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Abstract

In this paper, we investigate two new spaces addlof closed space and a
fuzzy Lindelof closed space, the main purposei®ftbrk is to study the relation
between fuzzy Lindelof closed and other spaces asacfuzzy Lindelof, fuzzy
lightly compact, fuzzy semi reguldt, , fuzzy paracompact, fuzzy separable, and
others. Also In this paper we show that a fuzzyltgpcal spaceX is fuzzy
Lindelof closed space if for every (it ,n D} of fuzzy closed sets i such
that F —limsup, (K,) =0, there existsn, 0 [or which K =0, for every
nOD,n2n,. Also we show thaX is fuzzy Lindelof closed space if for every
all, for every ndtK,,nUD}of fuzzy closed sets inX such that
F —-limsup, (K,) =1-a and for every [J (0,a], there exists an elemen{ 0 D
for whichK, <1-a+¢, foreverynD,n=n,.

Keywords. Fuzzy topological space, fuzzy compactness, fuzasa p
compactness, separable space, fuzzy Lindelof shaay, lightly compact.
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1 I ntroduction

The Theory of Fuzzy sets is introduced by Zadel}, [A@d the fuzzy topology is
defined by Chang [5]. Many mathematicians havedtte extend to fuzzy set
theory the main notations of general topology $6g[8], [13]-[15]) and others.

In this paper we define an Lindelof closed space a fuzzy Lindelof closed
space, the main purpose of this work is to study rblation between fuzzy
lindelof closed and other spaces such as fuzzydlafdfuzzy lightly compact,
fuzzy semi regularC, , fuzzy paracompact, fuzzy separable,and otherg. i a

fuzzy set in a fuzzy topological spa¢¥,T) then the closure and the interior of

4 will be as usual defined byu=0A:A=2p1-A0T} and /Oj
={A: A< u,AOT} respectively. A fuzzy set: is called fuzzy regular open, if
1= (u)° [3]. Let (X,T)be a fuzzy topological space, the fuzzy regulamogets
in T form a base for a unique fuzzy topolod@y called the fuzzy semi-regular

topology on X associated withr . A fuzzy topologyT is fuzzy semi-regular, if
and only if T =T, [2]. In this paper we show th&K,T, is)fuzzy Lindelof closed
if (X,T) is fuzzy Lindelof . In another direction. L& be non-empty set. Let
be a semi-order db. The pair(D,>)is called a directed set, directed byif and
only if for every pairm,nd D, there exists go0D such thatp>m and p=n.
Let X be an ordinary set. Ley be the collection of all the fuzzy points X .
The functiorS: D - yx. In other words, a fuzzy net is a p&8,>) such thatSis
a function:D - yand = directs the domain &. For nUD, S(n)is often
denoted byS, and hence a neboften denoted byfS,,nOD }In this paper we
show that a fuzzy topological spage is fuzzy Lindelof closed space if for every
ne{ K,,n0D}of fuzzy closed sets irX such thatF —limsup, (K,) = 0 there
existsn, D for which K, = 0, for everynD, n=n,. Also we show thaiX

is fuzzy Lindelof closed space if for everyU | , for every nefK,,nOD }of

fuzzy closed sets inX such that F —limsup,(K,)=1-a and for every

e00,a] there exists an elemerb UDfor whichKn sl—a+£’ for every
nOD, nzn,

2 Definitions and Notations

The following definitions have been used to obttie results and properties
developed in this paper.

Definition 2.1: [4] A fuzzy topological spa¢X,d)is said to be fuzzy lightly
compact if for all{ z¢ },.o O 0 with sup{;} =1, there exists am, ] Nuch that

supfu 3 =1.
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Definition 2.2: [11] Let A be a fuzzy set in a fuzzy topological sgace) . Ais
said to be fuzzy compact in the Lowen’s sense lfdamily of fuzzy open sets
cover {A | 0L} such thatA <A || OL}and for alle >0there exist a finite

subfamily{A, || OL}such thatd -e< A |1 OL}.

Definition 2.3: [10] A fuzzy topological spacgX,d) is called fuzzy compact if
and only if for every family of fuzzy open sets of and for everya [11 such
that C{U :U OW} > a and for everys O (0,a] there exists a finite subfamily”

of Wsuch thatO{U :U OW'}>a-¢.

Definition 2.4: [1] Let A be a fuzzy set in a fuzzy topological sgace) . Ais

said to be fuzzy paracompact if for every open rcovéne sense of LoweH of
A and for everye O (0,a], there exists an open refinemddbfH which is both

locally finite in A and cover ofl — ¢ in the sense of Lowen.

Definition 2.5: [12] Let (X,7)be a topological space and(7)be the set of all
semi continuous function frofX,7)to the unit intervall =[01] equipped with
the usual topology, théiX,w(r)) is called induced fuzzy topological space by
(X,1).

Definition 2.6: [1] A fuzzy topological spa¢,d)is said to be fuzzy Lindelof, if

for each familyH O dand for eacha O1 such thaf_ h>a, there exists for
hOH

each& 0 (0,a] a countable subsétl “of H such that [ hza-e¢.
hOH ™

Definition 2.7: [16] A fuzzy topological spa¢X,d)is said to be separable iff
there exist a countable sequence of fuzzy gamts= 12,...} such that for every
memberA # 0 of J there exist ap, such thatp, O A .

Definition 2.8: [16] A fuzzy topological spa¢X,T)is said to b&, , if there
exists a countable base for.

Theorem 2.9: [11] Let {A, : nI N} be a net of fuzzy closed sets¥rsuch that
A, <A, if and only ifn, <n,. ThenF —lim  sup(A,) = O{A, :nON}.
3  Fuzzy Lindelof Closed Spaces and Notations

In this section we define the concept of fuzzy ldld closed space and we
discuss the relation between fuzzy Lindelof cloged the other fuzzy spaces.
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Definition 3.1: A topological spac€X,T)is said to be Lindelof closed space if
and only if for each open cové@ :1 0L} of X, i.e X =Y A, there exists a

10L
countable subfamilyA :1 0L} of {A :1 0L} whose closures covex .

Definition 3.2: A fuzzy topological spa¢X,T)is said to be fuzzy Lindelof closed

space if and only if for every family of fuzzy open sets of and for every
alll such that C{U:UOW}=>a and for every ¢ (0,a]there exists a

countable subfamil#” of W whose closures such thaf{U :U OW¥'} > a -¢.
In this connection one can prove the following teseasily.

Proposition 3.3: A spacéX,T,)is fuzzy Lindelof closed, i{X,T)is fuzzy
Lindelof closed.

Proposition 3.4: A fuzzy semi-regular spat¥,T) is fuzzy Lindelof closed-
(X,T,) is fuzzy Lindelof closed.

Proposition 3.5: A spacé€X,T)is fuzzy Lindelof closed, i{X,T)is fuzzy
compact.

Proposition 3.6: A spacéX,T)is fuzzy Lindelof closed, i{X,T)is fuzzy
Lindelof.

The converse of Proposition (3.6) is not necesstrike as the following example
shows.

Example 3.7: Let X = Rbe the set of all real numbers, a@d] R—-{0} . Define
A iR - [01] as A (x) =0 for all xO X,

1if x=0

A, R = [01] asA,(X) :{o < o

1if xC Y{0}

Ac iR - [01] asjc(x):{o if xJC Y{0}

Let 0={A,4,,A. |COR—0}}. Then (X,9)is fuzzy topological space. For
eachO# A0J, we haveld =1 , then for any familyW of fuzzy open sets oK
such thaf {U :U W} 21, there existsO#U" OW=U" =1. Then(X,d) is
fuzzy Lindelof closed. However,(X,0)is not fuzzy Lindelof space. Let
W ={A, [rOR-0}} be afamily of fuzzy open sets ¥f. Given¢ >0 , and let
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r=¢.Then atx=6=4,(x)=1>1-£.S0 [ A, =1>1-¢.ThenV is

rdR~0}
fuzzy open cover oX . But if L is a countable subset &—{0} , then we can find
X' OR—-{0} O X and X' JL. It follows that atx = X' we have/ ,(x) =0 for all

rOL, and certainly[”_ A, <1. ThenW is cover of X by members o has not
roL

countable sub-cover ok .

Theorem 3.8: Every fuzzy lightly compact spgceé, d) is fuzzy Lindelof closed.

Proof: Let {A},,. U J be a fuzzy open cover &f, 0{A },, =sup{A, :10L} =1
then there exists) U Lsuch thatA, O{A},, with sup{4;} =1for jO0J. But
(X,9) is fuzzy lightly compact add,},,, 0 & with sup{4;} =1. Therefore
{A} 0, has a finite subfamily{)l,jk k=12,...,n }whose closures such that

sup{/llj"}ﬂz1 =1, but each finite family is a countable, then facle family

{A}o 00 with O{A} =1, there exists a countable subfamily pf}
whose closures cover of . Then(X,0) is fuzzy Lindelof closed.

Note the above example fuzzy topological spa¢&,d) is fuzzy lightly compact
space and fuzzy lindelof closed. But it is not fuindelof.

Theorem 3.9: If (X,w(J)) is fuzzy Lindelof closed, théx, o) is Linelof closed.

Proof: Let {A :jOJ}be an open cover ofX,d), i.e YA =X. Then
j0Jd

%){Aj :sup{)(Aj; ja0dr=1 anc{)(A]_ ; jO0J}is an open I_Jowen’s cover of

Ex,w(é)). By the assumption of the fuzzy lindelof closed(&f,w(d)), choose

£ >0, then there exists a countable open Lowen’s suleifc{g)(Ajk ; KON} such

that [~ x, 21-¢.Since¢ is arbitrary thenX =Y Aj .

KON ] KON

Theorem 3.10: Let f be a F —continuous surjection map between fuzzy
topological spacegX,d) and (Y, n). If (X, ) is fuzzy Lindelof closed thén, n)is
verifies the same property.

Proof: Let a be a constant fuzzy set iM. Let K ={A;},, O such that
[{A}=za, and let £0(0a], since f is F—continuous, then

M ={f ‘1(/1].); j 0 J}is an L —cover of the constant fuzzy s@ in X such that
f(B)=a. SinceX is fuzzy Lindelof closed, then there exists a fuzpen
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countable subset “ of M such that [~ {)} > 8—¢. ThenK" ={f());yOM" }
yom”
is a fuzzy open countable subfamily &f such that[” {A_j} >a-¢. Then
A0k

(Y, n) is fuzzy Lindelof closed.

Theorem 3.11: If a fuzzy topological spa¢&,0) is C,, then it is also fuzzy
Lindelof closed space.

Proof: Let {A;} ;; U d such thaf {A;} 2a for eacha Ul . SincgX,9) is C,

then there exists a countable subfamiy={¢,,| =12 of.}dsuch that
t

A; = O{gy}, wheret my be infinitely. Lety” ={w,}, 03, k=12..t,¢is

countable because it is subfamilygof. Let x[1 X and since[ {4;} 2a, there

jos

t
exist mOJ such thatA (x)=2a and we haved,, = El{l//jk}WhiCh implies that

t | S t
El{wik} >q and theny is open cover. Lett 0 (01], then El{l//jk} zkgl{z//jk}

> g —¢. Finally (X,9) is fuzzy Lindelof closed.

Theorem 3.12: Let (X,d) be a fuzzy paracompact separable topological space,
then (X, d) is fuzzy Lindelof closed.

Proof: Let H ={A;} ,, 0 J be a family such that {4} = a for eacha U1 . Let
H™ be a d-open refinement ofH which is locally finite ancg[]*hza—g,
OH
0 (0,a]. X has countable sequence of fuzzy pofnps,i = 1,2 sugh that for
every hz0 there exists ap, Jh. Then the family{h;hOH" }s at most
countable, otherwise since ealhcontains at least org. This implies that there
would be some, contained in uncountable manyOH which would
contradiction locally finite. Choose for eath(0 H " an elementl, O H such that
h <A <A . Then there exists an open countaltsubset of H such that

[ {]} > a - ¢ . Therefore(X,0) is fuzzy Lindelof closed.

AOH'

Theorem 3.13: Let (X,d)be a C, fuzzy topological space is, then the
continuous image of fuzzy paracompact is fuzzydlimalosed.
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Proof: Let be f:(X,d) - (Y,n) F —continuous and let3 be a fuzzy
paracompact subset of . For every subspac@V,d, of) C, fuzzy topological
space (X,d) is C,, since by assumptiondhas a countable base
L={L}i=22..then{WOL} U4, ,i= 12..pbe a countable base fa, such
that(W, d,, ) subspace of X,9), then\W,J,, )is C, and by (Theorem 3.4, [16])
we havgW,J,, )is separable. S8 is separable. Then by Theorem (3.52)s

Lindelof closed fuzzy, and finallyf (8)is Lindelof closed fuzzy by Theorem
(3.10).

Theorem 3.14: A fuzzy topological spacX is fuzzy Lindelof closed space if for
every netK, ,nD}of fuzzy closed sets iX such thatF —limsup, (K,) =0,

there exist:n, O Dor which K, =0, for everynOD, n=n,.

Proof: Suppose that the fuzzy topological satisfies thaditaon of the theorem.
We prove thatX is fuzzy Lindelof closed. Lefz be an open cover of fuzzy sets
of X . Let Dbe the set of all finite subsets @ directed by inclusion and let

{K,,nOD}be a net of fuzzy closed sets Xrsuch thakK; ={A Aln}.
Obviously Kr& U an if n,<n. Hence by Theorem (2.9) it follows that

F -limsup, (K,) = O{K,,nOD}. Also, we have:
O{K,,nOD} =(@K;:nOD}) * =(XA:AOm})° =0

Thus F —limsup, (K,) = 0. By assumption there exists an elemeptJD for
which K, =0 for every nOD, nxn,. By the above we havd=K; =

O{A A0n,}. But D{AADnO}sD{K,ADnO}, and any finite family is a

countable family. Therefore the fuzzy topologicglaseX is fuzzy Lindelof
closed.

Theorem 3.15: A fuzzy topological spac¥ is fuzzy Lindelof closed space if for
everya |, for every ndtK, ,nOD}of fuzzy closed sets inX such that

F -limsup,(K,)=1-a and for every e (0,a], there exists an element
n, 0D for whichK, <1-a +¢, foreverynOD,n2n,.

Proof: Suppose that the fuzzy topological satisfies thaditaon of the theorem.
We prove thatX is fuzzy Lindelof closed. Let 01,00 be a family ird such that
C{U:U00}=a andsO(0,a]. Let Dbe the set of all finite subset dfl

directed by inclusion and K ,nOD be a net of fuzzy closed setsXrsuch
thatK; = X A, AQn} . Obviously Knl < an if n, On,. Hence by (Theorem 2.3,

[9]) it follows that F —limsup, (K ) = O{K,,nOD} . Also, we have:
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[{K.,nOD} = (K :nOD}) ° = (FXA:AOOYC

For the familyd we have C{A:A00}=za. Thus O{K,,nOD}
=(A:A00) <1l-a. And therefore F-limsup,(K,)<1-a. By
assumption there exists an elemegt]D for which K, <1-a+¢, for every
nOD,n=n,. By the above we haveK,f0 = A:Alny} 2a-¢, and therefore

the family{ A: Aln, }is a countable finite subfamily af such that:
O{A: AQ Nt =2 A:Aln}2a-¢
Then the fuzzy topological spaceis fuzzy Lindelof closed.

4  Concluding Remarks

In this paper, we have presented an Lindelof cl@setia fuzzy Lindelof closed.
In other words, these two spaces guide us to ilgastnew spaces. A topological
space X is said to be a semi Lindelof closed if and orfljor each semi open

cove{ A :I0OL}of X, there exists a countable subfamilyA :1 0L} of
{A :1 0L} whose closures covex . Also, X is said to be a fuzzy semi Lindelof
closed if and only if for every family of fuzzy semi open sets ®fand for every
alll such that C{U:U OW}>aand for every ¢[(0]1], there exists a

countable sub- familyW’ of ¥ whose closures satisfyl{U :U 0¥’} > a -¢.

Then by present research in the current work, tlewing are interesting
guestions for future paper considered:

1- What is the possible relationships which conmgdebetween fuzzy semi
Lindelof closed and each of the following fuzzy spst fuzzy Lindelof,

fuzzy lightly compact, fuzzy semi regulat,, , fuzzy paracompact, fuzzy
separable, and others?

2- What is the possible new types of spaces caobkened that coincided
with the Lindelof closed space?

3- What is the possible new types of fuzzy spacas be obtained that
coincided with the fuzzy Lindelof closed space?
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