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Abstract 

     In this paper a unique common fixed point theorem has been proved for three 
pairs of weakly compatible mappings in complete G – metric space. This theorem 
is the extension of many other results existing in the literature. An example has 
been provided to validate the main result of this paper.  

     Keywords: Common fixed point, Complete G – metric space, G – Cauchy 
sequence, Weakly compatible maps.      

 

1 Introduction 
 
The concept of the commutativity has been generalized in several ways. S. Sessa, 
[11] has introduced the concept of weakly commuting whereas Gerald Jungck [5] 
initiated the concept of compatibility. It can be easily verified that  
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• When the two mappings are commuting then they are compatible but not 
conversely.  

• Compatible mappings are more general than commuting and weakly 
commuting mappings. 

• Compatible maps are weakly compatible but not conversely. 
 
Many authors like [3], [4], [1] and [10] worked on compatible mappings in metric 
space.  
 
Mustafa in collaboration with Sims [14] introduced a new notation of generalized 
metric space called G- metric space in 2006.  He proved many fixed point results 
for a self mapping in G- metric space under certain conditions. 
 
The main aim of this paper is to prove unique common fixed point theorem for 
three pairs of weakly compatible maps satisfying a new contractive condition in a 
complete G – metric space. 
 
Now, we give preliminaries and basic definitions which are used through-out the 
paper. 
 
Definition 1.1: Let X be a non empty set, and let +→×× RXXXG :  be a 
function satisfying the following properties: 
 

)( 1G 0),,( =zyxG  if  zyx ==  

)( 2G ),,(0 yxxG<  for all Xyx ∈, ,with  yx ≠  

)( 3G ),,(),,( zyxGyxxG ≤  for all Xzyx ∈,, , with zy ≠  

)( 4G ),,(),,(),,( xzyGyzxGzyxG ==    (Symmetry in all three variables) 

)( 5G ),,(),,(),,( zyaGaaxGzyxG +≤  , for all Xazyx ∈,,,    (rectangle 

inequality) 
 
Then the function G is called a generalized metric space, or more specially a G- 
metric on X, and the pair ),( GX  is called a G−metric space. 
 
Definition 1.2: Let ),( GX  be a G - metric space and let }{ nx be a sequence of 

points ofX , a point Xx∈ is said to be the limit of the sequence}{ nx , if 

0),,(lim
,

=
+∞→ mn

mn
xxxG , and we say that the sequence }{ nx  is G - convergent to x  

or  }{ nx  G -converges to x .  

 
Thus, xxn →  in a G - metric space ),( GX  if for any 0∈>  there exists Nk ∈  

such that <∈),,( mn xxxG  , for all knm ≥,  
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Proposition 1.3: Let ),( GX  be a G - metric space. Then the following are 
equivalent: 
 
 i)  }{ nx  is G - convergent tox  

ii)  0),,( →xxxG nn  as +∞→n  

iii) 0),,( →xxxG n  as +∞→n  

iv) 0),,( →xxxG mn  as  +∞→mn,  

 
Proposition 1.4: Let ),( GX  be a G - metric space. Then for any x, y, z, a in X it 
follows that 
  
i) If 0),,( =zyxG   then zyx ==  
ii)  ),,(),,(),,( zxxGyxxGzyxG +≤  
iii)  ),,(2),,( xxyGyyxG ≤  
iv) ),,(),,(),,( zyaGzaxGzyxG +≤  
 
Definition 1.5: Let ),( GX  be a G - metric space. A sequence }{ nx  is called a G - 

Cauchy sequence if for any 0∈>  there exists Nk ∈  such that  <∈),,( lmn xxxG  

for all klnm ≥,, , that is 0),,( →lmn xxxG  as  .,, +∞→lmn  
 
Proposition 1.6: Let ),( GX  be a G - metric space .Then the following are 
equivalent: 
 
i) The sequence }{ nx  is G - Cauchy; 

ii) For any 0∈> there exists Nk ∈  such that <∈),,( mmn xxxG  for all 

knm ≥,  
 
Proposition 1.7: A G - metric space  ),( GX  is called G -complete if every G -
Cauchy sequence   is G -convergent in ),( GX . 
 
Proposition 1.8: Let ),( GX  be a G-metric space. Then XXf →:  is G-
continuous at Xx∈  , if and only if it is G-sequentially continuous at x  , that is , 
whenever }{ nx is G-convergent to x , { })( nxf   is G-convergent to )(xf . 

 
Definition 1.9: Let f and g be two self – maps on a set X. Maps f and g are said to 
be commuting if gfxfgx =  , for all Xx∈  
 
Definition 1.10: Let f and g be two self – maps on a set X. If  gxfx =  , for some 

Xx∈  then x is called coincidence point of  f and g. 
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Definition 1.11[6] : Let  f  and g  be two self – maps defined  on a set X  , then  f  
and g  are said to be weakly compatible if they commute at coincidence points. 
That is if  gufu =  for some Xu∈ , then  gfufgu = . 
 
Lemma 1.12 [5]: Let f and g be weakly compatible self mappings of a set X. If  f  
and g  have a unique point of coincidence , that is , gxfxw == , then w  is the  
unique common fixed point of  f  and g.  
 
Definition 1.13: A functionφ : ),0[),0[ ∞→∞  is said to be special phi function if 
it satisfies: 
  
i) tt << )(0 φ  , for all  0>t   

ii)  The series  ∑
≥1

)(
n

n tφ  converges for all 0>t  

i.e. we may have  0)(lim =
+∞→

tn

n
φ  for all 0>t  and 

iii)  φ  is an upper semi continuous function. 
 
Definition 1.15: A real valued function φ  defined on RX ⊆ is said to be upper 

semi continuous if )()(suplim ttn
n

φφ ≤
∞→

, for every sequence { } Xtn ∈  with ttn →  

as ∞→n . 
 

2 Main Result 
 
Theorem 2.1:  Let ),( GX  be a complete G - metric space and   
 XXNMLCBA →:,,,,,  be mappings  such that 
  
I) )()( XAXN ⊆  , )()( XBXL ⊆  , )()( XCXM ⊆  
II)   )),,((),,( zyxNzMyLxG λφ≤  , where φ  is a special phi function 

and  

{ }( , , ) max. ( , , ), ( , , ), ( , , ), ( , , )x y z G Ax By Cz G Lx Ax Cz G My By Ax G Nz Cz Byλ =
 

 III)    The pairs ),( AL , ),( BM  and ),( CN  are weakly compatible. 
 
Then  MLCBA ,,,,   and  N  have a unique common fixed point in X. 
 
Proof: Let  0x  be an arbitrary point of X and define the sequence{ }nx  in X   such 

that  
              1+== nnn BxLxy   ,   211 +++ == nnn CxMxy   ,  322 +++ == nnn AxNxy  

 
Consider, ),,(),,( 2121 ++++ = nnnnnn NxMxLxGyyyG  

                                 )),,(( 21 ++≤ nnn xxxλφ            
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where  
  

1 2
1 2

2 1 1 2 2 1

( , , ),
( , , ) max.

( , , ), ( , , ), ( , , )
n n n

n n n
n n n n n n n n n

G Ax Bx Cx
x x x

G Lx Ax Cx G Mx Bx Ax G Nx Cx Bx
λ + +

+ +
+ + + + + +

 
=  

 
 

                          1 1 1 1

1 1 2 1

( , , ), ( , , ),
max.

( , , ), ( , , )
n n n n n n

n n n n n n

G Nx Lx Mx G Lx Nx Mx

G Mx Lx Nx G Nx Mx Lx
− + − +

+ − + +

 
=  

 
  

 
{ }),,(),,,(),,,(),,,(.max 12111111 nnnnnnnnnnnn yyyGyyyGyyyGyyyG ++−++−+−=   

 
i.e. { }),,(),,,(.max),,( 211121 +++−++ = nnnnnnnnn yyyGyyyGxxxλ  
 
Since φ  is a phi function, 
 
Therefore  ),,(),,( 2121 ++++ = nnnnnn yyyGxxxλ  is not possible. 

 
Therefore  )),,((),,( 1121 +−++ ≤ nnnnnn yyyGyyyG φ                         -------------- (2.1.1) 

 
Since φ  is an upper semi continuous, special phi function, so equation (2.1.1) 

implies that the sequence { }ny  is monotonic decreasing and continuous. 

 
Hence there exists a real number say 0≥r  , such that  ryyyG nnn

n
=++∞→

),,(lim 21  

As  ∞→n  , equation (2.1.1) implies that )(rr φ≤ , which is possible only if 0=r , 
because φ  is a special phi function. 
            
Therefore  0),,(lim 21 =++∞→ nnn

n
yyyG                                             -------------- (2.1.2) 

 
Now we show that { }ny  is a Cauchy sequence. 

We have, 
 

)),,((),,( 1121 +−++ ≤ nnnnnn yyyGyyyG φ                                                       by (2.1.1) 

                             ))),,((( 12 nnn yyyG −−≤ φφ   

                             )),,(( 12
2

nnn yyyG −−= φ  

                              

'

'

'

 

                             )),,(( 210 yyyGnφ≤  

By using  )( 3G  , )( 4G , )( 5G and condition (2.1.1) for any Nk ∈ ,  we write 
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),,(),,(

),,(),,(),,(),,(

1112

33222111

knknknknknkn

nnnnnnnnnknknn

yyyGyyyG

yyyGyyyGyyyGyyyG

++−+−+−+−+

++++++++++

++−−−+
++≤

 

 
 

 
1 2

0 1 2 0 1 2 0 1 2

0 1 2

( ( , , )) ( ( , , )) ( ( , , ))

( ( , , ))

n n n

n k

G y y y G y y y G y y y

G y y y

ϕ ϕ ϕ
ϕ

+ +

+

≤ + +

+ − − − +  

 

∑
+

=

=
kn

ni

i yyyG )),,(( 210φ  

i.e. ≤++ ),,( knknn yyyG  ∑
∞

=ni

i yyyG )),,(( 210φ                              --------------- (2.1.3) 

By definition of function phi, we have   ∑
∞

=ni

i yyyG )),,(( 210φ   tends to 0 as  

∞→n  
 
Therefore 0),,(lim =++∞→ knknn

n
yyyG        , for all  Nk ∈                  ----------- (2.1.4) 

 
This means that { }ny  is a Cauchy sequence and since X is complete, therefore 

there exists a point  Xu∈  , such that  uyn
n

=
∞→

lim
 

 
Therefore  uBxLx n

n
n

n
== +∞→∞→ 1limlim ,  uCxMx n

n
n

n
== +∞→+∞→ 21 limlim  

 
and  uAxNx n

n
n

n
== +∞→+∞→ 32 limlim  

 
Since  )()( XAXN ⊆  , there exists a point  Xv∈  such that  Avu =  
Therefore by (II) we have, 
 

),,(),,(),,( 11 uuMxGuMxLvGuuLvG nn ++ +≤  

                  ),,(),,(),,( 11221 uuMxGMxuNxGNxMxLvG nnnnn +++++ ++≤  

                  )),,(),,()),,(( 11221 uuMxGMxuNxGxxv nnnnn +++++ ++≤ λφ    ----- (2.1.5)  

Where, 
 

1 2 2
1 2

1 1 2 2 1

( , , ), ( , , ),
( , , ) max.

( , , ), ( , , )
n n n

n n
n n n n n

G Av Bx Cx G Lv Av Cx
v x x

G Mx Bx Av G Nx Cx Bx
λ + + +

+ +
+ + + + +

 
=  

 
                

         
{ }),,(),,,(),,,(),,,(.max 12111 nnnnnnnn LxMxNxGuLxMxGMxuLvGMxLxuG +++++=    

1 2 1 2 3 2 3 4

2 1 1 1

( , , ) ( , , ) ( , , )

( , , ) ( , , )
n n n n n n n n n

n k n k n k n k n k n k

G y y y G y y y G y y y

G y y y G y y y
+ + + + + + + +

+ − + − + + − + + +

≤ + +
+ − − − + +
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Taking limit as ∞→n  in the above relation, we get 
   

{ }),,(),,,(),,,(),,,(.max),,( 21 uuuGuuuGuuLvGuuuGxxv nn =++λ  
 
Therefore ),,(),,( 21 uuLvGxxv nn =++λ  
 
Thus as ∞→n , we get from (2.1.5) 
 

),,(),,()),,((),,( uuuGuuuGuuLvGuuLvG ++≤ φ    
 
i.e. )),,((),,( uuLvGuuLvG φ≤                                                    -------------- (2.1.6) 

 
If  uLv ≠  , then 0),,( >uuLvG  , and hence as φ  is a special phi function 
  

),,()),,(( uuLvGuuLvG <φ  
 
Therefore from (2.1.6) we have ),,(),,( uuLvGuuLvG < , which is a contradiction 
 
∴ we must have  uLv = . So we have uLvAv == . 
 
i.e.  v  is a coincidence point of  L and A. 
 
Since the pair of maps L and A are weakly compatible, 
 
∴  ALvLAv =  i.e. AuLu =  
 
Again, since )()( XBXL ⊆  , there exists a point  Xw∈  such that  Bwu =  
 
Therefore by (II) we have, 
 

),,(),,( MwLvLvGMwuuG =      )),,(),,(( zyxGyxxG ≤∵  

                   ),,( 2+≤ nNxMwLvG  

                   )),,(( 2+≤ nxwvλφ                                               -------------------- (2.1.7) 

 

Where 2 2
2

2 2 2

( , , ), ( , , ),
( , , ) max.

( , , ), ( , , )
n n

n
n n n

G Av Bw Cx G Lv Av Cx
v w x

G Mw Bw Ax G Nx Cx Bw
λ + +

+
+ + +

 
=  

 
 

                    
{ }),,(),,,(),,,(),,,(.max 12111 uMxNxGNxuMwGMxuuGMxuuG nnnnn +++++=  

 
Taking limit as  ∞→n  , we get 
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{ }),,(),,,(),,,(),,,(.max),,( 2 uuuGuuMwGuuuGuuuGxwv n =+λ  

Therefore  ),,(),,(),,( 2 MwuuGuuMwGxwv n ==+λ  

 
Therefore from (2.1.7), we get  )),,((),,( MwuuGMwuuG φ≤       ------------ (2.1.8) 
 
If uMw ≠  , then 0),,( >MwuuG and hence as φ  is a special phi function, 
  

),,()),,(( MwuuGMwuuG <φ    
 
Therefore by using (2.1.8), we get, ),,(),,( MwuuGMwuuG < , which is a 
contradiction. 
 
Hence we have uMw = . Thus we have uBwMw == i.e. w is a coincidence point 
of M and B. 
Since the pair of maps M and B are weakly compatible, 
 
∴ BMwMBw =  i.e. BuMu =  
 
Now again, since )()( XCXM ⊆  , there exists a point Xp∈ , such that Cpu =  
Therefore by (II), we have, 
 
          ),,(),,( NpMwLvGNpuuG =  
                            )),,(( pwvλφ≤                                              ----------------- (2.1.9) 

 
Where 
 
 { }),,(),,,(),,,(),,,(.max),,( BwCpNpGAvBwMwGCpAvLvGCpBwAvGpwv =λ  

                            { }),,(),,,(),,,(),,,(.max uuNpGuuuGuuuGuuuG=  
 
Therefore  ),,(),,(),,( NpuuGuuNpGpwv ==λ  
 
Therefore from (2.1.9), we have  )),,((),,( NpuuGNpuuG φ≤         -------- (2.1.10)       
 
If  uNp ≠ , then 0),,( >NpuuG  and hence as φ  is a special phi function, 
  

),,()),,(( NpuuGNpuuG <φ  
 
Therefore from (2.1.10) we get, ),,(),,( NpuuGNpuuG < , which is a 
contradiction. 
 
Hence we must have uNp = .Thus we have uCpNp ==  i.e. p is a coincidence 
point of N and C. Since the pair of maps N and C are weakly compatible, 
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∴ CNpNCp =   i.e. CuNu =  
Now we show that ‘u’ is a fixed point of  L . 
 
By (II), we have  ),,(),,( NpMwLuGuuLuG =  
                                               )),,(( pwuλφ≤                                 ----------- (2.1.11) 

 
Where 
 
 { }),,(),,,(),,,(),,,(.max),,( BwCpNpGAuBwMwGCpAuLuGCpBwAuGpwu =λ  

                            { }),,(),,,(),,,(),,,(.max uuuGLuuuGuLuLuGuuLuG=  
                            = ),,( uuLuG    ---------      by (iv) of Proposition 1.4 
                             
Therefore from (2.1.11), we have,  )),,((),,( uuLuGuuLuG φ≤         ------ (2.1.12) 
  
If uLu ≠  , then 0),,( >uuLuG  and hence as φ  is a special phi function, 
 
 ∴ ),,()),,(( uuLuGuuLuG <φ  
 
Therefore (2.1.12) implies that ),,(),,( uuLuGuuLuG < , which is a contradiction. 
 
Hence we have uLu = . So we get uAuLu == . 
 
Now, we show that u is a fixed point of M. 
Therefore by (II) we have, ),,(),,( MuNpLuGMuuuG =  
                                                              ),,( NpMuLuG=    
                                                              )),,(( puuλφ≤                ------------- (2.1.13) 
Where 

{ }),,(),,,(),,,(),,,(.max),,( BuCpNpGAuBuMuGCpAuLuGCpBuAuGpuu =λ  

                            { }),,(),,,(),,,(),,,(.max MuuuGfuMuMuGuLuLuGuMuLuG=     

                            { }),,(),,,(),,,(),,,(.max MuuuGuMuMuGuuuGuMuuG=    
                            ),,( MuuuG=         ---------      by (iv)  of  Proposition 1.4                        
 
So from (2.1.13) we get, )),,((),,( MuuuGMuuuG φ≤                ------------ (2.1.14) 
 
If uMu ≠ , then 0),,( >MuuuG  and hence as φ  is a special phi function, 
  

),,(),,(( MuuuGMuuuG <φ  
 
Thus from (2.1.14) we get, ),,(),,( MuuuGMuuuG < , which is a contradiction. 
 
Therefore uMu = . Hence  uBuMu ==  
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Now we show that u is a fixed point of  N. 
Therefore from (II) we have, ),,(),,( NuMuLuGNuuuG =  
                                                                  )),,(( uuuλφ≤            ------------- (2.1.15) 
 
Where  
 

{ }),,(),,,(),,,(),,,(.max),,( BuCuNuGAuBuMuGCuAuLuGCuBuAuGuuu =λ  

                           { }),,(),,,(),,,(),,,(.max MuNuNuGLuMuuGNuLuuGNuuuG=     

                            { }),,(),,,(),,,(),,,(.max uNuNuGuuuGNuuuGNuuuG=  
                             ),,( NuuuG=    ---------      by (iv)  of  Proposition 1.4                        
 
Thus from (2.1.15) we have, )),,((),,( NuuuGNuuuG φ≤              --------- (2.1.16) 
 
If  uNu ≠ , then 0),,( >NuuuG  and hence as φ  is a special phi function, 
  

),,()),,(( huuuGhuuuG <φ  
 
Thus by using (2.1.16) we get, ),,(),,( NuuuGNuuuG < , which is a contradiction. 
 
Hence uNu = . Thus we have uCuNu ==  
 
Therefore uCuNuBuMuAuLu ======  i.e. u  is a common fixed point of

NBMAL ,,,, and C. 
 
Now we show that ‘u’ is unique common fixed point of NBMAL ,,,, and C. 
 
If possible, let us assume that ‘m’ is another common fixed point of NBMAL ,,,,
and C. 
 
By using (II) we have, ),,(),,( NmMuLuGmuuG =  
                                                       )),,(( muuλφ≤                    --------------- (2.1.17)                 
Where 

{ }),,(),,,(),,,(),,,(.max),,( BuCmNmGAuBuMuGCmAuLuGCmBuAuGmuu =λ  

                            { }),,(),,,(),,,(),,,(.max ummGuuuGmuuGmuuG=  
                             ),,( muuG=       ---------      by (iv)  of  Proposition 1.4                                   
 
Thus from (2.1.17) we have, )),,((),,( muuGmuuG φ≤            -------------- (2.1.18) 
 
If mu ≠ , then 0),,( >muuG  and hence as φ  is a special phi function , 

),,()),,(( muuGmuuG <φ  
 
Hence from (2.1.18) we get, ),,(),,( muuGmuuG <  , which is a contradiction. 
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Hence we have .mu =   

Thus ‘u’ is the unique common fixed point of NBMAL ,,,, and C. 
 
Example 2.2: Let  ),0[ ∞=X  and  G  be a mapping defined on X  as 
 
                          xzzyyxzyxG −+−+−=),,(   , for all Xzyx ∈,, . 

 
Then   G  is a complete G - metric on  X  and  ),( GX  is a complete G -metric 
space. 

Let XXNMLCBA →:,,,,,  be defined as 
3

x
Ax =  ,  

6

x
Tx =   ,  

9

x
Cx =  , 

24

x
Lx =  , 

36

x
Mx =   

and 
12

x
Nx =   then (i) )()( XAXN ⊆  ,  )()( XBXL ⊆ ,  )()( XCXM ⊆  

 
(ii) The pairs ),( AL ,  ),( BM and ),( CN  are weakly compatible. 
(iii) Also )),,((),,( zyxNzMyLxG λφ≤  
 
Where  
 

{ }),,(),,,(),,,(),,,(.max),,( ByCzNzGAxByMyGCzAxLxGCzByAxGzyx =λ  
 
Then ‘0’ is unique common fixed point of NBMAL ,,,, and C in X . 
  
Corollary 2.3: Let ),( GX  be a complete G - metric space and 
 XXNMLA →:,,, be mappings such that 
 
I) )()( XAXN ⊆ , )()( XAXL ⊆  , )()( XAXM ⊆  
II) )),,((),,( zyxNzMyLxG λφ≤  , where φ  is a special phi function and  

{ }),,(),,,(),,,(),,,(.max),,( AyAzNzGAxAyMyGAzAxLxGAzAyAxGzyx =λ
 

III)  The pairs ),( AL , ),( AM  and ),( AN  are weakly compatible. 
 
Then  MLA ,,   and  N  have a unique common fixed point in X. 
    
Proof: By taking CBA ==  in Theorem 2.1 we get the proof. 
 
Corollary 2.4: Let ),( GX  be a complete G - metric space and XXLA →:, be 
mappings such that 
    
I)     )()( XAXL ⊆   



102                                                                                                  K.B. Bajpai et al. 

II)   )),,((),,( zyxLzLyLxG λφ≤  , where φ  is a special phi function and  

{ }),,(),,,(),,,(),,,(.max),,( AyAzLzGAxAyLyGAzAxLxGAzAyAxGzyx =λ
 

III)    The pair ),( AL  is weakly compatible. 
      
Then  LA,    have a unique common fixed point in  X. 
   
Proof: By taking CBA ==  &  NML == in Theorem 2.1  we get  the  proof.  
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