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FRAME CHARACTERIZATIONS OF BESOV AND
TRIEBEL-LIZORKIN SPACES ON SPACES OF
HOMOGENEOUS TYPE AND THEIR APPLICATIONS

DACHUN YANG

Abstract. The author first establishes the frame characterizations of Besov
and Triebel-Lizorkin spaces on spaces of homogeneous type. As applications,
the author then obtains some estimates of entropy numbers for the compact
embeddings between Besov spaces or between Triebel-Lizorkin spaces. More-
over, some real interpolation theorems on these spaces are also established by
using these frame characterizations and the abstract interpolation method.
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1. INTRODUCTION

It is well-known that the spaces of homogeneous type introduced by Coifman
and Weiss in [3] include R™, the n-torus in R”, the C'*°-compact Riemannian
manifolds, and in particular, the Lipschitz manifolds recently introduced by
Triebel in [19] and the d-sets in R™ as special models. It has been proved by
Triebel in [17] that the d-sets in R™ include various kinds of fractals; see also
[18].

In [9], the inhomogeneous Besov and Triebel-Lizorkin spaces on spaces of
homogeneous type were introduced by the generalized Littlewood-Paley g-fun-
ctions when p, ¢ > 1. In [10], the inhomogeneous Triebel-Lizorkin spaces were
generalized to the cases where pp < p < 1 < ¢ < oo via the generalized
Littlewood-Paley S-functions, where p, is a positive number. The inhomoge-
neous Besov and Triebel-Lizorkin spaces on spaces of homogeneous type when
po < p, ¢ <1 were introduced in [14]. The main purpose of this paper is first
to establish the frame characterizations of these spaces. Applying the frame
characterization, we will then obtain some estimates of entropy numbers for
the compact embeddings between Besov spaces or between Triebel-Lizorkin
spaces and we will also establish some real interpolation theorems on Besov
and Triebel-Lizorkin spaces by use of these frame characterizations and the
abstract interpolation method.
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We mention that, recently, some new characterizations on inhomogeneous
Besov and Triebel-Lizorkin spaces and their applications were given in [13]
and [20]. In particular, in [20], it was proved that the Besov spaces on d-
sets introduced by Triebel via traces in [17] and, equivalently, via quarkonial
decompositions in [18] are the same as those Besov spaces introduced in [9] by
regarding d-sets as spaces of homogeneous type.

Let us now recall some definitions and notation on spaces of homogeneous
type. A quasi-metric p on a set X is a function p: X x X — [0, 00) satisfying

(i) p(z,y) =0 if and only if x = y;

(i) p(x,y) = p(y,x) for all z, y € X;
(iii) There exists a constant A € [1,00) such that for all z, y and z € X,

px,y) < Alp(z, 2) + p(z,y)].
Any quasi-metric defines a topology, for which the balls
Bz, r) ={y € X: ply,x) <r}

for all x € X and all » > 0 form a basis.

The spaces of homogeneous type defined below, which was first introduced in
[13], are the variants of the spaces of homogeneous type introduced by Coifman
and Weiss in [3]. In what follows, we set diam X = sup{p(z,y) : =z, y €
X}. We also make the following conventions. We denote by f ~ ¢ that there
is a constant C' > 0 independent of the main parameters such that C~lg <
f < Cg. Throughout the paper, we will denote by C a positive constant
which is independent of the main parameters, but it may vary from line to line.
Constants with subscripts, such as Cj, do not change in different occurrences.
We denote N U {0} simply by Z, and for any ¢ € [1, 0], we denote by ¢’ its
conjugate index, namely, 1/g+ 1/¢' = 1. Let A be a set and we will denote by
x4 the characteristic function of A. Also, for two topological spaces, A; and
Ay, A; C A, means a linear and continuous embedding.

Definition 1.1. Let d > 0 and 0 < 6§ < 1. A space of homogeneous type
(X, p, 1)ap is a set X together with a quasi-metric p and a nonnegative Borel
measure 4 on X with supp = X and there exists a constant Cy > 0 such that
for all 0 < r < diam X and all z, 2/, y € X,

p(B(z,r)) ~ 1 (1.1)
and

lp(z,y) — p(z',y)| < Cop(x, 2')[p(z,y) + p(a’, y)]' . (1.2)

Remark 1.1. From (1.1), it is easy to deduce p({z}) = 0 for all z € X.
This means that the spaces of homogeneous type defined by Definition 1.1 are
atomless measure spaces.

When diam X < oo, spaces of homogeneous type in Definition 1.1 cover the
boundaries of bounded Lipschitz domains, Lipschitz manifolds of compact case
in [19], and compact d-sets; see [17], [18] and [20]; while when diam X = oo,
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spaces of homogeneous type in Definition 1.1 specifically include Euclidean
spaces and Lipschitz manifolds of non-compact case in [19]. Moreover, in Defi-
nition 1.1, if we choose d = 1, then Macias and Segovia in [15] have proved that
the spaces (X, p, i)ap are just the spaces of homogeneous type in the sense
of Coifman and Weiss, whose definitions only require that p is a quasi-metric
without (1.2) and pu satisfies the following doubling condition which is weaker
than (1.1): there is a constant C’ > 0 such that for all z € X and all r > 0,

p(B(x,2r)) < C'u(B(x,7)).

However, in [15], Macias and Segovia have shown that for the spaces of homo-
geneous type in the sense of Coifman and Weiss, one can replace the original
quasi-metric p by another quasi-metric p, which yields the same topology on X
as p, such that

p(x,y) ~ inf{u(B) : B is a ball containing = and y}

and (1.2) holds with p, Cy and 6 replaced, respectively, by p, some Co > 0 and
some 6 € (0, 1]. Moreover, u satisfies (1.1) with d = 1 for the balls corresponding
to p.

We now recall the definition of the spaces of test functions on X in [12]; see
also [8].

Definition 1.2. Fix v > 0 and # > 3 > 0. A function f defined on X is said
to be a test function of type (zg,r, 3,7) with 2o € X and r > 0, if f satisfies
the following conditions:

fr"y

() 1)) < Ot 7

(i) |f(z) — f(y)| < C<r f(f(fflo)y (r + p(x, m9))

1
< — .
for p(z,y) < 54 [r + p(z, 20)]

If f is a test function of type (zo, 7, 3,7), we write f € G(zo,7,3,7), and the
norm of f in G(xo,r, B,7) is defined by || f||g(zo,r8,y) = Inf{C : (i) and (ii) hold}.

Now fix zy € X and let G(8,7) = G(xo,1,0,7). It is easy to see that
G(xy,m,8,7) = G(B,7) with the equivalent norms for all z; € X and r > 0.
Furthermore, it is easy to check that G(3,~) is a Banach space with respect to
the norm in G(f3,7). Also, let the dual space (G(3,7))" be all linear functionals
L from G(3,~) to C with the property that there exists a finite constant C' > 0
such that for all f € G(3,7),

IL(HI < Cll fllges-

We denote by (h, f) the natural pairing of elements h € (G(5,v)) and f €
G(0,7). It is also easy to see that f € G(xg,r,3,7) with 2o € X and r > 0 if
and only if f € G(8,). Thus, for all h € (G(5,7))’, (h, f) is well defined for all
f € G(xg,r,B,7) with g € X and r > 0.
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It is well-known that even when X = R"™, G(/;,7) is not dense in G(y,7) if
(1 > [, which will bring us some inconvenience. To overcome this defect, in

what follows, we let é(ﬁ,fy) be the completion of the space G(6,0) in G(3,7)
when 0 < 3, v < 6.

To state the definition of the inhomogeneous Besov spaces B (X) and the
inhomogeneous Triebel-Lizorkin spaces F) (X) studied in [14], we need the
following approximations to the identity which were first introduced in [8].

Definition 1.3. A sequence {S;}72, of linear operators is said to be an
approximation to the identity of order e € (0, 6] if there exist Cy, Cy > 0 such
that for all £k € Z, and all z, 2/, y and ¢ € X, Sk(x,y), the kernel of Sy is a
function from X x X into C satisfying

(i) Sk(z,y) = 0if p(z,y) > C127% and [|Sk]| o (x) < C22%;
(i1) [Sk(z,y) — Sk(z',y)| < Co2*)p(x, 2')
(i) [Sk(w,y) — Sel@,y)| < Co2Mp(y, y');
) [Sk(@,y) = Sk(z,y)] = [Sk(a’, y) = Sk(a, )| < Co2X2p(a, ") p(y, y');
) _

(v / Sk(z,y) du(y)

(iv |-
L
(vi) / Su(x,y) du(z) = 1.

Remark 1.2. By a similar Coifman’s construction in [4], one can construct
an approximation to the identity with compact supports as in Definition 1.3 for
those spaces of homogeneous type in Definition 1.1.

We also need the following construction of Christ in [2], which provides an
analogue of the grid of Euclidean dyadic cubes on a space of homogeneous type.

Lemma 1.1. Let X be a space of homogeneous type. Then there exists a
collection {Q* € X : k € Zy, a € I} of open subsets, where Iy is some
(possibly finite) index set, and constants § € (0,1) and Cy, C5 > 0 such that

(i) (X \ UaQL) =0 for each fized k and Qf N QY =0 if a # ;

(i) for any o, B, k, 1 with | > k, either Qlﬁ C QF or Qlﬁ NQ* =0;

(iii) for each (k,a) and each | < k there is a unique 3 such that Q% C Qlﬁ;

(iv) diam(Q¥) < C,6%;

(v) each QF contains some ball B(zk, C56%), where 2k € X

In fact, we can think of Q¥ as being essentially a cube of diameter rough §*
with center z*. In what follows, we always suppose § = 1/2. See [12] for how
to remove this restriction. Also, we will denote by Q¥ v =1, 2, ... N(k,7),
the set of all cubes Qf/ﬂ C QF, where j is a fixed large positive integer. Denote
by y*" a point in Q*”. For any dyadic cube Q and any f € L{ _(X), we set

1
malf) =~ ! f(x) dp(x),
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and we also let a; = max(a,0).

Definition 1.4. Let s € (—0,6), {Sk}?2, be as in Definition 1.3 with order
0, Dy =Sy and Dy = Sy — Si_1 for k € N. Suppose 8 and ~ satisfying

max(0,—s+d(1/p—1);) << and 0<~y<8b. (1.3)
Let j € N be fixed and large enough and {Q% : 7 € I, v =1,...,N(0,7)}
be as above. The inhomogeneous Besov space B, (X) for maX(d/(d +0),
d/(d+60+s)) <p<ooand 0 < q < oo is the collection of all f € ( )
such that
1f1B5,0x) = { ; EO:Z)M Q) [m o,u(!Do(f)l)}p}l/p
rely v=

k=1

{3 D Pll] ) < o
for

The inhomogeneous Triebel-Lizorkin space F; (X) max(d/(d+6),d/(d+
0+ s)) <p< oo and max(d/(d+6),d/(d+ 3 + 5)) < ¢ < oo is the collection

of all f e ( (8, 7)) such that

N(0,7) » 1/p
F 0 = { 5% #@2) [mgo-(1Do(1)D]” }
T€ly v=1
s q )4
+H{Z[2’“|Dk(f)ﬂ } < 0.
k=1 LP(X)

Here, for k € Z and a suitable f,

/Dkxy y) duly).

It was proved in [14] that Definition 1.4 is independent of the choices of large
positive integers j, approximations to the identity and the pairs (3,7) as in
(1.3).

2. FRAME CHARACTERIZATIONS

In this section, we will establish the frame characterizations of the Besov
spaces B> (X) and the Triebel-Lizorkin spaces F;, (X) in Definition 1.4. These
results were given in [13] when p, ¢ > 1. However, our proof here is quite
different from that in [13]. In [13], the proof strongly depends on the dual
argument. The new ingredient in the current proof is the application of the
inhomogeneous Plancherel-Polya inequality in [5]. We also point that in this
section, we have no restriction on p(X), namely, p(X) can be finite or infinite.
Let us now give some basic properties of the spaces B, (X) and Fj, (X).

Lemma 2.1. Let |s| < 6.
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(i) If max(d/(d+6),d/(d+60+s)) < p < oo and max(d/(d + 0),d/(d +
0+ s)) <q < o0, then By inpa)(X) C Fp(X) C By asipa) (X)-

(i) If f € G(B,7) with max(0,s) < [ and max(0,d(1/p — 1)4) < v, then
f € By, (X) when max (d/(d +0),d/(d+0 + s)) <p<oo and 0< g< o0,
and f € F} (X) when max (d/(d+0),d/(d+ 0 +s)) < p < oo and

max (d/(d+0),d/(d+ 6 +s)) < ¢ < o0.

Proof. The proof of (i) is trivial; see Proposition 2.3 in [18]. To prove (ii), let

us first prove the following claim: for all £ € Z, and all x € X,
1

(1 + p(x, 20)) 4+

1D(f) ()] < C27% fllgs) (2.1)

In fact, we have
1
[Do(f) (@) < Cllfllgsn
’ 1+ , T d+vy
{y: play)<C1} (1+ p(y, 0))

du(y)

- Byy 1
<C||f||g( ){X{xp(x ) RLAC }(.17) / ,u(y)
| | 1 1+p , L dty
{y:p(z,y)<C1} ( (y 0))

1
+ X{a: p(a 9&0)>2ACI}(Z‘) / d,u(y)}
| 1+ , To) )Y
{y: p(z,y)<C1} (1+ p(y, o))
1

1+p(z, 2

<C|lf ||g(ﬁm{X{a:p(z,a:o>s2Acl} (z)+ ( TS X{a;p<x,mo)>2Acl}($)}

1
(1+ p(x, 20)) ™+

which is a desired estimate. For k € N, we write
D)) = [ Delap)lf ) — £()] duy)
X

1

1+ p(x,x d+B+
( 2 0)) {y: p(z,y)<2C127F}

< Cllfllgs

< C2"| fllg(5.) p(z,y)” du(y)

1
(1 + plz, o))"+
which is also a desired estimate. Thus, (2.1) holds. From (2.1), it follows that

1

X @DIDN@] < Ol oy i s (2)

By (2.1), (2.2) and Definition 1.4, we obtain

< C27%|| fllg(s.

N(Oﬂ') o0

1/p
|1f\|35q<x>={g > u(@?’”)[?%gv(lDo(f)D}p} +{Z[2‘“||Dk<f>umx>}q}

k=1

1/q
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(0,7)

<C||f||gﬁw{[z > / 1—{—p:1:a:0))(d+7)l’d#(x)]l/p

T€ly v=1 o,u

1
(1+ pla0))

since 3 > s and v > d(1/p — 1). This proves (ii) with the spaces B, (X). On
the spaces F;, (X), we can deduce a desired concusion by this and (i). We finish
the proof of Lemma 2.1. O

+ [Z Qk(Sﬂ)q} /e

k=1

}SQWMMM

LP(X)

Before we state our main theorem, we recall the discrete Calderén reproducing
formulas in [11], which is the key of the whole theory.

Lemma 2.2. Suppose that {Dy}32, is as in Definition 1.4. Then there exist
functions EQQ,V with 7 € Iy and v = 1,...,N(0,7) and Dy(x,y) with k € N
such that for any fived y* € Q%" with k e N, 7 € I, and v € {1,...,N(k,7)}
and all f € (G(B1,m)) with 0 < By <6 and 0 <y, <0,

N(0,7) -
E;Egu@ oo (Do(f)) Do ()
oo N(k,7) N
+3°5 ST @) Du(f)(WE) D, i), (2.3)

k=17€l;, v=1

where the series converge in (G(B1,7)) for B < B1 < 0 and v < v, < 0
Dy(z,y) with k € N satisfies that for any given € € (0,0),

L 2—ke
1)‘[%(xﬂn'Egck2‘k+-p@ay»d+? /) ok
| = plx,x ‘ o

1
plz,a') < A@k+p@yﬁ

(iii /kay)d,u /kay)d,u()
diam(Q%") ~ 277 fort € Iy and v =1,...,N(0,7) with some j € N; EQQ,V(QU)
form€lyandv=1,... N(0,7) satisfies that

(iv) [ Dgpe () du(a) =

b
(v) for any given € € (0,0), there is a constant C' > 0 such that

1

/—D/O,ufﬂ SC
Dy (@) (14 p(a, y))dte

forallz € X and y € Q% and
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, _~ plx,z) \¢ 1
0 1Pape(a) = P £ (0 5) e

for all z, z € X and all y € D% satisfying

plar2) < 52 (14 (o))

Moreover, j can be any fized large positive integer and the constant C' in (V)
and (vi) is independent of j.

The following lemma is an obvious corollary of Theorem 1 in [5].

Lemma 2.3. Let s € (—0,0). Let {Dy}2, be as in Lemma 2.2. Then, if
max (d/(d+0),d/(d+ 60 +s)) <p < oo
and 0 < g < oo, for all f € (G(B,7)) with 0 < 3, v < 6, we have

N(0,7) ) 1/p oo ‘ 1/q
{z > Q) [mgoe(|Do(£)])] } +{Z[2k8||Dk<f>||Lp<X>} }

Tely v=1 k=1

~{Z > u@O” ) [m o,u<|Do<f>\>}p}l/p

relp v=1

S22 wen | manal])}

Tel, v=1

~{ZN§MQOV ) [roge- (DB(AD]” }l/p

Telp v=1
N(k,7) 1/q

{Zz’“q(z S u(@QE) [Sup IDe(f)(2 )HP)W} : (2.4)

k=1 el v=l

If max(d/(d+0),d/(d+ 6+ s)) < p < oo and max(d/(d+0),d/(d+0+s)) <
q < oo, forall f € (G(B,7)) with0 < 3, v <6, we have

{ Z N(OJ)U(Q?’V) [mQQ’”(’Do(f)Mp} { i [kaka } }1/@1

1/p ‘
Te€lp v=1 k=1

LP(X)

N(0,7) 1/p
~ { >3 w@) [ng,uuDo(fm]”}

T v=1

S

IESh 0 Sl R XOIETEI N

’Tefk v=1 LP(X)

N 1/p
- { % #(ng”) [ng,v(|Do(f)D]p}

v=1
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(2.5)

o N (k) q) /a
ST X [ s D]}

k=17€l, v=1 zeQhY

LP(X)

On the estimates relative to the spaces I, (X), we need the following useful
lemma which can be found in [12, p. 93] and [7, pp. 147-148].

Lemma 2.4. Let 1 < p <oo, 0<r <1, u,n € Zy withn < p and for
“dyadic cubes” QH,

[for(@)] < (1+27p(w, 22)) ™,

where zF is the “center” of Q" as in Lemma 1 and o > d(1/r — 1) (recall that
u(Qp) ~ 271 Then

1/r
> el fgu(a)] < c2tmmar [M<Z |>\Q¢|TXQ¢>(@] 7

where C' is independent of x, p and n, and M s the Hardy-Littlewood maximal
operator on X.

The following theorem is the main theorem of this section which will play a
fundamental role in the estimates of entropy numbers between Besov spaces or
between Triebel-Lizorkin spaces in next section.

Theorem 2.1. With the notation of Lemma 2.2, let
A= {)\’j’” c k€Zy, TEL, v= 1,...,N(k,7)}

be a sequence of complex numbers. Let |s| < 6.
(i) If max(d/(d+6),d/(d+60+s)) <p<oo, 0<q<oo0 and

0o N(k,7) a/p) L4
1AM, 000 = {22’“”{2 Yo (@) A’i’”p} } < o0, (2.6)
k=0 Tel, v=1
then the series
N(0,7) - 00 N(k,7) -
S QN D ()43 S S wl@EIN Dy ) (2.7)
T€ly v=1 k=17el, v=l1

converge to some f € By (X) both in the norm of B, (X) and in G(3,7))’
with B and ~y as in (1.3) when p, ¢ < oo and only in (G(B,7)) with (
and v as in (1.3) when max(p, q) = co. Moreover,

£l 3,00 < ClIAlb, - (2.8)
(i) If max(d/(d+6),d/(d+0+s))<p<oo, max(d/(d+0),d/(d+60+s))<
g<oo and
00 N(k,7) 1/q
Mgz, 000 = H{ |25 |\ xQﬁ,uc)}q} <o, (29)
k=07€el, v=1 Lr(X)
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then the series in (2.7) converge to some f € Fj (X) both in the norm
of F,,(X) and in (G(B,7))" with 3 and «v as in (1.3) when q < co and
only in (G(B,7)) with 6 and v as in (1.3) when ¢ = co. Moreover,

£l 7,0 < Ol g5,)- (2.10)

Proof. Let us first show the series in (2.7) converge in (G(5,~))" with 8 and ~
as in (1.3). It is easy to see that for all k € Z, and 7 € I, N(k,7) is a finite
set. Let us suppose I, = N for all k € Z,; the other cases are easier. With this
assumption, for L € N, we define

L L N(k7)

L N(O,r -
=2 Z QPN Do (1) + 3257 3 w(@QE1 )N Dila, ).

k=17=1 v=1

Then f;, € G(e,€) and f, € (G(5,7)) with any 3, v € (0,6), where € can be
any positive number in (0,6). In what follows, we will choose € > max([3, )
such that p > max(d/(d + ¢),d/(d + € + s)) for the spaces b5 (X) and

p, ¢ >max(d/(d+¢€),d/(d+ e+ s))

for the spaces f;, (X).
For any ¢ € G(0,~) with (5,7) as in (1.3), Ly, Ly € N and L; < Lo, we
have

Ly N(0,7) N
(Fro = Fro )| < 30 >0 (@) |\ [(Dgor, v)]
T= L1+1 v=1
2 2N .
+§:ZZMWW“<(”WM
k=L1+17=1 v=1
+§1: Z Z NQkV XY (D (- y ,¢>‘=D1+D2+D3.

k=17=L1+1 v=1

To estimate D;, Dy and Ds, let us first establish the following estimates:
forre lyand v=1,...,N(0,7),
1

< f 2.11
| < Clllosn inf | s (2.11)

Doy

and for ke N, 7€ Iy, v=1,...,N(k, 1),

1

o o
(Duloue) )| < C2 ooy inf | o (212)

For (2.11), we have that for any z € Q%",

N 1
(Do <Clolo] [ [P gy 0

{y:p(y,20)>55 p(x,20)}
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v ! L)
(1 + p(y, 2)7 (1 + p(y, wo))* 1Y
{y: p(z,y)>55p(z,20)}
1
< Cll¥llga

(14 p(x, 20)) "+

Thus, (2.11) holds.
To show (2.12), we write

[(Dr(-98), )] = /Dk Y, us) [0 (y) — ()] du(y)‘
< Ollwllgw,v)(Hp( kv dﬂw/\w U,y p(y, yi)’ dp(y)
B 1
S C2 kﬁ“ng(ﬂﬁ) (1 + p(yk’y xO))d—i_’y

1
inf .
ve@t (14 p(z, 20))

< C27|¢lg(p,1)

That is, (2.12) also holds.
From (2.11) and the Hélder inequality, it follows that

N(0,7) 1/p
v P
{ Z Z ,u QO } , p<l,
T= L1+1 v=1
OT) O 0 /p
Dy <l {55 w@ )
T=L1+1 v=1
1 1/p
X{ / (1 + p(z, zq))d+1¥ du(x)} , 1Sp<oo,
Xp2
LQ N(O,T) 0 » 1/p
<Olllosn{ X X w@rpee ), (2.13)
T=L1+1 v=1

where

Lo N(OvT)
Xii= U U

T=L1+1 v=1

and when p < 1, we used the following well-known inequality:
P p
(Slail) <X la (2.14)
J J

with a; € C for all j.
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For Ds, by (2.12), (2.14) and the Hélder inequality, we obtain

Lo N(va)

> 23 S ey

k= L1+1 =1 v=1
Ly N(k,7)

kB kZ/ kv /p
Dl < Ol 35 29[S S w@) ||
=1 v=1

k=L1+1

1 1/p Loy
x{/ (1 p(x,%))(dJW)p’ d,u(x)} , 1Sps oo,
X

1/p
p] , p <1,

Lo Lo
3 2—k[ﬁ+s—d(1/p—1)]2ks[z
k= L1+1 Tl
k7
Z 9 k(ﬁ+52ks{z Z ”Qku )\ku } p’
=1 v=1

k=L1+1
1<p< oo,

Lo Ly N(k,T) » q/p 1/q
S SIEEID ol S0 R S

kL1+1 =1 v=1

Lo N(k,7) 1/q
{ Z 2ksq|:z Z MQkV )\ku :| }
k=L1+1

=1 v=1
1/q

{ Z o kli+s—d(1 /p— 1)1q} 7

k=L1+1
p<l, 1<q< o0,
L2 L2 N(k 7—) q/p}l/q

< CliYllges.q

< Cll¢llges.y

2ksq Z Z MQkV )\ku

{ Li1+1 =1 v=1
1<p<oo, g<1,
{ Lo - Lo N(kT) q/p}l/q

Z 2ksq Z Z MQkV )\kl/

k=Li+1 Lr=1 v=1

/

1/q
{ Z 2 k(s } , 1<p, g <o,

k=L1+1

Lo Ly N(k,T) 1/q
Z 2ksq|:z Z ,UQkV )\ku ] } 7 (215)

k=L1+1 =1 v=1

< Cllwllgwm{

where we used the fact that 8 > max(0,d(1/p — 1); — s).
Similarly, by (2.12), the Holder inequality and (2.14), we can verify

Ly

Lo N(va)

S v I/p

Dul < Clloloun{ 327 353 s ]
k=1 T=L1+1 v=1

a/p' Y 1/
|| armmme )] |

2
XL1
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Ly N(k,1) 1/q
<Clltaanf 3527 3555w e ] 2o

=L+ =1

Combining (2.13), (2.15) and (2.16), by (2.6),

1
| i ma

du(z) < oo

when p = oo,

S g KBt (/o] < o
k=1

when p < 1 and ¢ = oo, and

22 k(B+s)

when 1 < p < oo and ¢ = o0, it is easy to see that {(fL, %)} ren is a Cauchy se-
quence. This just means that the series in (2.7) converge to some f € (G(5,7))
with (3, 7 satisfying (1.3) if A satisfies (2.6). If X satisfies (2.9), by this fact and

b (X)) C fpg(X) C by ) (X) (2.17)

pmmpq pmaqu

(see Proposition 2.3 in [18]), we also obtain that the series in (2.7) converge in
(G(B,v)) with 8 and ~ as in (1.3).

Let us now show that the series in (2.7) converge in the norm of By (X)) when
p, q < 0o, if A satisfies (2.6). Let f be the series in (2.7). We estimate the
norm in B, (X) of f — f1, by writing

o0 NOT)

F=fo=> 3 Q) Dyo. ()

T=L+1 v=1

o0 o0 NkT

+3 3 Z (QE )N Dy (2, y*)

k=17=L+1 v=1
00 LN]CT

+ 33 ST w@)N Dy, yE) = Gy + Gy + G,

k=L+17=1 v=1

To estimate G, G5 and G3, we first recall the following known estimates: for
KeZi.,,trelpandv=1,...,N(0,7),

—_ !/ 1
—k'e .
Dy (Do) (2)| < €2 T (2.18)
and for ¥ € Z,, ke N, r € [yandv=1,...,N(k, 1),
N , 27(]6/\’6/)6
Dy (Di) (2,48)| < C27IkHe (2.19)

(2604 pz, )i
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where € € (0, 0) satisfies p > max(d/(d +¢),d/(d + e+ s)) for the spaces b, (X)
and p, ¢ > max(d/(d+¢),d/(d+ e+ s)) for the spaces f, (X), a Ab=min(a,b)
and

Div (Di) (2,48") = [ Dio(z,2) Dule,yt”) dp(e);

see [5], (3.9) in [8] and (1.6) in [9] for their proofs.
By (2.18), (2.14) and the Hoélder inequality, we have

N(0,7") ) » 1/p
{ )P u(@?f’>[ng,,uf<\Do<Gl>|>} }

T'ely v'=1
N(0,7) o N(0,7)
{Z Z (@ > Z Q%) [ A0
T'ely v'=1 r=L+1 v=1
— P 1/p
x sup | Do (Deg) W] }
2eQ%”
oo N(0,7) . ] i
{ ;1 Vzl Hl@r /(1—|—p(z yo’”))(d+6)p dM(Z)} =1
N(0,7) oS N(OT
{Z S o@D m@) el
<C T'ely v'=1 ] r=L+1 v=1

X v 0N\ d4-
(1+ p(yl” y2"))dte

{/ 1 () p/p’}l/p |

X 17 /’L y :| ) < p < OO?
(1+ p(yp” y))d+e

o0 N(OT

<o 3% u@)

=L+1 v=1

)\OV

} 4 (2.20)

From (2.19), (2.14) and the Hélder inequality, it follows that

N(0,7") 0L D 1/p
Poly u(@m[on,,mDo(Gz)r)} |
T'ely v'=1 T
N(0,7")
<o{ ¥ ¥ uo
T'ely v'=1
0o N(k7) 1 p) /P
<[ S Zu@’” A7 % ]}
k=1 r=L+1 v=1 (L p(y2 ye™))e
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oo N(k,7)
{22 kep Z Z ,LLQkV )\ku

T=L+1 v=1

1 l/p
<1
X/(1+p(2 yk,u))(d+€) d,u(z)} y P> 1

oo N(k,7)
<C {22 keip Z Z MQkV )\ku

-~ =L+1 v=1
IS e :
,LL v kv
T'ely v'=1 (1+p(y2; 7yT7 ))d+6
1 p/p' ) /P
{Zg keap / - du(y) :
1+ py2",y))
1 <p< oo,
0 N(k7) 1/p
{22 Mets=d(1/plpokse 3™ 5™ 1 (QE) )\k” } , p<1,
T=L+1 v=1

oo N(k,7) 1/p
{22—19(61+sp2ksp Z Z MQkV )\k:l/ } 7]_<p<007

T=L+1 v=1

o7} NkT 1/P
5 57 k) b } } , (2.21)

7=L+1 v=1

Sc{izksq

k=1

where we choose ¢; > 0 and €5 > 0 such that €e = ¢; + €3 and ¢; > —s.
Similarly, by (2.19), (2.14) and the Holder inequality, we can show

{Z EO:T/)M )|m QE}v’(|D0(G3)|)]p}1/p

T'ely v'=1

0o L N(k,T) a/p 1/p
go{ > 2’“5'1{2 Z p(QEV) [ NEV ] } . (2.22)

k=L+1 =1 v=1

By (2.18), (2.14), the Hoélder inequality and the fact that u(Q%") can be
regarded as a constant, we have

o D o) e
k=1 /GI/ v'=1 ZEQTIYV

% N
sc{Zﬁ%e(z S u@s)

k'=1 /GI/ v'=1
oo N(0,7) 1

Z 0,v

ST om T T plyn )i

X

p>q/p}1/q
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{ i Qk’(s €) {
k'=1 7=L+1 v=1
/ 1 au(2) q/p}l/q
X v /’l‘ Z :| Y
| T oo

o0 NOT)

)\Oy

p <1,
S C 00 W N7 k:’ / co N(0,7) p
IO ol TCESTI ol Sl
k=1 el v=1 =L+1 v=1
X 0w
(14 p(yl, y2") )it
{ 1 d()p/p Q/p}/ .
x L] )N g
3§ (Lpys y))te
o0 NO’T p
ST w(@¥) N ] . (2.23)
7=L+1 v=1

From (2.19), (2.14) and the Holder inequality, it follows that

y N(K',7") oN\a/p)
{Z:2W(§: > @) it DG ]") }
k'=1 TEI/ v'=1 ZEQT/J/
k, /) e’ L N k‘l’
cof (573 @i 53 R tgr
k'=1 “71'el;, v'=1 k=L+1717=1 v=1
9= (kK )e a/p) 1/
% ka )\ﬁ,y —— ] >
(27([{)/\]6/) + P(?/T' ’yTvV))dJre

Z Z Z 2k —k)sp—|k'—klep (Qku)p2ksp

k=L+17=1 v=1

9—(kAK") ; a/p) Y ,
X <
£f2wM0+p@yﬁwwﬂW‘“”] } e
o L N(va)

=¢ {Z< 2 N%/ e k/ / { IS gk k)spkklewp (kv

)\ku

(>

k'=1

k=1 Nrlel,  v'=l k=Lt =1 v=1
—(kAK')e
ks kv|P 2 k—K'|e
X2E|A; —(kAK') Ky d+J Z 2k~ Hlear
(2 + oy yr”

k=L+1
1/q

/ 9—(kAK') J ( ) p/p’ q/p} .
X / N n\y :| > 5 <p<oo,
4 (270 p(ys )t
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{i{ 3 o (k' —k)sp—|k' —k|ep+kd(1—p) —(kAK')d(1—p) gksp
k'=1

a/p) !
pﬂ } , p <1,

o= [ = o (k) sk Kle1poyks L&D NI K Ve
DO L SO STCEODYE [ I
k/

=1 - k=L+1 ™=l v=l

1 <p< oo,
L N(kr) 1/q
{ Z kaq{z Z MQkV )\ku ] } ’ (2.24)
k=L+1 =1 =1

where we choose €1, €2 > 0 such that € = €] + €5 and € > |s].
Similarly, by (2.19), (2.14) and the Holder inequality, we can prove

{’“'212%% % Z He Leglf | Dy (Go) (2 )\Dw}l/q

TEI/V/I

T S AL

7=L+1 v=1

So{i2ksq

k=1

Combining (2.20), (2.21), (2.22), (2.23), (2.24) and (2.25), by Lemma 2.3, we
have

If = fcl Bz, (x) — 0

as L — oo, if A satisfies (2.6). Moreover, by Lemma 2.1, we know that
fr € B;,(X). Thus, it follows f € Bj (X) when A satisfies (2.6). The same
arguments as those for (2.20), (2.21), (2.22), (2.23), (2.24) and (2.25) also give
(2.8). This finishes the proof of (i) of Theorem 2.1.

To finish the proof of (ii) of Theorem 2.1, we still need to show || f—fL|| s, (x) —
0 as L— o0 and (2.10), if A satisfies (2.9). To see this, by (2.18), (2.14) and the
Holder inequality, we have

N(K'7") q) Y|P
1pop> S it DG g ) |
=1r'ely v'=1 2€Qt ™ L (X)
N ™) . oo N(O7)
S D VIS SR ol SR RRID
k=1 el vi=1 “r=L+1 v=1 v
1 q 1/(] p
X kv 0,0\ dte
YT Lr(X
(L +p(y;" y=")) x)
N(K', ") oo N(0,7)
<0/ng<s WYY x| XX o
T'el v'=1 7=L+1 v=1
« ! " du()
— o0 w(x
(L ply" yr")) e
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1
>y dp(z), p <1,
r=L+1 v=1 ‘ 1+P(2 3/ ))(d+€)
Nk’ " 0o N(0,7)
k' (s—€)pa k' / 0,v
<C 22 DY Z 1@ A7
- k=1 T'el,, v'=1 7=L+1 v=1
1 1 p/p
X RZNN d+€:| |:/ R dte dﬂ(y)] )
(14 p(yr” g )L (L4 (™ )
1<p<oo,
<C Y Z u(Q%) [A0¥[” (2.26)
7=L+1 v=1

where a = 1if p < g and a = 1/2 if p > ¢. From (2.19), Lemma 2.4, (2.14),
the Holder inequality and the Fefferman—Stein vector-valued maximal function
inequality in [6], it follows that

N(K' ") q) V4
s 5 'S e ipeicaeg 0]

kK=17'el, v'=1

LP(X)

N(&',m") 0o oo N(kr7)
511 B ol ol M NIE Dol il wER S

kK'=17'el, v'=1 k=171=L+1 v=1
2—(k:/\k )e

q}l/q
X
(2 kAR 4 p(-, YR )dte LP(X)

< C’| { 3 (22 (K —k)s—|k—k'|e—kd-+(EAKYd-+ [k— (kAR ) d/r
=1

« :M<T:2L;rl ; 2ksr N >(.):|1/r> }

LP(X)

(B0, 5o b))}

LP(X)

IN

oo N(k,7) 1/q
CHZ PRI XQ’:"()}

k=11=L+1 v=1

: (2.27)
LP(X)

where we choose r satisfying max(d/(d +€),d/(d + €+ s)) < r < min(p, g, 1).
Similarly, by (2.19), Lemma 2.4, (2.14), the Holder inequality and the Feffer-
man-Stein vector-valued maximal function inequality in [6], we can show

H{Z 2 kz){ ’ 1Qan |Dk'(G3)(Z)|XQ’jﬁ’V’(')r}l/q

k'=11'el,; v'=1 z€

Lp(X)

(2.28)

0 L N(kr) 1/q
< v % SR "xgi )}

k=L+171=1 v=1

LP(X)
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Combining (2.20), (2.21), (2.22), (2.26), (2.27) and (2.28), we see that if A
satisfies (2.9), then || f — frllrs,(x) — 0 as L — oo. Moreover, by Lemma 2.1,
fr € F;,(X). Thus, it follows that f € F (X) if \ satisfies (2.9). The same
arguments as those for (2.20), (2.21), (2.22), (2.26), (2.27) and (2.28) also give
(2.10). This finishes the proof of Theorem 2.1. O

From Theorem 2.1, Lemma 2.3, Lemma 2.2 and Definition 1.4, it is easy to

deduce the following frame characterizations of the spaces B, (X) and F}, (X).

o ’
Theorem 2.2. Let all the notation be as in Lemma2.2. For all f € (g(ﬁ1,71)>

with 0 < By, m1 < 0, then (2.3) holds in (é(ﬁ{,%)) for 1 < By < € and
v <1 < 0. Moreover,

(i) if f € By, (X) with s € (=0,0), max(d/(d +0),d/(d+ 0+ s)) <p < o0
and 0 < q¢ < o0, then

N(0,7) 1/p
1f 1155, ) ~ { > X uQ) [ng,u<|Do<f>|>}p}
q/p) V1
{Z2ksq[z; z:l MQkV f)( ku) } }

and the series in (2.3) also converge in the norm of By (X) if max(p, q) <

(ii) Z?jf € [5.(X) with s € (—0,0), max(d/(d+0),d/(d+ 0 +5)) <p < 00

and
max(d/(d+6),d/(d+0+s)) < q < oo,
then
N(0,7) 1/p
g ~{ T3 1@ g (0o}

a 1/q
DD xgge ()}

H{ Sy s g

k=1tel;, v=1

LP(X)
and the series in (2.3) also converge in the norm of I, (X) if ¢ < ooc.

We should remark that Theorem 2.2 is established in [13] when p, ¢ > 1 by
a different method.

3. SOME APPLICATIONS

In this section, we will give two applications of the frame characterizations
of the spaces B; (X) and F} (X) established in Section 2. By using these
characterizations, we will first obatin the estimates for the entropy numbers
of the compact embeddings between the spaces B (X) or between the spaces
Fy (X) when p(X) < oo. It has been proved that the entropy numbers play an
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extremely key role in the study on the spectra of various differential operators;
see [17]. Secondly, we will establish some real interpolation theorems via the
abstract interpolation method in [16] and [1] by using these characterizations.

Let us now recall the definition of the entropy numbers; see [17] and [13].
In the following, if A is a quasi-Banach space, then Uy = {b € A: ||b]|4 < 1}
stands for the unit ball in A.

Definition 3.1. Let A; and A; be two quasi-Banach spaces and T be a
linear continuous operator from 4; to A;. Then for all k£ € N, the kth entropy
number, ex(7'), of T' is defined by

2]@*1
ex(T) = inf {e >0: T(Ua) C | (b +elha,) for some by, ... by € AQ}.
j=1

The theorem below is proved in [13] when p, ¢ > 1 and can be proved by
the same procedure as there when p, ¢ < 1 by replacing Theorem 4.1 and
Proposition 4.1 in [13] by Theorem 2.1 and Theorem 2.2. We omit the details.

Theorem 3.1. Let u(X) < oo and —0 < sy < 51 < 0.
(1) If max(d/(d+0),d/(d+60+s;)) <p; <ooand 0 < ¢ < oo fori=1, 2,
and
0 =51 —82—d(1/p1 — 1/p2)y >0,
then the embedding of Byl (X) into By?  (X) is compact and for the
related entropy numbers holds

e (id: B, (X) — B2, (X)) ~ k(1ms2/d,

p1,q1 p2,92
where k € N.
(i) If max(d/(d+0),d/(d+60+s;)) < p; < oo and max(d/(d+0),d/(d+60+
7)) < qi < oo fori=1, 2, and 54 > 0, then the embedding of FJ! . (X)

into [2 (X)) is compact and for the related entropy numbers holds

ex (id : F3l, (X) = F32 (X)) ~ k=),
where k € N.

We remark that if X is a compact d-set, in this case, we have § = 1, and our
Theorem 3.1 on the Besov spaces By (X) is covered by Theorem 20.6 in [17]
and the other cases are new.

Let us now consider the real interpolations of the spaces B3 (X) and F (X).
We first recall the general background of the real interpolation method; see [16,
pp. 62-64] and [1]. Let H be a linear complex Hausdorff space, and let A
and A; be two complex quasi-Banach spaces such that Ay C ‘H and A; C H.
Let Ay + A; be the set of all elements a € H which can be represented as
a=ag+a; with ag € Ag and a; € A;. If 0 <t < oo and a € Ay + A;, then
Peetre’s celebrated K-functional is given by

K(t,a) = K(t, a; Ao, Ay) = inf ([lac||.4y + tl]as][4,) ,
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where the infimum is taken over all representations of a of the form a = ag+ a;
with ag € Ay and a1 € A;.

Definition 3.2. Let 0 <o < 1. If 0 < ¢ < o0, then

o0

dt 1/
(Ao, ALy = {a: 0 € Ao+ A, llalloaa,, = {/ 7K (t,)]" t} < oo}.
0

If ¢ = 0o, then
(AO,Al)o,oo = {a cae Ag+ Ay, ||a”(-A07A1)o',oo = supt_”K(t,a) < OO}

Using Theorem 2.1, Theorem 2.2 and the method of retraction and coretrac-
tion as in the proofs of Theorem 2.4.1 and Theorem 2.4.2 in [16], we can obtain
the below theorems on the real interpolations of the spaces B, (X) and F;, (X),
where there is no restriction on u(X), namely, x(X) can be finite or infinite.

Theorem 3.2. Let o € (0,1).
(i) Let —0 < s, s1 <0, sg# s1, 1 <p<o0, and0 < qo, ¢1, ¢ < 00. Then

(Bite(X). B3y, (X)) = B3 (X),

Y210 P:q1
where s = (1 — 0)sg + 0s1.
(i) Let =0 <s<0,1<p<o0,0<qy, 1 <00 and qy# q1. Then
(B (X). By, (X)) = Byy(X),

p,q0

where 1/g=(1—0)/q+ 0/q:-
(iii) Let —0 < sg, s1 <0 and 1 < pg, p1 < o0o. Then

(Bso (X),BSI (X))

Po,pPo P1,P1

=B, (X),

a,p
where 1/p = (1 —0)/po+ o/p1.

Theorem 3.3. Let —0 < sy, s1 < 6, max(d/(d+0),d/(d+0+sp)) < po < o0,
max(d/(d + 0),d/(d + 0 + s1)) < p1 < 00, 1 < qo, ¢1 < 00, o € (0,1),
s=1—-0)so+os1, 1/ p=(1—0)/po+0c/p1 and1/qg=(1—0)/q +07/q.

(i) If s # s1, then

(Fso (X) Fs1 (X))

0,90 77 p1,q1 = Blivp(X) (: Flip(XD :
(ii) If so = 51 =5, po = qo, p1 = q1 and qo # q1, then

(Fpypo(X), F3 0 (X)) = By (X).

Po,Po 77 p1L,p1 o,p p,p

G7p

(iti) If so = s1 =, Qo = q1 = q and py # p1, then
(Fppo(X), 5 o(X)) = F(X).

P0.q p1,q op Pq
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Proofs of Theorems 3.2 and 3.3. Since the definitions of the spaces B, (X)
and F, (X) are independent of the pair (3,7) as in (1.3). We can suppose

° /
By (X)), i (X) C (g(ﬁi,%)) ;
where max(0, —s; +d(1/p; —1)1) < fi <@ and 0 <; < 6, and i =0, 1. We
then let 5 = max(fy, #1) and v = (79,71). Then
° /
B;Z qz(X)7 Flfii7Qi(X) C (g(577)> '

In this sense, {BSO (X), B! (X)} and {FSO (X), F2? (X)} are interpola-

Po,90 P1,91 Po,90 77 p1,q1 ,
tion couples in the sense of §1.2.1 in [16]. Now, for f € (g(ﬁ, 7)) , with the

notation of Lemma 2.2, we can define the coretraction operator S by

S()(x) = {S(Nr()}iZo

where
N(0,7)
=2 2 mger(Do(f))xgor ()
Tely v=1
and for k € N,

SUN@ = 3 S D) xgen (1),

7€l v=1

and the corresponding retraction operator R by

R0 =3 3 | [ o) dnts)] Bt
T€ly v=1 Q?—V

o0

ey Y [ / ) diy) | Dula, ),

k=171€l;, v=1

o

By Lemma 2.2, for any f € (g(ﬁ,y)) , we have

RS(f)(x) = f(x).

In what follows, for s € R, 0 < ¢ < oo and 0 < p < 00, we say { fi}oey € [5(LP),
if

o) 1/q
[0y = { 02 Wil | < o0
a k=0
and we say {fk}zozo € Lp(l;), if

. ksq q 1
(S

k=0

(KU

< 00,
Lr(X)
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where the usual modifications are made when p = oo or ¢ = oco. If F' is an
interpolation functor, then one obtains by Theorem 1.2.4 in [16] that

HfHF({B;g’qO(X),B;;ql(X)}) ~ HS(f)HF({lZg(LPO)J;%(Lm)})
and

(g9 g0ty 0}) ~ NSO p({ 200 (130) 201 (131)})

P0»90 1-91
Using Theorem 2.1 and Theorem 2.2, we can then finish the proofs of Theorem
3.2 and Theorem 3.3 by the same procedures as those in [16, pp. 182-183] and
[16, pp. 185-186]. We omit the details.
This finishes the proofs of Theorems 3.2 and 3.3. [
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