,,1, U, U)

S @AV, Xoi1s Xni2)) + GINX o, U MX ) + G(MX U L)) - (2.1.5)
Where,

G(AV, BX,,, Cx,,), G Lv Ay Cx,), }
)

A V, X .1, X,,) = Max:
( Xovnr % 2) {G(M)ﬁ]ﬂ, B)gﬂ, A\), G( N?&z’ C%Z’ Bf?*(l

= max.{G(u, Lx,, MX..;),G(Lv,u,Mx,,,),G(MX,,, LX,,u), G(NX,,,, MX.,, an)}

n+1l
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Taking limit asn — oo in the above relation, we get

AV, Xoigs Xiip) = max.{G(u,u,u),G(Lv,u,u),G(u,u,u),G(u,u,u)}

ThereforeA(V, X,;, X,.,) =G(LV U u )

Thus asn — o, we get from (2.1.5)

G(Lv,u,u) < ¢(G(Lv,u,u)) + G(u,u,u) + G(u,u,u)

ie. G(Lv,u,u) € ¢(G(Lv,u,u) (2.1.6)
If Lv#u ,thenG(Lv,u,u) >0, and hence ag is a special phi function
¢(G(Lv,u,u)) < G(Lv,u,u)

Therefore from (2.1.6) we ha@Lv,u,u) < G(Lv,u,u), which is a contradiction
[l we must haveLv =u. So we haveAv=Lv =u.

i.e. Vv is a coincidence point of andA.
Since the pair of magsandA are weakly compatible,
O LAv=ALv i.e.Lu=Au

Again, sinceL(X) O B(X) , there exists a pointv[] X such thatu = Bw

Therefore by (Il) we have,

G(u,u,Mw) =G(Lv,Lv,Mw) (- G(xXxY)<G(xY,2)
< G(Lv,Mw,Nx_,, )

SpAV.WX., ) (2.1.7)

G(Av, Bw Cx,,), Ly Ay Cx,),
WhereA(v,W,XHz):max_{ (Av, Bw Cx,,), G Lv Ay GX,) \)}

G(Mw, Bw Ax,,), Q Nx,, Cx,, B
= max{G(u,u, Mx,,,),G(u,u,Mx,,),G(Mw,u, Nx ,,), G(NX .., Mx..,,u)}

Taking limitas n - o , we get
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AV, W, X,.,,) = max.{G(u,u,u),G(u,u,u),G(Mw,u,u),G(u,u,u)}
Therefore A(v,w, X,,) = G(Mw,u,u) = G(u,u, Mw)

Therefore from (2.1.7), we geB(u,u,Mw) < ¢(G(u,u,Mw))  __________ (2.1.8)

If Mw# u , thenG(u,u, Mw) > 0and hence ag is a special phi function,
¢(G(u,u,Mw)) <G(u,u,Mw)

Therefore by using (2.1.8), we geG(u,u,Mw) <G(u,u,Mw), which is a
contradiction.

Hence we haveMw = u. Thus we haveMw = Bw=ui.e.w is a coincidence point
of M andB.

Since the pair of mapgd andB are weakly compatible,

O MBw=BMw i.e. Mu = Bu

Now again, sinceM (X) O C(X) , there exists a poinp I X , such thatu =Cp
Therefore by (Il), we have,

G(u,u, Np) = G(Lv, Mw, Np)
s¢Avw,p) (2.1.9)

Where

A(v,w, p) = max{G(Av, Bw,Cp),G(Lv, Av,Cp), G(Mw, Bw, Av), G(Np,Cp, Bw)}
= max.{G(u,u,u),G(u,u,u),G(u,u,u),G(Np,u,u)}

Therefore A(v,w, p) = G(Np,u,u) = G(u,u, Np)

Therefore from (2.1.9), we hav&(u,u,Np) < ¢(G(u,u,Np))  -----—--- (2.1.10)
If Np#u,thenG(u,u,Np) >0 and hence ag is a special phi function,
¢(G(u,u,Np)) <G(u,u,Np)

Therefore from (2.1.10) we getG(u,u,Np)<G(u,u,Np), which is a
contradiction.

Hence we must havélp =u.Thus we haveNp=Cp =u i.e.p is a coincidence
point of N andC. Since the pair of mapgé andC are weakly compatible,
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[0 NCp=CNp i.e. Nu=Cu
Now we show thatJ’ is a fixed point ofL .

By (1), we have G(Lu,u,u) = G(Lu, Mw, Np)
s¢(Aluwp)y (2.1.11)

Where

Au,w, p) = max.{G(Au, Bw, Cp),G(Lu, Au,Cp),G(Mw, Bw, Au),G(Np,Cp, va)}
= max{G(Lu,u,u),G(Lu, Lu,u),G(u,u, Lu),G(u,u,u)}
S(Lu,u,u) - by (iv) of Proposition 1.4

Therefore from (2.1.11), we havé&(Lu,u,u) < ¢(G(Lu,u,u)) - (2.1.12)
If Lu#u ,thenG(Lu,u,u) >0 and hence ag is a special phi function,

0 ¢(G(Lu,u,u)) < G(Lu,u,u)

Therefore (2.1.12) implies th&(Lu,u,u) < G(Lu,u,u), which is a contradiction.

Hence we havéu =u. So we getLu = Au=u.

Now, we show that is a fixed point oM.
Therefore by (Il) we haveG (u,u, Mu) = G(Lu, Np, Mu)
= G(Lu,Mu, Np)
<¢(Au,u,p) 0 e (2.1.13)
Where
A(u,u, p) = max{G(Au, Bu,Cp),G(Lu, Au,Cp), G(Mu, Bu, Au), G(Np,Cp, Bu)}
= max{G(Lu, Mu,u),G(Lu, Lu,u),G(Mu, Mu, fu),G(u,u, Mu)}
= max{G(u, Mu,u),G (u,u,u),G(Mu, Mu,u), G (u,u, Mu)}
=G(u,u,Mu) - by (iv) of Proposition 1.4

So from (2.1.13) we geG(u,u,Mu) < ¢(G(u,u,Mu)) - (2.1.14)
If Mu#u, thenG(u,u,Mu) >0 and hence ag is a special phi function,
¢(G(u,u, Mu) < G(u,u, Mu)

Thus from (2.1.14) we geG(u,u, Mu) < G(u,u, Mu), which is a contradiction.

ThereforeMu =u. Hence Mu=Bu=u
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Now we show thati is a fixed point ofN.
Therefore from (1) we haveG (u,u, Nu) = G(Lu, Mu, Nu)
<¢A(u,uu) 0 - (2.1.15)

Where

A(u,u,u) = max{G(Au, Bu, Cu),G(Lu, Au,Cu),G(Mu, Bu, Au),G(Nu,Cu, Bu)}
= max{G(u,u, Nu),G(u, Lu, Nu),G(u, Mu, Lu), G(Nu, Nu, Mu)}
= max.{G(u,u, Nu),G(u,u, Nu),G (u,u,u),G(Nu, Nu,u)}

=G(u,u,Nu) --------- by (iv) of Proposition 1.4

Thus from (2.1.15) we hav& (u,u,Nu) < ¢(G(u,u,Nu)) - (2.1.16)
If Nu#u,thenG(u,u,Nu) >0 and hence ag is a special phi function,
¢(G(u,u,hu)) <G(u,u, hu)

Thus by using (2.1.16) we ge&(u,u, Nu) < G(u,u, Nu), which is a contradiction.
HenceNu=u. Thus we haveNu=Cu=u

ThereforeLu = Au=Mu =Bu=Nu=Cu=u i.e. U is a common fixed point of
L,A M,B,N andC.

Now we show thatu’ is unique common fixed point df, A,M,B, N andC.

If possible, let us assume that ‘is another common fixed point af, AM,B,N
andC.

By using (Il) we haveG(u,u,m) = G(Lu, Mu, Nm)
<¢(Auum) e (2.1.17)
Where
Au,u,m) = max{G(Au, Bu,Cm),G(Lu, Au,Cm),G(Mu, Bu, Au), G(Nm Cm Bu)}
= max{G(u,u,m),G(u,u,m),Gu,u,u),G(m mu)}
=G(u,u,m) - by (iv) of Proposition 1.4

Thus from (2.1.17) we hav& (u,u,m) < ¢(G(u,u,m))  -——--—---mm- (2.1.18)

If u#zm, then G(u,u,m)>0 and hence asg is a special phi function ,
¢(G(u,u,m)) < G(u,u,m)

Hence from (2.1.18) we geg (u,u,m) < G(u,u,m) , which is a contradiction.
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Hence we havel =m.
Thus U’ is the unique common fixed pointdf , A, M , B, N andc.

Example2.2: Let X =[0,0) and G be a mapping defined oK as
G(x, y,2) =|x=y|+|y-Z+|z—x ,forall xy,zOX.

Then G is a completeG- metric on X and (X,G) is a completeG -metric
space.

Let AB.C.LLM.N:X » X be defined asszg , sz% , CX:g ,
szi , Mx:l
24 36

and Nx:1—X2 then (i) N(X) O A(X) , L(X)OB(X), M(X)OC(X)

(i) The pairs(L,A), (M,B)and(N,C) are weakly compatible.
(i) Also G(Lx,My,N2) < ¢(A(X, Y, 2)

Where
A(X, y,2) = max.{G(Ax, By,C2),G(Lx, Ax,C2),G(My, By, AX),G(NzCz By)}
Then ‘0’ is unique common fixed point &f, AM,B,N andCin X

Corollary 2.3: Let (X,G) be a complete G - metric space and
A,L,M,N: X - X be mappings such that

) N(X) O A(X), L(X) OAX) , M(X) O A(X)
) G(Lx,My,N2) < ¢(A(X, ¥,2z)) , where ¢ is a special phi function and
A(X, y,2) = max.{G(Ax, Ay, A2),G(Lx, Ax, Az),G(My, Ay, AX),G(Nz Az, Ay)}

[l)  The pairs(L,A), (M,A) and (N, A) are weakly compatible.
Then A/L,M and N have a uniqgue common fixed point in X.

Proof: By taking A= B =C in Theorem 2.1 we get the proof.

Corollary 2.4: Let (X,G) be a complete G - metric space aAdL: X — X be
mappingssuch that

) L(X) O A(X)
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1) G(Lx,Ly,L2) < ¢(A(x ¥,2)) , where ¢ is a special phi function and
A(X, y,2) = max.{G(Ax, Ay, A2),G(Lx, Ax, A2),G(Ly, Ay, AX),G(Lz Az Ay)}

ll)  The pair (L, A) is weakly compatible.
Then A,L have a unique common fixed point ¥
Proof: By taking A=B=C & L=M =NinTheorem 2.1 we get the proof.
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