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Abstract

Let «# be the class of analytic functionfdz) =z + Y5, a,z™ in the unit disc
E = {z:]z| < 1}. Denote by5(q; §, A, B) the class of analytic functions w# satisfying the

. 2zf"(2) (ZZf’(Z))’ 1+4z\%
- 7 y S S S .
condition (1 —a) o T @ @72 < (1+Bz) 0<a<land0<d=<1). We

obtain sharp upper bounds for the functiorjal — ua3|.

Keywords. Analytic functions, Starlike functions with respeéo symmetrical points,
Subordination.

1. Introduction

Let A denote the class of functions

f(z)=z+ Z a,z" (1.1)
n=2
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which are analyticinthe unit disc E = {z: |z| < 1}.
Denote by U, the class of functions

[oe)

w(z) = Z AN (1.2)

k=1
which are analytic in the unit disc E = {z:|z| < 1} and satisfying there the conditions
w(0) = 0 and |w(z)| < 1. Itisknown [5] that

eyl <1, el <1 =gl (1.3)

Let f(z) and F(z) be two anaytic functions in E. Then f(z) is subordinate to F(z) if
thereis an analytic function w(z) € U such that f(z) = F(w(z)). Symbolicaly, we write

f(z) < F(2). (1.4)

To avoid repetitions, it is admitted oncethat 0 <a<1,-1<B<A<1,0<6<1
andE = {z: |z| < 1}.
Sakaguchi [6] introduced the class S.* of functionsin A satisfying the condition

22f'(2)

These functions are called starlike with respect to symmetrical pointsin E.
The class K of convex functions with respect to symmetrical pointsin E was defined and
studied by Das and Singh [2]. A function f € K if and only if

Re[ (22/'(2) } >0 (1.6)
(F@ - f(=2)
Denote by C the class of functions f in A satisfying the following condition
22f'(z) «
Re {m} >0, g€ S . (1.7)

Goel and Mehrok[3] introduced and studied the class S¢*(A, B) of functions of the form
(1.1) satisfying the condition

2zf'(2) 1+ Az
F@) —f(—2) 1+Bz

(1.8)

Janteng and Halim [4] considered the class K (A, B) of functions of the form (1.1)
satisfying the condition
(2zf'(2))’ 1+ Az

F@ -f(-2) 1+Bz’

(1.9)
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Denote by C,(A,B) and C'(A,B) the classes of functions of the form (1.1) satisfying
respectively the conditions

2zf"'(z) 1+ Az
g(z) — g(—2) = 1+ Bz’

ge S, (1.10)

and
(2zf'(z))’ 1+ Az

@@ —g(-2))  1+Bz

ge S, (1.11)
Let F(A,B) and F,'(A,B) denote the classes of functions of the form (1.1) satisfying

respectively the conditions

2zf'(z) 1+ Az
h(z) — h(—z2) <1 + Bz’

h € K, (1.12)

and
(2zf'(z))’ 1+ Az
(h(z) —h(-2)  1+Bz’

h € K,. (1.13)

It iseasy to verify that S."(1,—1) = S, Ks(1,—1) = K and C4(1, —1) = Cs.
Also S.*(1 —2B,—1) = S,"(B) isthe class of starlike functions with respect to symmetrical
points of order [ defined by Das and Singh [1].

Let us denote by S."(8; A,B), K.(8; A,B), C.(5; A,B), C'(; A B), Fs(5; A B) and
F.'(§; A, B) the subclasses of functions f(z) in A which satisfy respectively the following
conditions

2zf'(2) <1 + AZ)S,

f@-f(-2)  \1+Bz (1.14)
(22f'(2)) 1+ Az
(f(2) - f(=2))' = <1 + Bz) ’ (1.15)
2zf"(z) 1+ Az\° )
g(z) — g(—2) = (1 + Bz) ; 8€ S5, (1.16)
(22r'@) +an®
(g(Z) — g(—z))’ = (1 + Bz) ;8 € S5, (1.17)
2zf'(z) 1+ Az 8'
h(z) — h(—z) = (1 + Bz) ; heKs, (1.18)
and
(2zf"(2))’ 1+ Az
(h(z) —h(-2))’ = (1 + Bz) ; heKs. (1.19)

We a so introduce the following classes
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S(O(;(S;A,B)={f€c/l;(1—a) 1 + Bz

f@O-1Ca" (@) - f(—2)

2zf'(z) N (ZZf'(Z))I <<1+Az

T(a; 6;A,B) = {f €A(1-a) @ —a ¢ (g(2) —g(—2z)) \1+Bz

2zf'(z) N (ZZfI(Z)), <(1+AZ

H(a; 8;A,B) = {f €A;(1-a) h(z) —h(—2) © *(h(z) — h(-z)) - \1+ Bz

2. Coefficient Inequality

Lemma 2.1 [6]. Let g(z) =z + z b,z" € A.Then,forn > 2,

n=2

1 ifge S
byl <11
b H if g € K¢

Theorem 2.1. Letf € S(a; 6;A,B) . Then

(8GA-B) . A+ <
, 42(1+2a)' : =,
— A if |A >

where
_ (14 0)?[2B+ (1 —8)(A—B)]
B 8(1 + 2a)(A - B)
21+ w?
VT8 + 20(A—B)

Proof. Since f € S(a; 6; A, B), it follows that

B 22f'(2) (2zf'(@) 1+ Aw(@)\°
(1=« F@-fC2 " (f@) - f(=2)) (1 + Bw(z))
By expanding (2.7), we obtain

1+2(1+)a,z+ 2(1+ 2a)azz? + -

91

1A ! ' 8
22f' (), (22f'@) (”Az) } (1.20)

I
) g€ ss*} (1.21)

1)
) he KS} (1.22)

2.1)
(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

1
— 1+ 8(A—B)c, 2+ (8(A—B)c2 _ §(A—B) [B +5(1-8)(A- B)] cf)zz 4o

Identifying the terms and solving, we get

_ 8(A-B)
2= 20y

(2.8)
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_ 8(A-B) 8(A—B)[2B+ (1-6)(A-B)] , (2.9)
T+ 2a) 2 4(1 + 20) “1 '
From (2.8) and (2.9), we have
8(A—B) 82(A — B)?
ey = 2R 2
s = HB2 = 5 2 T I vz O T W
where A isdefined by (2.5).
Applying triangular inequality,
8(A—B) 82(A — B)?
_ N~ 7 7 2

From (1.3) using |c,| < 1 — |¢4|?, (2.10) leads us to

5(A—B) 8%(A— B)?
_ 2] < _ 2
|a3 ﬂazl = 2(1+2(X)+ 4(1+(X)2 (l)\-l_l"ll V)lcll )

where v is defined by (2.6).
If |JA+p| <v,then

8(A—B)
- 2N — 7
las = ka2l < 55750

The bound is sharp for w(z) = z2.

If |A+4 | =v,thenfrom (1.3) using |c;| < 1, we get

208 _ N2
_8(A-B)

=4 vz A

las —,ua§|

Thisbound is sharp for w(z) = z.

Corollary 2.1. If f € S;,"(8; A,B) then

(A —B) _
— if |A; +ul < vy,
lag —pail <4, 2
3 21 = 82(A_B)2 .
T|7\1+H| if |A; +pl = vy,
where
_B+A-®HOA-B) 2
1= 5(A—B) mE V1= SA—B)

Corollary 2.2. If f € S;"(A,B), then
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(A—-B) .
, 3 if A, +ul <v,,
— <
|a3 Hazl = (A_B)Z .
7 el if At ul =y,
where
N PN
2_(A—B) an Vz—(A_B).

Corollary 2.3. If f €S, then
lag — ua3| < max.{1,|p— 1}

Corollary 24. If f € Ks(5; A,B) , then

8(A—B) _
EE— if [A3 +p <vs,
— 2| <
|a3 .ua2| — 82(A_B)2 .
T|7\3+ll| if [Az+ul=vs,
where
_ 4{2B+ (1-6)(A-B)} - 8
3= 35(A - B) e Vs =385 —-B)
Corollary 25. If f € K;(A,B), then
(A-B) :
6 1f|A4+HISV4)
_ 2] <«
laz — paz| < (A — B)? .
16 Ay + | if (A4 +pl = vy,
where
. __ 8B S8
tT3-B) M T30 -8y

Corollary 2.6. If f € K, then

las — ua3| < Max. {— —|u— |}

Theorem 2.2. If f € T(a; 6; A, B) andu is a complex number, then

IIS(A B) + 1+ 2« £ ] <

4 3(1 + 20) ! M=V,
,ua2|< _ )2 1

— A S0 A+l

[4(1+a)2| tul+s if Al 2y,

where
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(2.11)

(2.12)
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_2(1+0*[2B+ (1~ 8)(A-B)]

36(1+ 2a)(A—B) ’ (2.13)
_ 4(1 + a)? .
VT 3501+ 20(A—B) (2.14)
Proof. Since f € T(a; 8; A, B), by definition of subordination
e Cr@) (A
(1= g(z) — g(-2) T (g(z) - g(—z))’ h (1 + Bw(z)> (2.15)

for some g(z) =z + Z byzX € S;.
k=2
By expanding (2.15), we obtain
1+2(1 +a)ayz+ (1 +2a)(3as — bs)z? + -
1
=1+6(A—B)c,z+ [S(A —B)c, —6(A—B) {B +§(1 —8)(A— B)}cf] z%2 + -
After equating the terms and solving, we get

_ 8(A—B)

a, = mcl (216)
_ 8(A—B) S(A-B)[2B+(1-8)(A—-B)] , 1
T30 +200 6(1 + 20) ¢it+3bs (217

From (2.16) and (2.17), we have

S(A—B)  52(A—B)2 1
— 2 — _ 23 =
as unaz 3(1 + 20() C2 4(1 + a)z (}\ + I“l)cl + 3 b31

where L isdefined by (2.13).
Applying triangular inequality, we obtain

5(A—B) 82(A — B)?
lag — ua3| < ———=lc,| +

1
_v 7 24 -
3(1+ 2a) 4(1+ a)? A+ el 3 bs]- (2.18)

Usinglemma2.1and |c,| < 1 — |¢;]?, (2.18) leads us to
S(A—B) 82(A— B)?

1
— paz| < + A+ul - 245
las — pas] 30+ 20) T A1+ 0)? (A +ul=vlal”+3

where v is defined by (2.14).
If |A+p| <v,then

S(A—B)+ 1+ 2a
3(1 + 2a)

lag — ua3l| <
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Thisis the sharp bound for w(z) = z2.
If |A+ pu| =v, thenfrom (1.3) using |c;| < 1, we get

2(_)2

las Maz|_m

A+ |-|—1
IJ' 3'

Thisbound is sharp for w(z) = z.

Corollary 2.7. If f € C(6; A,B) then

§(A—B) + 1 .

— if |Ag + pl < v,
— 2] <

las —k@2l < 320 Byt ul+4

12 if |}\5 + HI = Vs,
where
_22B+(I-8)(A-B) 4
5 = 38(A — B) e Vs = 385(A—B)

Corollary 2.8. If f € C;(A,B), then

A-B+1 _
—_— if |Ag + | < v,
las — pa2| < 3
3 LT )3(A=B)2 g+l +4
if A +ul =vs,
12
where
L __ 4B L
s=3m-B) % YeT3a-By

Corollary 2.9. If f € Cg, then

la; — paz| <max{1 +|u——|}

Corollary 2.10. If f € C,'(§; A, B), then

6(A—B)+3
(dA-B+3 if A+l < vy,

_ 2 <{ 9
las = paz| < k362(A—B)2|)\7+|u|+16
48

if [A;+pl=v7,

where
8{2B+ (1 —6)(A—B)} 16

M= T s B and V7 = 55— By

95
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Corollary 2.11. If f € C;'(A,B) then

A—-B+3 _
— if [Ag +pul <vg,
las — pa3| < J
3 28 = )3(A—B)?|Ag + |l + 16 _
) if |Ag+ul=vg,
48
where
= 16B P 16
8= 9a-B) " V*T 9 —ny

Corollary 2.12. If f € C{, then

< i __
las = paz| In""x{93+4‘l |}

On the same lines as in Theorem 2.2, we have the following:

Theorem 2.3. If f €H(w; §; A, B) andu is a complex number, then

I{ 36(A—B) +2a+1 £t ] <
4 91 +20) =,
.Ua2| < SZ(A—B)Z
- -z — i >
| Zaror MMty if R+,
where
_2(1+a)?[2B+ (1 - 8)(A—B)] i 4(1 + )?
- 35(1 + 20)(A — B) ME V=351 + 20) (A — B)
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