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ON VOLTERRA TYPE SINGULAR INTEGRAL EQUATIONS

A. SAGINASHVILI

Abstract. Conditions for the boundedness are established, and the norms
of Volterra type one-dimensional integral operators with fixed singularities of
first order in the kernel are calculated in the space Ly with weight. Integral
equations of second order, containing the said operators, are investigated.
Conditions for the solvability and solution formulas are given.
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1. INTRODUCTION

It is the well-known fact that classical Volterra equations of second order with
continuous kernels or potential type kernels are uniquely solvable in Lebesgue
spaces. However, when the kernel has nonintegrable singularities, the Fredholm
properties of equations largely depend on the functional spaces in which they
are considered. The equations dealt with in this paper contain Volterra type
integral operators with fixed singularities of first order. It is proved that these
equations considered in the space Ly with power weight with exponent (3 are
uniquely solvable only when § > 1/2; for 5 < 1/2 they have negative indices,
while for § = 1/2 the normal solvability property does not hold.

Since the considered integral operators have homogeneous kernels of the or-
der —1, we can apply the Wiener-Hopf method and reduce the equations to
boundary value problems of analytic functions in the Hardy class H,. A more
extensive application of this method is described in the monograph [3]. Integral
equations with fixed singularities are treated in the monograph [2].

Boundedness and compactness criteria for a wide class of integral operators
(this class contains the operators considered in this paper) are given in [5].

Interest in the equations considered in this paper is due to their application
in the theory of computer-aided design of closed-circuit crushing and grinding
processes and processes of granulation (see [1], Ch. 3, §1).

2. BOUNDEDNESS
Let V, and W, be the integral operators defined by the equalities

a—1

(Vap)@) = [ T ely)dy, € (0,1), acR, &)

T

y()é
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a a—1

W) = [ say, we ), az0. @

T

where 0 < a < o0.
Denote by Ly, B € R, the Banach space of measurable functions on the
interval (0, a) with the norm

Il —(/|as near)’

Lemma 1. For the operator V, to be bounded in the space Lo g, it is neces-
sary and sufficient that the inequality oo + 5 > 1/2 be fulfilled, and at that we
have

1 3
a+p-1/2°
Proof. Necessity. Let x be the characteristic function of the interval (a/2,a). It

is obvious that x € Lg s for all 8 € R, while for o+ 3 < 1/2 we have V,x & Lo 3.
Sufficiency. Let us introduce the operators

(Zp)(t) = (a- ™) /*Pip(a- ™), t€RT,
(Z719) (@) = <1/2+B>¢(—1nj), v € (0,a).

Here Z and Z~! are the isometric inverse operators acting from the space Ly g
into the space Ly(R™T), and from the space Ly(R™) into the space Lo g.
Let a+ 3 > 1/2 and

Vallzp =

V., =2V, 7. (4)

After some simple transformations we obtain

t +oo
(Va0 = [ dr = v [ ot =rstr)dr
where

mell/2=a=Bt  for or
MU={¢T‘ for ¢ >0 wAw:{w@ for £>0

0 for t<0’ 0 for t <0

The operator V,, is a convolution operator with kernel v € L (R), therefore
it is bounded in the space Ly(R*) and

IVallz = [|Follcc, (6)

where F is the Fourier transform
—+o00

(fb)@)::v%; [ emurydr =

?

t—i(lj2—a—-pg)’

(7)
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From equalities (4), (6) and (7) we obtain (3). O

Lemma 2. For the operator W, to be bounded in the space L g, it is neces-
sary and sufficient that 3 > —1/2, and at that we have

1
[Wallas = B(5 +8.a), ®
where B(-,-) is a beta-function.

Proof. The necessity is proved like in the case of the operator V.
Sufficiency. Let > —1/2,

W, = ZW, 27" (9)
Then
(Wat)(t) = [ /2o et 1) ts(r) dr
0 1 o
= 5= [ Wit = e,
where

t) V2med/2=a=Rtet — 1)1 for t >0
w = )
0 for t <0

and from the condition o > 0, 8 > —1/2 we obtain w € L;(R). Hence ||[W,]|; =
| Fw|e < \/%Hwﬂl, but since w(t) > 0, we have \/%Hwﬂl = (Fw)(0) <
| Fw|| oo, Therefore

[Wallz = (Fuw)(0). (10)
On the other hand (see [4], p. 309, 3.251.(3)),

(Fw)(t) = /6(1/2’“"””)7(67 — 1) tdr = B<2 + [ —it, a), teR. (11)
0
Equality (8) is obtained from (9), (10), (11). O

3. EQUATIONS

Let us consider the equation

a

o) —a [ L= sy = pw), 0<w<a (12)

Applying the operator Z to both sides of equation (12) we obtain an equiva-
lent equation in the space Lo(R™T)

U(x) — a(Wat))(t) = g(t), t>0, (13)
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where W, is defined by equality (9), v = Zp, g = Zf.
Equation (13) is a Wiener-Hopf equation. By extending its definition to a
convolution equation along the entire axis we obtain

Uy (t) — a(Warhy)(t) = g4(t), tER, (14)

where ¢, and g, are respectively the sought and the known functions which are
defined by rule (5) (here use has been made of the obvious equality (W1, )(t) =0
for t < 0).

Applying the Fourier transform to equation (14), we obtain an equivalent
equation in the Hardy class Hs: s(x)U*(t) = G*(t), t € R, where ¥, and
G are the tranformed Fourier functions ¢, and g, respectively; s(t) = 1 —
a(Fw)(t) is a function from the class H,,. Thus, this equation has a unique
solution UT(t) = s~(¢)GT(¢) and, after restoring the solution of equation (12),
we obtain

o=2"'Fls\FZf. (15)

But for ¢ € Lag, it is necessary and sufficient that the function s™'FZf
belong to the Hardy class Hs, which, in turn, depends on whether the function
s(z) has zeros at Im z > 0.

Let 5 > 1/2. By (8)

1
1 1
[Wall2,s = B<2 + 5,04) = /355—1/2(1 — ) tdr < /(1 — ) lde = —,
0

Le., ||[aWy|l2,s < 1.

Therefore the operator I — alW, is invertible in the space Ly 3. By virtue of
the continuity, the solution will have the form of (15).

Let 5 < 1/2. Then by (11)

s<z<;—ﬂ)> zl—a/l(l—x)o‘_ldx:O

and for sT'\FZf € H, it is necessary that (FZf)(i(1/2 — 3)) = 0, which is
equivalent to condition

/f(x) dr =0, (16)

i.e., in this case the latter condition is the necessary one.

For g = 1/2, s(0) = 0 and, as is well-known, equation (12) will not be
normally solvable.

Thus we have proved

Theorem. Let > —1/2. Then the integral equation (12):
(a) when B > 1/2, for any function f € Lo g has a unique solution ¢ € Lo g
calculated by formula (15);
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(b) for B < 1/2, to have a solution it is necessary that condition (16) be
fulfilled. The unique solution (if it exists) is calculated by formula (15);
(c) for B =1/2 is not normally solvable.

Remark. For equation (12) to be solvable in the space Log for § < 1/2,
condition (16) is not sufficient for arbitrary a. One can prove that for sufficiently
large natural «, the equation s(z) = 0 has roots in the upper half-plane which
are different from z = i(1/2—(3) (their number has order In ). Thus, depending
on «a, equation (12) may have an arbitrarily large negative index.

Example 1. Let us consider equation (12) in greater detail for the case
o= 2.
Then equation (12) takes the form

@—2/y;xwwwy=ﬂ@70<x<L

and we obtain
o = L2 =B+ 1 )
(t+i(1/2+8)(t+i(3
For > 1/2 we have

2v2”(<U26

*gwﬂ if t>0

(F's0)(t) = ,
0 if t<0

and from (15) it follows that

o(z) +~—/f ) dy —/G?dy

If B <1/2, then

and we obtain

Example 2. Let now a + [ > 1/2. In the same space Ly 3 we consider the
equation

p—aVap = f, (17)
where V,, is the operator defined by (1).
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For the symbol of (17) (see (7)) we have
t—i(1/2- )
t—i(1/2—a—0)

After easy calculation from (15) we obtain a unique solution

s(t) =1—a(Fo)t) =

ola) = f@)+ = [ fly)dy, 0<z<a.

Note that, when § < 1/2 for (17) to be solvable it is necessary and sufficient
that condition (16) be fulfilled.

Example 3. When designing granulation processes, one deals with the in-
tegral equations (see [1], p. 142)

a/ a—2)° o(y)dy = f(x), 0<zxz<a, a€R, (18)

a/ o(y)dy = f(x), 0<z<a, a>0. (19)

As different from the above kernels which had integrable singularities at zero,
the considered kernels in have analogous singularities at a. Hence it is natural
to consider equation (18), (19) in the space L} 53 = {¢| (a—x) p(x) € L2(0,a)}.

Applying a simple transformation (C'p)(z) = ¢(a — z), equations (18), (19)
are reduced to the above-considered equations and therefore all the statements
proved in Sections 2 and 3 hold for them as well with the only difference that
the solution formulas have to be appropriately modified.

REFERENCES

1. D. I. BASHELEISHVILI, Mathematical software of computer-aided design and control sys-
tems, Part IV. (Russian) Tbilisi University Press, Tbilisi, 1993.

. R. DubpucHAVA, Integral equations with fixed singularities. Teubner, Leipzig, 1979.

w N

F. D. Gaksov and Y. I. CHERSKI, Equations of convolution type. (Russian) Moscow,
1978.

4. I. S. GRADSTEYN and I. M. RyzHIK, Tables of integrals, sums, series and products.
(Russian) Nauka, Moscow, 1971; English transl.: Academic Press, New York etc., 1980.

5. V. KOKILASHVILI and A. MESKHI, Boundedness and compactness criteria for some classi-
cal integral operators. Lecture Notes in Pure and Appl. Math., 213; “Function Spaces V7,
Proceedings of the Conference, Poznan, Poland, August 28—September 3, 1998, 279-296,
Marcel Dekker, New York, Basel, 2000.

(Received 26.03.2001)

Author’s address:

A. Razmadze Mathematical Institute, Georgian Academy of Sciences
1, M. Aleksidze St., Thilisi 380093, Georgia

E-mail: avsa@rmi.acnet.ge



