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Abstract 
 

      Let � be the class of analytic functions ���� = � + ∑ 	
�
�
�
  in the unit disc E = �z: |z| < 1�. Denote by S�α; δ, A, B� the class of analytic functions in � satisfying the 

condition ��1 − �� 
 !"� �!� �#!�# � + � $
 !"� �%"
&!� �#!�# �'" � ≺ $)*+ )*, %-

, (0 ≤ α ≤ 1 and 0 < 4 ≤ 1�. We 

obtain sharp upper bounds for the functional  |	5 − 6	

|. 
 
    Keywords: Analytic functions, Starlike functions with respect to symmetrical points, 
Subordination. 

1. Introduction 
 
 Let � denote the class of functions 

���� = � + 7 	
�
�

�
                                                                      �1.1� 
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which are analytic in the unit disc  E = �z: |z| < 1�.  
 Denote by U, the class of functions  

w�z� = 7 c;z;�
;�)                                                                               �1.2� 

which are analytic in the unit disc  E = �z: |z| < 1� and satisfying there the conditions w�0� = 0 and |w�z�| < 1. It is known [5] that  
 
 
 |c)| ≤ 1, |c
| ≤ 1 − |c)|
.                                                          �1.3� 
 
 Let  ��z� and  F�z� be two analytic functions in E. Then ��z� is subordinate to F�z� if 
there is an analytic function w�z� ∈ U such that ��z� = F&w�z�'. Symbolically, we write 
 ��z� ≺ F�z�.                                                                   �1.4� 
 
 To avoid repetitions, it is admitted once that 0 ≤ α ≤ 1 , −1 ≤ B < A ≤ 1  , 0 < 4 ≤ 1 
and E = �z: |z| < 1�. 
 Sakaguchi [6] introduced the class SA∗ of functions in � satisfying the condition 
 CD E 2��F������� − ��−��G > 0.                                                        �1.5� 

 
These functions are called starlike with respect to symmetrical points in E. 
 The class KK of convex functions with respect to symmetrical points in E was defined and 
studied by Das and Singh [2]. A function � ∈ KK if and only if 
 

CD L &2��F���'F
&���� − ��−��'FM > 0.                                                        �1.6� 

  
Denote by  OK the class of functions � in �  satisfying the following condition 
 CD E 2z�F�z�g�z� − g�−z�G > 0, g ∈  SA∗ .                                         �1.7� 

  
Goel and Mehrok[3] introduced and studied the class  SA∗�A, B� of functions  of the form 
(1.1) satisfying the condition 
 2��F������� − ��−�� ≺ 1 + Az1 + Bz.                                                                 �1.8� 

 
 Janteng and Halim [4] considered the class KA�A, B� of functions  of the form (1.1) 
satisfying the condition �2��F����F����� − ��−���F ≺ 1 + Az1 + Bz .                                                               �1.9� 
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Denote by CA�A, B� and  CAF�A, B� the classes of functions of the form (1.1) satisfying 
respectively the conditions 
 2z�F�z�g�z� − g�−z� ≺ 1 + Az1 + Bz , g ∈  SA∗                                                �1.10� 

and �2z�F�z��F�g�z� − g�−z��F ≺ 1 + Az1 + Bz , g ∈  SA∗.                                                �1.11� 

  
Let FA�A, B� and  FAF�A, B� denote the classes of functions of the form (1.1) satisfying 
respectively the conditions 
 2z�F�z�h�z� − h�−z� ≺ 1 + Az1 + Bz , h ∈ KK                                                       �1.12� 

and �2z�F�z��F�h�z� − h�−z��F ≺ 1 + Az1 + Bz , h ∈ KK.                                                     �1.13� 

 
It is easy to verify that  SA∗�1, −1� ≡  SA∗, KA�1, −1� ≡ KA and CA�1, −1� ≡ CA. 
Also  SA∗�1 − 2β, −1� ≡  SA∗�β� is the class of starlike functions with respect to symmetrical 
points of order  defined by Das and Singh [1]. 

 Let us denote by  SA∗�δ;  A , B�, KA�δ;  A , B�, CA�δ;  A , B�,  CAF�δ;  A, B�, FA�δ;  A, B� and  FAF�δ;  A, B� the subclasses of functions ��z� in � which satisfy respectively the following 
conditions 2��F������� − ��−�� ≺ X1 + Az1 + BzYZ ,                                                              �1.14� 

 &2��F���'F
&���� − ��−��'F ≺ X1 + Az1 + BzYZ ,                                                              �1.15� 

 2z�F�z�g�z� − g�−z� ≺ X1 + Az1 + BzYZ ;   g ∈  SA∗,                                                  �1.16� 

 &2z�F�z�'F
&g�z� − g�−z�'F ≺ X1 + Az1 + BzYZ ;  g ∈  SA∗,                                               �1.17� 

 2z�F�z�h�z� − h�−z� ≺ X1 + Az1 + BzYZ ;   h ∈ KK,                                                     �1.18� 

and �2z�F�z��F�h�z� − h�−z��F ≺ X1 + Az1 + BzYZ ;    h ∈ KK.                                                �1.19� 

 
We also introduce the following classes  
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S�α; δ; A, B� = L� ∈ �; ��1 − α� 2��F������� − ��−�� + α &2��F���'F
&���� − ��−��'F � ≺ X1 + Az1 + BzYZM     �1.20� 

 

T�α; δ; A, B� = L� ∈ �; �1 − α� 2z�F�z�g�z� − g�−z� + α &2z�F�z�'F
&g�z� − g�−z�'F ≺ X1 + Az1 + BzYZ , g ∈  SA∗M    �1.21� 

 

H�α; δ; A, B� = L� ∈ �; �1 − α� 2z�F�z�h�z� − h�−z� + α &2z�F�z�'F�h�z� − h�−z��F ≺ X1 + Az1 + BzYZ , h ∈ KAM     �1.22� 

 

2. Coefficient  Inequality 
 

]^__` a. b [6].  eDf   g�z� = z + 7 bhzh ∈ ��
h�
 . iℎDk, �lm k ≥  2, 
|bh| ≤ o1   if  g ∈  SA∗                                                        �2.1�1n    if  g ∈ KA                                                         �2.2�� 

 
Theorem 2.1.  Let � ∈ S�α; δ; A, B� . Then 
 

|	5 − 6	

|  ≤  
rst
su δ�A − B�2�1 + 2α�  ,    if  |λ + μ| ≤ ν,                                          �2.3�

 δ
�A − B�
4�1 + α�
 |λ + μ|,     if   |λ + μ| ≥ ν,                         �2.4�� 
  where λ = �1 + α�
[2B + �1 − δ��A − B�]δ�1 + 2α��A − B� ,                                   �2.5� 

ν = 2�1 + α�
δ�1 + 2α��A − B�.                                                           �2.6� 

 
Proof.  Since � ∈ S�α; δ; A, B�, it follows that 
 �1 − α� 2��F������� − ��−�� + α &2��F���'F

&���� − ��−��'F = X1 + Aw�z�1 + Bw�z�YZ                 �2.7� 

 
By expanding (2.7), we obtain 
 1 + 2�1 + α�	
 z + �2�1 + 2α��	5z
 + ⋯  = 1 + δ�A − B�c) z + Xδ�A − B�c
 − δ�A − B� zB + 12 �1 − δ��A − B�{ c)
Y z
 + ⋯ 

 
Identifying the terms and solving, we get 
 	
 =  δ�A − B�2�1 + α� c)                                                                                         �2.8� 
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	5  = δ�A − B�2�1 + 2α� c
 −  δ�A − B�[2B + �1 − δ��A − B�]4�1 + 2α� c)
               �2.9� 

 
From (2.8) and (2.9), we have 
 	5 − 6	

 = δ�A − B�2�1 + 2α� c
 − δ
�A − B�
4�1 + α�
 �λ + μ�c)
, 
 
where λ  is defined by (2.5). 
 
Applying triangular inequality, 
 |	5 − 6	

| ≤ δ�A − B�2�1 + 2α� |c
| + δ
�A − B�
4�1 + α�
 |λ + μ||c)|
                   �2.10� 

 
From (1.3) using |c
| ≤ 1 − |c)|
, (2.10) leads us to 
 |	5 − 6	

| ≤ δ�A − B�2�1 + 2α� + δ
�A − B�
4�1 + α�
 �|λ + μ| − ν�|c)|
, 
 
where ν is defined by (2.6). 
 
If  |λ + μ| ≤ ν, then 
 |	5 − 6	

| ≤ δ�A − B�2�1 + 2α�. 
 
The bound is sharp for w�z� = z
. 
 
If   |λ + μ| ≥ ν, then from (1.3) using |c)| ≤ 1, we get 
 |	5 − 6	

| ≤ δ
�A − B�
4�1 + α�
 |λ + μ|. 
 
This bound is  sharp for w�z� = z. 
 
Corollary 2.1.  If � ∈ SA∗�δ;  A , B�  then 
 

|	5 − 6	

|  ≤  |δ�A − B�2                       if  |λ) + μ| ≤ ν),δ
�A − B�
4 |λ) + μ|   if  |λ) + μ| ≥ ν),� 
 where   λ) = 2B + �1 − δ��A − B�δ�A − B�      	k}    ν) = 2δ�A − B� . 
 
Corollary 2.2.  If � ∈ SA∗�A , B�,  then 
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|	5 − 6	

|  ≤  | �A − B�2                    if  |λ
 + μ| ≤ ν
,�A − B�
4 |λ
 + μ|     if   |λ
 + μ| ≥ ν
 ,� 
 
 where  λ
 = 2B�A − B�      	k}   ν
 = 2�A − B� . 
 
 
Corollary 2.3.  If  � ∈ SA∗,  then  
 |	5 − 6	

|  ≤ max. �1, |μ − 1|�. 
 
Corollary 2.4.  If � ∈ KA�δ;  A , B� , then 
 

|	5 − 6	

|  ≤  rt
u δ�A − B�6                        if  |λ5 + μ| ≤ ν5 ,δ
�A − B�
16 |λ5 + μ|     if   |λ5 + μ| ≥ ν5 ,� 

 
 where   λ5 = 4�2B + �1 − δ��A − B��3δ�A − B�    and  ν5 = 83δ�A − B� . 
 
Corollary 2.5. If � ∈ KA�A, B�,  then 
  

|	5 − 6	

|  ≤  | �A − B�6                     if  |λ� + μ| ≤ ν� ,�A − B�
16 |λ� + μ|   if   |λ� + μ| ≥ ν� ,� 
 where  λ� = 8B3�A − B�    	k}   ν� = 83�A − B�. 
Corollary 2.6.  If � ∈ KK,  then 
 |	5 − 6	

|  ≤ Max. �13 , 14 �μ − 43��. 
 
Theorem 2.2.  If f ∈ T�α; δ; A, B� and µ is a complex number, then 
  

|	5 − 6	

|  ≤  
rst
suδ�A − B� + 1 + 2α3�1 + 2α�                  if  |λ + μ| ≤ ν,                      �2.11�δ
�A − B�
4�1 + α�
 |λ + μ| + 13           if   |λ + μ| ≥ ν,                     �2.12�� 

   
where 
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λ = 2�1 + α�
[2B + �1 − δ��A − B�]3δ�1 + 2α��A − B� ,                                         �2.13� 

ν = 4�1 + α�
3δ�1 + 2α��A − B� .                                                                 �2.14� 

 
Proof. Since � ∈ T�α; δ; A, B�, by definition of subordination 
 �1 − α� 2z�F�z�g�z� − g�−z� + α &2z�F�z�'F

&g�z� − g�−z�'F = X1 + Aw�z�1 + Bw�z�YZ                   �2.15� 

 

for some g�z� = z + 7 b;z;�
;�
 ∈ SA∗. 

By expanding (2.15), we obtain 
 1 + 2�1 + α�	
z + ��1 + 2α��3�	5 − b5�z
 + ⋯  
 = 1 + δ�A − B�c) z + zδ�A − B�c
 − δ�A − B� �B + 12 �1 − δ��A − B�� c)
{ z
 + ⋯ 

After equating the terms and solving, we get 
 	
 =  δ�A − B�2�1 + α� c)                                                                                            �2.16� 

 	5  = δ�A − B�3�1 + 2α� c
 −  δ�A − B�[2B + �1 − δ��A − B�]6�1 + 2α� c)
 + 13 b5     �2.17� 

From (2.16) and (2.17), we have 
 	5 − 6	

 = δ�A − B�3�1 + 2α� c
 − δ
�A − B�
4�1 + α�
 �λ + μ�c)
 + 13 b5, 
  
where  λ  is defined by (2.13). 
 
Applying triangular inequality, we obtain 
 |	5 − 6	

| ≤ δ�A − B�3�1 + 2α� |c
| + δ
�A − B�
4�1 + α�
 |λ + μ||c)|
 + 13 |b5|.            �2.18� 

 
Using lemma 2.1 and |c
| ≤ 1 − |c)|
, (2.18) leads us to |	5 − 6	

| ≤ δ�A − B�3�1 + 2α� + δ
�A − B�
4�1 + α�
 �|λ + μ| − ν�|c)|
 + 13, 
 
where ν is defined by (2.14). 
 
If  |λ + μ| ≤ ν, then 
 |	5 − 6	

| ≤ δ�A − B� + 1 + 2α3�1 + 2α� . 
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This is the sharp bound for w�z� = z
. 
 
If   |λ + μ| ≥ ν, then from (1.3) using |c)| ≤ 1, we get 
 |	5 − 6	

| ≤ δ
�A − B�
4�1 + α�
 |λ + μ| + 13. 
 
This bound is sharp for w�z� = z. 
 
Corollary 2.7.  If � ∈ CA�δ;  A , B�  then 
 

|	5 − 6	

|  ≤  rt
u δ�A − B� + 13                             if  |λ� + μ| ≤ ν�,3δ
�A − B�
|λ� + μ| + 412        if   |λ� + μ| ≥ ν�,� 

 
 where   λ� = 2�2B + �1 − δ��A − B��3δ�A − B�     	k}   ν� = 43δ�A − B� . 
 
Corollary 2.8.  If � ∈ CA�A , B�,  then 
 

|	5 − 6	

|  ≤  | A − B + 13                       if  |λ� + μ| ≤ ν� ,     3�A − B�
|λ� + μ| + 412        if   |λ� + μ| ≥ ν� ,� 
 
 where  λ� = 4B3�A − B�    	k}    ν� = 43�A − B�. 
 
Corollary 2.9.  If  � ∈ CA,  then  
 |	5 − 6	

|  ≤ max. �1, 13 + �μ − 23� �. 
 
Corollary 2.10.  If  � ∈ CAF�δ;  A, B�, then 
  

|	5 − 6	

|  ≤  rt
u δ�A − B� + 39                        if  |λ� + μ| ≤ ν� ,3δ
�A − B�
|λ� + μ| + 1648    if   |λ� + μ| ≥ ν� ,� 

 
 where   λ� = 8�2B + �1 − δ��A − B��9δ�A − B�    	k}   ν� = 169δ�A − B�. 
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Corollary 2.11.  If  � ∈ CAF�A, B�  then 
  

|a5 − μa

|  ≤  | A − B + 39                         if  |λ� + μ| ≤ ν� ,3�A − B�
|λ� + μ| + 1648  , if   |λ� + μ| ≥ ν� ,� 
 
 where  λ� = 16B9�A − B�    	k}   ν� = 169�A − B�. 
Corollary 2.12.  If  � ∈ CAF,  then  
 |	5 − 6	

|  ≤ max. �59 , 13 + 14 �μ − 89��. 
 
 On the same lines as in Theorem 2.2, we have the following: 
 
Theorem 2.3.  If f ∈ H�α; δ; A, B� and µ is a complex number, then 
 

|	5 − 6	

|  ≤  
rst
su 3δ�A − B� + 2α + 19�1 + 2α�  ,         if  |λ + μ| ≤ ν,

    δ
�A − B�
4�1 + α�
 |λ + μ| + 19 ,       if   |λ + μ| ≥ ν,� 
where  λ = 2�1 + α�
[2B + �1 − δ��A − B�]3δ�1 + 2α��A − B�     	k}   ν = 4�1 + α�
3δ�1 + 2α��A − B�. 
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