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Abstract
The Szeged index of a graph G, denoted by Sz(G) = Y. nS(e)nS(e). Simi-
uv=ecE(G)
larly, the Weighted Szeged index of a graph G, denoted by S z,,(G) = ). (dG(u)+
uv=ecE(G)

dG(v))n,(f(e)nf(e), where dg(u) is the degree of the vertex u in G. In this paper, the
exact formulae for the weighted Szeged indices of generalized hierarchical product
and Cartesian product of two graphs are obtained.

Keywords: Generalized hierarchical product, Cartesian product, Szeged index,
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1 Introduction

All the graphs considered in this paper are connected and simple. A vertex x €
V(G) is said to be equidistant from the edge e = uv of G if dg(u, x) = dg(v, x),
where dg(u, x) denotes the distance between u and x in G. The edges e = uv
and f = xy of G are said to be equidistant edges if min{ds(u, x),dc(u,y)} =
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min {ds(v, x), ds(v,y)}. The degree of the vertex u in G is denoted by dg(u).

For an edge uv = e € E(G), the number of vertices of G whose distance to
the vertex u is smaller than the distance to the vertex v in G is denoted by nS(e);
analogously, n%(e) is the number of vertices of G whose distance to the vertex v in
G is smaller than the distance to the vertex u; the vertices equidistant from both the
ends of the edge e = uv are not counted.

Graph theory successfully provides the chemists with a variety of very useful
tools, namely, different topological indices. A topological index of a graph is a
parameter related to the graph; it does not depend on labeling or pictorial represen-
tation of the graph. In theoretical chemistry, molecular structure descriptors (also
called topological indices) are used for modeling physicochemical, pharmacologic,
toxicologic, biological and other properties of chemical compounds [14]. Several
types of such indices exist, especially those based on vertex and edge distances.
One of the most intensively studied topological indices is the Wiener index.

The two topological indices, namely, the Szeged index of G, denoted by S z(G),
and, weighted Szeged index of G, denoted by S z,,(G), are defined as follows:

S2G)= X ni(enf(e),

e=uve EG)

S2@ =¥ (dow +ds)ieml o)

A graph G with a specified vertex subset U C V(G) is denoted by G(U). Barriere
et al. [1, 2] defined a new product of graphs, namely, the generalized hierarchical
product, as follows: Let G and H be two graphs with a nonempty vertex subset
U C V(G). Then the generalized hierarchical product, denoted by G(U) M H, is the
graph with vertex set V(G) x V(H) and two vertices (g, h) and (g’, h") are adjacent
ifand only if g = ¢’ € U and hi' € E(H) or, gg' € E(G) and h = I’ (see Fig.1).
The Cartesian product, GO H, of graphs G and H has the vertex set V(GO H) =
V(G)xV(H) and (u, x)(v,y)isanedge of GO H ifu = vand xy € E(H) or, uv € E(G)
and x =y, see Fig.2.

o W e
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Fig.1. Ps(U) 1 P4, where U = {2, 3,4}

To each vertex u € V(G), there is an isomorphic copy of H in GO H and to each
vertex v € V(H), there is an isomorphic copy of G in G O H. But in the generalized
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hierarchical product, to each vertex u € U, there is an isomorphic copy of H and to
each vertex v € V(G), there is an isomorphic copy of G. In particular, if U = V(G),
then GOH =G(U)M H.

Flg2 Ps0OP,

Let G and H be simple connected graphs with vertex sets V(G) = {uy, u, . . . , u,}
and V(H) = {vi,va,...,v,}, respectively, and let U be a nonempty subset of G.
Then V(G(U) N H) = V(G) x V(H); for our convenience, we write V(G(U) M H) =
Uiz; Xi, where X; = {u;} X V(H); we may also write V(G(U) M H) = J'L, Y;, where
Y, = V(G) x {vj}. We denote the vertices of X; by {(u;,v;) |1 < j < m} and the
vertices of Y; by {(u;,v;)[l < i < n} and we call X;,1 < i < n, the i-th layer of
G(U)MHandY;, 1< j<m,the j-th column of G(U) M H.

Weighted Szeged index of graph G has been introduced by Illi¢ and Milosavl-
jevi¢ [11]. They are given the upper and lower bounds for weighted vertex PI index
of graph. Also the exact formula for weighted vertex PI index of Cartesian product
of graphs is obtained in [11]. The Szeged index studied by Gutman [5], Gutman
and Dobrynin [6] and Khadikar et. al. [9] is closely related to the Wiener index of
a graph. Basic properties of Szeged index and its analogy to the Wiener index are
discussed by Klavzar et. al.[8] . It is proved that for a tree T the Wiener index of
T is equal to its Szeged index. Ashrafi et. al. [10] have explained the differences
between Szeged and Wiener indices of graphs. The mathematical properties and
chemical applications of Szeged index are well studied by Dobrynin et. al. [3],
Gutman et. al. [4] and Randic et. al. [13]. Recently Pisanski and Randic [12]
studied the measuring network bipartivity using Szeged index. In this paper, the
exact formulae for the weighted Szeged indices of generalized hierarchical product
and Cartesian product of two graphs are obtained.

2 Weighted Szeged Index of G(U) M H

Let G = (V,E) be a graph and U C V. In G(U), an u-v path through U is an u-
v path in G containing some vertex w € U(vertex w could be the vertex u or v).
Let dg)(u, v) denote the length of a shortest u-v path through U in G. Note that,
if one of the vertices u and v belongs to U, then dg)(u,v) = dg(u,v). A vertex
x € V(G(U)) is said to be equidistant from e = uv € E(G(U)) through U in G(U),
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if dgw)(u, x) = dgw)(v, x). For an edge e in G(U), let Ng(y)(e) denote the number
of equidistant vertices of e through U in G(U). Then S z(G(U)) and S z,,(G(U)) are
defined as follows:

SAGWU)) = (n9(e) + nV(e))
e=uve E(G)
Sz GW) = > (dean®@) + dean()(n§V(e) + nSV(e)).
e=uve E(G)

For an edge e = uv € E(G), let T;(e, u) be the set of vertices closer to u than v and
Ts(e,v) be the set of vertices closer to v than u. That is,

Ts(e,u)
Tc(e,v)

{x € V(G)ldg(u, x) < dg(v, x)}
{x € V(G)|ds(u, x) > dg(v, x)}.

Similarly, for an edge e = uv € E(G(U)),

{x € V(GW)ldgw)(u, x) < dgwy(v, x)}
{x € V(GU))|dgw)(u, x) > dgw)(v, x)}.

TG(U)(ea u)
Tew)(e,v)

The proof of the following lemma is left to the reader as it follows easily from
the structure of G(U) M H. The lemma is used in the proof of the main theorem of
this section.

Lemma 2.1. Let G and H be graphs with U C V(G). Then
&) IVGW) N H)| = [VOIIVH)I, IE(GWU) N H)| = [EG)IV(H)| + [ECH)I|U].
(ii) The degree of the vertex (g,h) € V(G(U) N H) is dgw)(8) + ¢u(g)du(h), where
¢u denote the characteristic function on the set U which is 1 on U and 0 outside U.

dG(U)(g’ g/) + dH(h’ h’)’ lf h #+ h,’
d, L h) (g, h)) = |
(iii) dowynu((g, Mg, 1)) {dg(g, o). ifh=H

Next we compute the weighted Szeged index of the generalized hierarchical
product of two connected graphs G and H.

Theorem 2.2. Let G and H be two connected graphs with n,m vertices and p, q
edges and let U be a nonempty subset of V(G). Then S z,,(G(U) M H) =

2028 (H)( % dow)(up)+n |U| S 2 (H) +mS 2,(G) +mim =128 2,(G(U)) +m(m~
u,eU

DY (dow u)+dowup)(nG@ni () +n " emb () +2q % (pulu)+
uiure E(G) uiug€ E(G)

$uup))nS(enS (e)+2g(m=1) ¥ (du(u)+uu))(nS )y (e)+ni " (el ()

ujux€ E(G)

+2qm =12 % (puw) + gy (e)ng " (e).
)

ujure E(G
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Proof. Let V(G) = {uj,uy,...,u,}, V\H) = {vi,vp,...,v,,} and let U be a
nonempty subset of V(G). For our convenience, we partition the edge set of G(U) M
H into two sets, Ey = {(u,, v))(u,, vi) | u, € U, vivy € E(H)} and E, = {(u,, v;)(us, v;) |
u,us € E(G), v; € V(H)}, thatis, E; = U,y E((X;)) and E, = U;.”IIE((Y])).

Let e = vivy € E(H) and let v; € Ty(e;v;). Then, for any u, € U and €’ €
E, ¢ E(G(U) N H), the distance of (u,,v;) to each vertex of Y;, is less than its
distance to the vertex (u,,v;) in G(U) M H. It can be observed that if some vertex
vs € Th(e,v;), then all the vertices of the column Y are not in Tynu(e’; (4, v;)) in
G(U) n H. Also if v, is equidistant to e in H, then every vertex of Y, is equidistant
to ¢’. Consequently, for the edge ¢’ € E; (of G(U) N H) corresponding to e (in H),

Ry (€)= nnyi(e) (1)
and similarly,
ng (e’ = nnli(e). )

Hence for E; defined as above,

GWINH [ GUH
(dc;(U)nH((Mr, vi) + dowynu((uyr, Vk)))n(u(r,vi) (€ng "M (e

(ur,vi)uyp,vi)=e' € Ey

D (dew @) + du) + doay(wy) + duy(v))(n* nll(e) nll (o)),

(ur,vi)uy,vp) =€ € Ey

by (1) and (2), where e = v;v, € E(H),

=) ), deww)(nlene)

u,eUvyvy=ecE(H)

Y (dnv) + du) (n(enll(e)), since || = [UIEH),

urcUvivg=ecE(H)

= 282 2(H)( ) dowy(uy) +n* U] Sz,(H). 3)
u,eU

Let e = uyu;y € E(G(U)). Then, for any v, € V(H) €' = (u;, ve)(uy,ve) € E; C
E(GWU)NH). If u; € Tg(e,u;) then (uj, ve) € Towynu(e’, (ui, ve)). Hence {(u, ve)lu; €
Tgle,u)t € Towynnule', (u,v,). If £ # s then since dgw)ynu((ui, ve), (1), vy)) <
dewyna (g, ve), (uj, vy)) if and only if dgw)((u;, v;) + du(ve,v) < dowy((uk,v;) +
dH(Vg, VS) if and OIlly if d(;(U)((u,-, Vj) < dG(U)((uk, Vj).

Therefore {(u;, vy)lu; € Tow)(e, u:)} € Towynu(e', (ui, ve)).

Hence,
Towynu(e', (ui, ve)) = |{(Mj,V€)|Mj € Tg(e, Mi)}| + |{(Mj,Vs)|Mj € Tgw)l(e, Mi)}| .
Consequently,

nC Y (") = nG(e) + (m — 1 (e) “4)

(ui,ve)
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and similarly,

nG(U)l‘lH(e/) _ ngk(e) +(m— 1)ni}k(U)(e). (5)

(uge,ve)
Hence for E, defined as above

GWU)H, ,\ GWUIMH, s
(ui,ve) (€) (ug,ve) (e ))

(dG(U)nH((ui, ve)) + dgyna ((ug, Vt’)))("

(ui,ve)(ug,ve) =€ € Ep

= Z Z ((dG(U)(Mi) + dG(U)(Mk))(ng.(e) +(m— l)ng(U)(e))

veeV(H) ujure E(G)

(nS (&) + (m - 1>nu‘”><e>))

+ > (dH<vf>(¢U<u,-> + u)(nS(e) + (m - D V(e))
ve€V(H) ujur€ E(G)
(1S (&) + (m = )n G“”(e)))
by (4) and (5), where e = u;u; € E(G(U))
= S1+8,, where S and S, are the sums of the above terms, in order. (6)

We shall calculate S| and S, of (6) separately.
Sio= > > (dow ) + dowyo)(n ) (e)

veeV(H) ujux€ E(G)

+m=1) > > (dow@) + dow)wo)(nS @i () + ni (e (o))

veeV(H) ujure E(G)

+m=12 > > (deww) + dow)o)(ne@nV(e)

ve€V(H) ujux€ E(G)

= m > (o) +do(w))n (e (e)

ujur€ E(G)
tmm=1) > (dew(w) + dow)o)(nG (e e) + ni (e ()
u;ur€ E(G)
wmm =17 > (e (@) + dow)@o)(nn (eni ) (e))
ujur€ E(G)

= mSz,(G)+m(m — 1)>S 7,,(G(U))

wmm=1) > (dow() + dow)o)(n5@ni () + ni(emG (o). (7)
ujur€ E(G)

Sao= D DL duo(pu) + ¢u@)(nems o)

ve€V(H) ujux€ E(G)

+ m=1 > duo(pu) + gy ) (nSn(e) + nip (e o))
veeV(H) ujur€ E(G)

+ =0 > duo(pu) + uo)(ne P en e (8)

ve€V(H) ujur€ E(G)
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Using (6) and the sums S; and S, in (7) and (8), respectively, we have,

S2,(G(U) N H)
= 2028 2(H)( D dou(uy)) +n* 1U| S2(H) + mS2(G) + m(m — 1)°S 2,(G(U)
u,eU
+m(m — 1) Z(G) (dow (@) + dew) @) (nS (i (e) + nig (en ()
ujur€ E
+2q Z]E ] (Su) + du())(nS @G (o)
+2q(ulnzki 1() | >0 (eu@) + guo)(nemin(e) + ng(emG (o))
ujure E(G)
#2qm =17 > (pu) + pu@o)(n o).
uiur€ E(G)

In the above theorem, if we set U = V(G), we obtain the following corollary.

Corollary 2.3. [11] Let G and H be connected graphs. Then Sz,(GOH) =
V)P S2,(G)+|V(G) Szu(H)+4|VH)] |EH)| S2(G)+4 V(G |E(G)| Sz(H).
O

Let Gy,Go,,...,G, be graphs with vertex set V(G;) and edge set E(G;), 1 <

i < n. Denote by []G; the Cartesian product of graphs Gy, G»,...,G,. Clearly,
i=1

|V(|:| G)| = [11V(G))|. By induction on n, one can see that
i=1 i=1

EC]G)| = VG

i=1

i EG)L 1 [8], S, KlavZar et al. have proved S=((J G)) = 3,S2G) [1 |[VG)[ .
i=1 i=1 i=1 j ES)

Jj=1,j#i
Next we compute a similar result for the weighted Szeged index.

Theorem 2.4. Let G1,G,,...,G, be connected graphs. Then Sz,,([]G)) =

i=1

552,61 VG +4 3% S2GH|VGI|EG)| T IVGoP.
i=1 i,j=li#j k=1,i#k#j

Jj=Lj#i

Proof. The case n = 2 was proven in Theorem 2.2. We continue our argument by
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mathematical induction. Suppose that the results is valid for some n graphs.

n+l n

Szw([ ]Gi) = Szu([ | GinGpir)
i=1 i=1

3 n
S 2(Gue) + IV(GreD)P Szu([ ] GY)

i=1

v([]G»

i=1

2

S2Gue) + VG P IEGuen) S« [] Gi)
i=1

E([ ]Gy

i=1

V(]G

i=1

+4(

n

Szu(Get) [ [IVGHP + V@GP Y 820G [ VGyf

i=1 i=1 j=1,j#i
n n
w4 > s:GH|VGHI'|EG)| [ VGoP
ij=li%j k=1,izk#]

(525G Y IVGOPIEGH! [ ] VG +

i=1 Jj=Lj#i

VGl EGuinl Y S2G [ [VG))l')

i=1 j=1,j#i
n+1 n+1 3 n ) n+1
DsaGy [ | VGl +4( D) szGolvGyl [EGpl [] vGor
i=1 j=1,j#i ij=1,i#j k=1, i#k#j

5 n+l
+ > SAGH|VGH [EGH [] IVGoF)
i<j<n k=1, izk#]
n n 3 n 2 n
>285:G) [ | V@G +4 > szGa VG| [EGH| [ vGoP.
i=1 j=1,j#i i,j=li#j k=1,i#k#]

The proof of the following corollary directly follows from Theorem 2.4.

Corollary 2.5. Let G be a connected graph. Then Sz,([]G") = Sz,([]G)
i=1

nVGIP"H{IV(G) Szu(G) +4(n — 1) |[E(G)| S2G)}. O

Example 2.6. Suppose Q, denotes the hypercube of dimension n. Then by Theo-
rem 2.4, Sz,(Q,) = Sz,([] K}) = n2 206n-2).

Let us consider the graph G whose vertices are the N—tuples b;b, . ..by with
b; € {0,1,...,n;, — 1},n; > 2, and two vertices be adjacent if the corresponding

tuples differ in precisely one place; such a graph is called a Hamming graph. It is
well-known fact that a graph G is a Hamming graph if and only if it can be written



Weighted Szeged Index of Generalized... 93

N
in the form G = [ ] K,,, and so the Hamming graph is usually denoted by H,,,,. .- In
i=1
the following lemma, the weighted Szeged index of a Hamming graph is computed.
It is easy to see that Sz(K,,) = @ and Sz,,(K,) = n(n — 1)*. The proof of the

following lemma follows from Theorem 2.4.

Lemma 2.7. Let G be a Hamming graph with above parameter. Then

N 2 N N
(ni—1)(n;—1)
SZW(Hnlnz...nN) = ( Z (1 - l) + Z . 2n‘, ni3- O

i=1 i ij=1izj " i=1

Let C, and P, denote the cycle and path on n vertices, respectively. It is known
that Sz(C,) = ’1—3 when 7 is even, and ”("4;”2 otherwise and Sz(P,) = ("5 ); see [7].
It can be easily verified that Sz,,(C,) = n®> when n is even, and n(n — 1)? otherwise
and Sz, (P,) = w

Using Theorems 2.2, 2.4 and Sz,(P),S z,(C),S z(P,) and Sz(C,), we obtain
the exact weighted Szeged indices of the following graphs.

Example 2.8. The graphs L, = P,0K,,R = P,0C,,,S = C,0C,and T = P,0P,
are known as ladder, C, nanotubes, C, nanotorus and grid, respectively. The exact
weigted Szeged indices of these graphs are given below.

1. Sz,(L,) = 14n° — 4n®> — 24n + 16.
’%3(10113 —3n2 - 10n+6) ifmis even
%(l’ﬁ +n?=5n+3)+m(m—1)’n*Q2n—1) ifmis odd.
2nm(m — 1)* + 2m’n(n — 1)* if mis odd n is odd
2mm(2m?* —2m + 1) if mis odd n is even

2m*n(2n® = 2n+ 1) if mis even n is odd

2. §z,,(R) :{

3. SZW(S ):

4m*n® if m is even n is even.

4. S7,(T) = w(2mn2+2mn—3m—nz—n)+%(2nm2+2mn—3n—m2—m).

k
kT n if each n;is even
5.8z,(C,0C,,0...0C,,) = =
kITni 3 (1= ,,L)z if each n;is odd.
i=1 =1 i

k*n** ifeach n; is even

I h i = ,th S w Cﬁ =
If each n; = n, then S z,,([] Cy) {kz(n—l)2n3k_2 if each n;is odd.

Example 2.9. Let G = C,,0C,,0...0C,, and H = C,,0C,,0...0C,,, where
n,, 1 <i<kareevenandmj, 1 < j < rareodd. Using Theorem 2.2 and the above
example we obtain the weighted Szeged index of the graph GOH.

Sz,(GoH) = (ﬁ n3)(F1‘[1 m3)(k* + kr + (k + ) 2l - Ly,

Ifeachn; = n > 3isevenandm; =m > 3 is odd, then G = []C* and H = [] C/,
and S 2,(GOH) = n¥m¥ (k? + kr + (k + r)r(1 = 1)?).
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Example 2.10. Using Theorem 2.4, we obtain the exact weighted Szeged index
of the grid graph P, 0P,,0...0P,
k k. i-1)n2ni=3)

S 2u(P,,0P,,0...0P,) = 3([17)( X

i=1 i=1
5.
If each n; = n, then Sz, ((J PY) = 202 (2 + 1 = 3) + (k — D(n + 1).

P

% (1-La+Li-

3
K i, j=1i%j
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