GEORGIAN MATHEMATICAL JOURNAL: Vol. 6, No. 5, 1999, 471-488

ON SOME ENTIRE MODULAR FORMS OF AN
INTEGRAL WEIGHT FOR THE CONGRUENCE
SUBGROUP T, (4N)

G. LOMADZE

ABSTRACT. Four types of entire modular forms of weight $ are con-
structed for the congruence subgroup I'g(4N) when s is even. One
can find these forms helpful in revealing the arithmetical meaning of
additional terms in the formulas for the number of representations of
positive integers by positive quadratic forms with integral coefficients
in an even number of variables.

All the notations, definitions and lemmas used in this paper are taken
from [1].
To make the notations shorter throughout the paper we put

\I/j(T;glahhcl;Nl) =

=W, (7591, h1,c1, N1; g2, ha, c2, Nos .. .5 gs—s8, hs—s, Cs—5, Ns_s)
(1=1,2,3,4).

1.

Lemma 1. For even s > 12 and given N let
1
Ui(T591, hay e, NY) = {Nﬁ;’{hl(ﬂclﬂ%)ﬁ’ (7;¢2,2N2) —
1

g2h2
-8
L g (r; 2N ; 2N- ] v ; 2N, 1.1
_N2 gaha \T5C2; 2) glh1(T’cl’ 1) H gkhk(7—7ck7 k) ( . )
k=3
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and
1
Vo (7591, by e, Ni) = {le ﬁéf)hl(ﬂC1,2N1)7992h2(7502,2N2) +
2ha

1
+W 19;4) (T; Ca, 2N2)1991h1 (T; Ci, 2N1) —
2

7 6
N1 Ny

5—8
Igllhl (Tv C1, 2N1)/l9;/2h2 (Tv C2, 2N2)} H ﬁgkhk (Ta Ck, 2Nk)7 (12)
k=3

where
s—8 hk
g, NN (k=1,2,....5—8), 4‘N;Nk. (1.3)

Then we have

n or+f
AN 17 +6

(47 +8)*/2W;(rs 1, 10,0, M) = 3 BPe( ) G=12) (14
n=0

for all substitutions from I' in the neighborhood of each rational point T =
—2 (v#0, (1,0)=1).
In [2] this lemma is proved for arbitrary s > 9 (even and odd).
Lemma 2. For even s we have
if $s=0 (mod 4),

sgné(%) if s=2 (mod 4).

G (sgn6-1)/2 _;(s—8)(1-[6])/2 _

Proof. (a) Let s =0 (mod 4). Then
§5n(N(sgnd=1)/2  ;(s=8)(1-13])/2 _ ;2hn(7)(sgno—1)  ;(2h—4)(1=]d]) _

— (—1)P)eens=1) (_1)(h-2)(-1]) _ .

(b) Let s =2 (mod 4). Then
510 (sgn 6-1)/2 _ ;(s=8)(1—16])/2 _ ;(4h+2)n(v)(sgn6-1)/2 _;(4h—6)(1-1])/2 _
, -1
= RN (send=1) (1) (2h=3)(A=18)/2 _ Sgn(g(m) 0

Theorem 1. For even s and given N the functions V;(7; g, hi,0, N;)
(j = 1,2) are entire modular forms of weight 5 and the character

(@) if =0 (mod 4),

sgné(w?) if s=2 (mod 4) (1)

x(6) =
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(A is the determinant of the positive quadratic form with integral coefficients
in s variables for which the function ¥; will be used) for the congruence
subgroup T'o(4N) if the following conditions hold:

1) 2lge, Ni|N (k=1,2,...,5—28), (1.6)
s—8 s—8
h3 9
2) 4’NZE, 4‘ e (1.7)
k=1 k=1
s—8
[T Nk A
3) (=L V. (riag, hi,0,N) = = \U.(r:g;,h,0,N;) (j=1,2) (1.8
) |5| ](T7a917 1Yy l) |5| j(7—7gla 1Y, l) (J 9 )( )

for all « and 6 with aé =1 (mod 4N).

Proof. 1. As is well known, the theta-series which contained in the functions
U;(7;91,h,0,N;) (j = 1,2) are regular on H. Therefore these functions
satisfy condition 1) and by Lemma 1 also condition 4) of the Definition
from [1] (p. 53).

II. From (1.6) it follows that

To(AdN) CTo(4Ng) (k=1,2,...,5—8). (1.9)
It is easy to verify that (1.7) implies
s—8

2 hi = 91% 20(2Ny)—2
4‘N D 4‘ N Ik greN- 1.1
0 Ny &N 0 ) (1.10)

since 21§ by virtue of ad =1 (mod 4N).
Using (1.9), (1.10) and Lemma 3 from [1] (p. 58), for all substitutions

from I'p(4N) we get:
1)ifn=3,n=1and n=0,

+0 at+
9" (LO 2Nr>ﬁl (7.02‘[\]—)
grhr ,)/7._1_6 1D gihy ’YT"‘(S )y Uy t X
s—8
at +
Fgune (S 50,20 ) =
X H grhi ’YT—‘r(S 0 k
k=3
s—8
[T Ne
_ jon(n(sgns-1)/2 .i<s—8)<1—|6|>/2(k=|16 >(7T+5)s/z y
s—8
xO0 (730, 2N,)0 0,1, (73 0,2N0) [ [ Vg (730,2N,)  (1.11)
k=3

forr=1,t=2andr=2,t=1;
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2) if n =4 and n =0,

(4) art + (3 (aT + 3 )
@ ( +5 {0, 2N, )y, (S 10,2,
aT +
X H ﬁgkhk ( ﬁ O,2Nk) =
s—8
[T Nk
_ jen(n)(send—1)/2 _ (s—8)(1—|6])/2 (k—|1 ‘ )(77 4+ 5)/?
5
s—8
4)
<95 (730,2N,)0ag, 1, (750,2Np) [ ] Jage.ne (750,2N5)
k=3

forr=1,t=2andr=2,t=1;
3)ifn=2and n=0,

9" (LJrﬂo 2N1) " (O‘T+ﬁ

g1ha +5 g2ho +5’ 0 2N2)

x Hﬁgkhk(erﬂ (),QNk) -

s—8
[T Nk

_jen(n)(sano—1)/2 _ ;(s—8)(1—|6])/2 (k—|16> (v + 6)°/% x

X000 (130, 2N0)9% 4 (750,2N3) [ [ Dagy.n, (750, 2N).

k=3

Thus by (1.1), (1.11) and (1.2), (1.12), (1.13) we have

v, (M g1 h 0, Nl) _ (e -1)/2 i(s—8)(1-18)/2

YT + 0
s—8
[T Nk

X<k=15| )(WT—&-6)5/2\I/j(7;0491,hl,0»Nl) (U =12),

which by Lemma 2 implies respectively for j =1 and j = 2

(1.12)

(1.13)

s—8
IT Nk
(oTE8 _ (= 2 (7
\Il]<77'+5 7gl7hl707Nl> - ( |6| >(’YT+5) \IIJ(T,Olgl,hl,O,Nl)

if s=0 (mod 4)
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and
ar + (3
\Ij‘ _— frng
j("}’T‘i’(g 7glahl70;Nl)
5—8
[T Nk
-1 L] _

:Sgn(s(W) <k|15><77+5)S/2‘I’j(T;agl,hz,07Nl) if 5s=2 (mod4).

Hence by (1.5) and (1.8) we obtain

at + 3
Nyr+9
Thus the functions ¥;(7; g1, ki, 0, N;) (j = 1,2) satisfy condition (2) of the
Definition from [1].
III. The functions ¥;(7;g;, ki, 0, N;) (§j = 1,2) also satisfy condition 3)
of the Definition from [1]. For the proof see [2] (p. 109). O

591, hlu O7Nl) = X((S)(’YT + 6)8/2\Ijj(7—;glu h1707Nl)'

2.
To simplify the notations of this section we put

Q(T;gl,h1701,N1;gg7h27h2702,N2) =

1
:F glhl (T; €1, 2N1)1992h2 (7_; C2, 2N2) -
1
1
~ 37, 2o (7502, 2N2)0 gy (75 01, 2N1) (2.1)
2
and occasionally
(s=2)/3=5 (s—1)/3=5" (2.2)

Lemma 3. For even s > 10 and given N let

\113(T;glvh'lvcl7Nl) = Q(T;gl,hl,cl,Nl;QQ, hQaCQaNZ) X
s/3

X H O op, (Ti0,2Ny) if s =0 (mod 6), (2.3)
k=3
\113(T;gl7hlvcl7Nl) = Q(T;glvhlaclaNl;QQahZaCQaNQ) X

s 542
< [T Pene (508 2N6) [ Pgens(T506,2Nk) if s =2 (mod 6), (2.4)
k=3 k=5+1

Us(75 91, ha, e, Ni) = Q75 91, ha, e, Nui g2, he, c2, Na) X

’

< TT P (75 8 2N)0g,inss sy (T €41, 2N 1) if s =4 (mod 6) (2.5)
k=3
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and
s/3
\1’4(T;gl,hl,cl,Nl) = H legkhk (T;Ck72Nk) Zf s=0 (mod 6), (26)
k=1

Uy(T;91, bty e, Np) = H O (T3 €k, 2Ne)0 g ha i (T5 Ca1, 2N 41) X
k=1
X g. . ohsrs(TiC542,2N512) if s=2 (mod 6), (2.7)
\114(7-; g1, hl7 Cr,y Nl) = H ﬁ;khk (T’ Ck; 2Nk)0gs/+1hsl+1 (Ta Cs’+15 2NS'+1) (28)
k=3
if s=4 (mod 6),

where

h
2gw, NN (k=1,2,...,5/3), 4‘NZ—’“ if s=0 (mod 6), (2.9)
i Nk

5+2
_ h
gk, NilN (k=1,2,...,5+2), 4‘N2—k if s=2 (mod 6), (2.10)
= Nk
s'+1 h
gk, NN (k=1,2,....s +1), 4’]\72 Tk if s =4 (mod 6), (2.11)
= Nk

Then we have

512 (- N (o aT By
(Y7 + 8)°2W(7;. 91,0, 0, NY) ,;OC" e(4N WM) (j=3,4) (2.12)

for all substitutions from I" in the neighborhood of each point T = —% (v #£0,
(7,6) =1).

Proof. 1. It is shown in [3] (formula (1.7)) that

(7 + 8)3Q(7; g1, b1, 0, N1; ga, ha, 0, Ny) =

2
3 .
- _e(Z sgn’y) ANIN) 2 ST T g (0. Hi 2N) x
H; mod 2N; k=1
H2 mod 2N2

at + 0
Q(m?% ?LaHlaNl;géahéaH272N2)~ (2.13)

For n =1 and n = 0 it follows by Lemma 4 from [1] (p. 61) that:
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s/3

D) (PyT—’_é . 6/2Hﬁgkhk (750,2Ny) =
k=3

= e((s - 6)(sgnfy)/8)(_@' sgn'y)(s—ﬁ)/3 %

s/3 s/3
-1/
x(z<s—6>/3 HNm\(S‘W?’) > H (sog gnne (0, Hi; 2Ny,) x
k=3 Hs mod 2Ns k=3
H./3 mod 2N, s
ar+ . _
xﬁg;h;< et Hmsz)) if s=0 (mod 6), (2.14)

2) (7 +6)=79)/2 H Vgny (T30, 2N0) Vg oy (730, 2N541) X
k=3
Xﬂg,§+2ha+2 (T. Ov 2N§+2) = 6((8 - 6)(5gn7)/8) X
5+2

1/2
x(2f ZN’“M ) (s

x Z H (QOQ gkhk (0, HkaQNk) gLh, (aTi/g Hk:72Nk;)>

Hs mod 2N3 =

H§+2 mod 2N§+2

5+2
aTt +
X H (@g ¢ g (0 Hk»QNk)'l?g;Ch;C( +§ Hk,QNk)> (2.15)
k=5+1

if s=2 (mod 6),

3)  (yr+0) 9 Hﬂgkhk (750,2N) 9., h,, (750,2Ng41) =

k=3
/41 12
=e((s — 6)(sgnv)/8) ( Z Ni|~]® —1> (—isgny)©~1/3 x
+5
<D Hsvg Lo (0, His 2Ny (57 Hi 2N )

Hs mod 2N3 k=3

Hgyy mod 2Ny

Py,
at + [ )
XVg,sahor i (m;HSIH,?stH) if s=4 (mod6). (2.16)

OaHs’—Q—l;ZNs/—I-l) X

9o/ 41hera (
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After multiplying (2.13) successively by (2.14), (2.15) and (2.16), by (2.3)
we obtain
1) (y7+0)*/Ws(1: g1, i, 0,N;) = (—1)*/%¢(s(sgn)/8) x

s/3 s/3

—-1/2
X (23/3 H Nk|7|s/3> E H Pgl gihy, (0, His 2Ng) x
k=1 H1 mod 2N1 k=3
H.ys mod 2N,
ar + .
X\]:Ig(m;gl/7h2,Hl,Nl) if s=0 (mod 6)7 (217)

2) (v +0)2Ws(1 g1, b, 0, Ny) = (—1) D Oe(s(sgny) /8) x

542 5+2

_ Lo\ —1/2
x (2572 T Niyf*#2) S T @orom (0. His2N) x
k=1 Hi mod 2N, k=3
Hera mod 2Ns1a
\yg(%;g;, ;,Hl,Nl) if s=2 (mod 6), (2.18)

3) (4 0)2Ws(ry g1, e, 0, Ny) = (—1) T2/ 6 (i sgn y)e(s(sgnv)/8) x

, s'+1 , _1/2 s'+1
X(2S +1 H Nk|’7‘s +1) Z H (Pgigkhk(oka;2Nk) X
k=1 H, mod 2N; k=3
Hgyy mod 2N/ 4y
at+ 0 .
Xq’3(m;927h27Hl,Nl) if s=4 (mod 6). (2.19)

Further, reasoning as in [1] (Lemma 5, the bottom part of p. 64 and p.
65), we obtain (2.12) if j = 3.

II. By Lemma 4 from [1], for n = 1 and n = 0 it respectively follows by
(2.6), (2.7) and (2.8) that

s/3
(y7 + 0)*/ 2y (75 g1, hi, 0, N}) = (7 + 6)%/? H 9 (750,2N) =

grhi
k=1

s/3 “1/2
= e(s(sgn)/8) (272 [T Nehl*/%) " (=isgny) x
k=1
3/3 at + 0
X Z H (‘szgkhk(oka72Nk)19:;Lh;C (M’Hk72Nk)) =

Hy mod 2N; k=1

HS/3 mod 2Ns/3
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s/3 —1/2
= (=1)/Oe(s(sgny)/8) (272 T] Mulrl*?) "
k=1
s/3
X Z H Pgt guhy, (0, His 2Ng) X
H; mod 2N; =
H.; mod 2N, s
art+ 3 )
‘1’4(m;gf, E,Hz,Nz> if $=0 (mod 6), (2.20)

(’YT+5)S/2@4(T;gl7hla0;Nl) (’YT-’-(S 5/2 H ﬁgkhk T; 032Nk) X

k=1
Xﬁ95+1h5+1 (T; 0, 2N§+1)79g§+2h§+2 (7—; 0, 2N§+2) =
e RNV )
= e(s(sgn")/8) (25+ H NiJy[** ) (—isgny)® x
k=1

X Z H <<pg g (05 Hi; 2Ni) 04 e (Mi? Hk,2Nk)>

H1 mod 2N1 k=1

H; mod 2N;
542
ar+ (3
X Z H (‘pgkgkhk(O?Hk;QNk)ﬁgkhk (W;HkaNk>) =
H§+1 mod 2N§+1 k=5+1
H§+2 mod 2N§+2
~ 542 } —1/2
— (—1)(8_2)/66(8(Sgn7)/8) (2s+2 H Nk|’7|s+2) «
k=1
542
X > H Pgr gnh (0, Hi; 2Ni) X
H; mod 2N, k=1
Hes mod 2Nsys
xqu(Li?;g;, ;,Hl,Nl) if s=2 (mod 6) (2.21)
T

and
(PyT+5)S/2\Ij4(7—;glahlao7Nl) (’YT‘F(S 5/2 Hﬁgkhk T O;2Nk) X
k=1
xﬂgs,ﬂhs,ﬂ('r;0,2N9/+1)e(5(sgn7)/8) X
S,HS,H van\“Y2 y
X(Z T el ) (—isgny)® x

k=1
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ar + 0
<« ¥ H(% g 0.3 22000, (S5 1, 20) )
Hy; mod 2N; k=1

H"J mod 2Ns’

x > g, gurpahorss (0 Hyri13 2Ny 1) X

Hgryy mod 2N/

><g/ hgr
¢ s/41sr 41

P i, 2N =

, s'+1 , —1/2
= (—1)(+2)/6(; sgny)e(s(sgnv)/8) (23 +1 H Nir* +1) y
k=1
s'+1
X Z H Pgl grhr (07 Hy; 2Nk) X

H; mod 2N; k=1

Hgryy mod 2Ny

at + 0 )
‘1’4(m;gi, 27H1,Nz) if s=4 (mod 6). (2.22)

Further, reasoning as in [1] (Lemma 5), we obtain (2.12) if j =4. O

Lemma 4. For even s we have

1 if s=0 (mod 12),
(a) §*70) (g 0=1)/2 (s/3)1-131)/2 — 1
sgné(w) if $s=6 (mod 12);
1 if s=8 (mod 12),
(b) ¥ Gend=1)/2 ;((s+4)/3)(1-6])/2—
bgn5(‘5|> if s=2 (mod 12);

(c) 1 (Ewnd=1)/2 ((42)/3)1-18)/2 _ (W) if s=4 (mod 12),
sgnd  if s=10 (mod 12).

Proof. (a) Let s = 0 (mod 6), i.e., s = 0 (mod 12) or s = 6 (mod 12).
Then

jon(N)(san6-1)/2 _;(s/3)(1-18)/2 _ ;3hn(x)(send—1) ;2h(1~15])/2 _

1 if 2|h, ie.if s=0 (mod 12),
sgné(ﬁ) if 2th, ie.,if s=6 (mod 12).
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(b) Let s =2 (mod 6), i.e., s =2 (mod 12) or s =8 (mod 12). Then
() (s8n6-1)/2 i (s44)/3)(1—181)/2 _ ;(8h+1)n()(sen6-1) _;2(h+1)(1-16])/2 _

— jhH ) (seno=1) | (1)) (-1D/2

sgn&( 7] ) if 2|h, ie.,if s=2 (mod 12),

1 if 2th, ie,if s=8 (mod 12).
(c) Let s =4 (mod 6), i.e., s =4 (mod 12) or s = 10 (mod 12). Then

55m(V)(sgnd—1)/2  ((s+2)/3)(1-|d])/2 _ ;Bh+2)n(y)(sgnd—1)  ;2(h+1)(1—d])/2 —

(%) if 2|h, ie.,if s=4 (mod 12),

sgnd if 24h, ie,if s=10 (mod 12). O

Theorem 2. For even s and given N the functions U;(7; g, hi,0, Np)
(j = 3,4) are entire modular forms of weight 5 and the character

(@) if s=0 (mod 4),

x(0) = Sgn‘s( |5?) if s=2 (mod 4)

(2.23)

(A is the determinant of the positive quadratic form with integral coefficients
in s wvariables for which the function W; will be used) for the congruence
subgroup To(4N) if the following conditions hold:

(a) when s =0 (mod 6)

1) 2lge, NilN (E=1,2,...,5/3), (2.24)
‘;/3 s/3 92
4‘]\7 ‘ Ik 2.2
Z 2, (2.25)

3) for all o and § with ad =1 (mod 4N)

s/3

[T Nk

= A
(k|15| )\Ifj(T;agz,hl,o,Nl)—(5|) ST 90 h 0, N (2.26)

(b) when s =2 (mod 6)

1) 2|gk, Ne|N (k=1,2,...,(s+4)/3), (2.27)
(+4)/3 (s+4)/3

4‘1\7 Z ‘ ; 497’1, (2.28)
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3) for all & and § with ad =1 (mod 4N)

(s+4)/3

k
k=1 . /A
<w|>\ll](7',ozgl,hl70,]\71) = (W) (T390, 01,0, N7); (2.29)

(c) when s =4 (mod 6)

1) 2\gr, Ni|N (k: 1,2,...,(s+2)/3), (2.30)

N (£33

Ik
4‘1\/‘ Z ‘ ; e (2.31)

3) for all @ and § with ad =1 (mod 4N)
(s+2)/3
k

(k_|3|>‘llj(7-;agl7hlao7Nl) bgné( |5| ) (T;glahlaO7Nl)' (232)

Proof. 1. As in the case of Theorem 1, the functions ¥,(7;g;, hi,0,N;) (j =
3, 4) satisfy condition 1) and by Lemma 3 also condition 4) of the Definition
from [1].

II. From (2.24), (2.27) and (2.30) we obtain

Obviously, (2.25), (2.28) and (2.31) respectively imply

5/3 s/3
4‘1\752 —k 4‘ Z j\’; §2°CN=2 if 5 =0 (mod 6),  (2.34)
k
(s+4 /3 (s+4)/3
2 h2 Z 913 20 (2N} )—2
4‘]\75 4‘ §2PC2NO-2 if s =9 (mod 6), (2.35)
— N; — 4N,
and
(3325/3 52 (s+2)/3 g2
4‘N§2 Tk 4‘ S Ik 520@N02 i s =4 (mod 6). (2.36)
k=1 Nk k=1 4Nk

Using (2.33) and Lemma 3 from [1], for all substitutions from I'o(4N) we
obtain:
l)forn=2,n=1andn=20

0,28, )y, (M
0 G

" ar + 3
Voo (5755 -

grho,. ’YT+6 a072Nt) X
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o/ at + 0
Py, (S5:0,21) =
X ]]:[3 grhr T+ 5 k

s/3
IT Ni
_ jen(n(sena=1)/2 | ;(s/3)(1-16)/2 <k_15|> (v + 6)°/2

Xﬁggrahr (T; 07 2Nr)ﬁa9t»ht (T; Oa 2Nt> X
s/3
X H gy (7:0,2Ng) if s =0 (mod 6), (2.37)
k=3
w o (oT+B

;0, 2Nr)ﬁgtht (M 0, 2Nt) x
AT 44

s at + 3
i (7-02]\7)
Xk1;13 grhk ’77’—|—(57 s k) X

aT + art +
X7995+1h§+1 (ﬁ ; 0, 2N§+1>79g§+2h§+2 (77_7_’_5 ;0, 2N§+2) =
542
[T Nk
_ jon(n(sens-1)/2 _ (5+2)(1-13))/2 (k=|15| )(w +6)°/2

x ggrxhr (T; 0’ 2NT)19049t7ht (T; 07 2Nt) H ﬂ;gk;hk (T§ 0; 2Nk) X
k=3
XVagsi1ha (7:0, 2N5~+1)190t9§+27h5+2 (7;0,2Nz42) (2.38)

if s=2 (mod 6),
at +

10,21, ) Uy, (m

;0,2Nt) x

+ 8
o (TP
g'r‘hr(,y +6

s’ ’ aT +ﬁ . oT +ﬂ ) B
X kl;[g'ﬂgkhk (m ; 0, 2Nk)1995/+1h51+1 (m ; 0, 2N€/+1> —

— (Sgn 6),L~sn('y)(sgn6—1)/2 _i(s'+1)(1—\5\)/2 «

IT N

X <k=|15| )(VT + 5)8/2ﬁggr’hr(7; 0, 2N, )0 agy 1, (750, 2N;) x

S

X H Vagy,h (T30, 2Nk)190‘95’+11hs’+1(7—;07 2Ng41) (2.39)
k=3

if s=4 (mod 6),
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where r =2, t=1and r=1, t = 2;
2)forn=1andn=0

[T Nk
_ jon(x)(sgnd—1)/2 'i<s/3)<1|§|)/2<k_|15 > 5
s/3
X (y1 +6)*/? H Vg i (750,2N) if s =0 (mod 6), (2.40)
k=1

N (M :
kl:[lﬁgkhk(yTJr(S >072Nk)79g§+1h§+1 40 ,0,2NS+1) X
XDgs i ahsie (3:7—_::? ,0, 2N§+2) — jsn(N(sgnd-1)/2 ,(5+2)(1—|])/2
§ﬁ2
Ni
X <k_|15| >(’YT+5 8/2 H ﬁagk n (730,2N}) %
k=1

Xﬁagwﬂ hsq1 (7;0’2N§+1)190tg§+27 hsta (T 0, 2Ns+2) (241)

if s=2 (mod 6),

at + 3 at +
U gkhk( 072Nk)19gs/+1h5/+1 (m 3072N€'+1) =

_ s 610 (send-1)/2 Z-(s/+1><1—|6|)/2< .

X H ﬂO‘Qkhk 730, 2Nk)’l904.(ls’+1xhs’+1 (T;O’ 2N8’+1>
if s=4 (mod 6).

3 and j =4 we get

By (2.3), (2.37) and (2.6), (2.40), for j =

A<0‘7+5 g1 h,0 Nl) _ () (send—1)/2 _;(s/3)(1-13])/2
J ’YT+5 ) ) s Uy
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s/3
[T Nk
><<k|15| )(’YT+5)S/2\Ijj(7'§agl7hl707Nl) if s=0 (mod 6). (2.43)

By (2.4), (2.38) and (2.7), (2.41), for j = 3 and j = 4 we get

(M g1, hi. 0, Nz) — ) (sen=1)/2 _i(s+4)/3)(1-18)/2
J
YT +9
(s+4)/3
IT Nk
X <‘“‘|%|> (7 4 0)*/2W, (15 91, by, 0, N;) if s =2 (mod 6). (2.44)

By (2.5), (2.39) and (2.8), (2.42), for j = 3 and j = 4 we get

@.(M.gl hy.0 Nl) — () (sgnd—1)/2 ;((s+2)/3)(1—])/2
J ’YT+5’ ) Yy
(s+2)/3

k
X <k=|%|> (7 4 0)*/2W; (15 91, b1, 0, N}) if s =4 (mod 6). (2.45)

Further, by Lemma 4, for j = 3,4 realtions (2.43), (2.44), and (2.45)
respectively imply:

s/3
[T Nk
aT + s s
‘I’j<77_+§ §gz’hz,0,Nl) = <k |15‘ >(’YT+5) 72U, (75 g1, e, 0, Ny)
if s=0 (mod 12),
o3 (2.46)
[T Nk
— ;1 k=1 s/2
=sono () (S ) o 47
X \Ilj(T;aglvhlaOaNl) if s=6 (mod 12),
(s+4)/3
k
at+ 0 -1 H .
(g ot 0.0) =ssna () (55— Jor +007 »
X \Ijj(T;aghhlaOaNl) 1f S = 2 (mod 12),
(s+4)/3
1T DN (2.47)
= <k:16|> (’YT+5)S/2\I}j(T;aglahl707Nl)

if s=8 (mod 12);
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(s+2)/3
k
at +f3 -1 e o/2
U, (——; N, =S —_— =
J(,W__i_évgl’hlaoy l) bgn5(§|)< H )(’yr+5) X
x W;(r;ag,hi,0,N;) if s=4 (mod 12),
(s+2)/3
1T DN (2.48)
= <k:16|> (’YT + 5)8/2\I/J (T7 agi, hlv 07 Nl)

if $=10 (mod 12).

From (2.46)(2.48), (2.26), (2.29), (2.32), and (2.23) it follows that

W.(M

; N = 129 (T | =3,4).
\5r s s 91, i, 0, l) X(O)(ym +0)* /2w (1591, hi, 0, N;) (5 =3,4)

Thus the functions ¥;(7; g1, hi, 0, N;) (j = 3,4) satisfy condition 2) of the
Definition from [1].

IIL. By [1] (formula 1.3), for r =1, ¢t = 2 and r = 2, t = 1 we obtain:

1) If s=0 (mod 6),

s/3
gThT (T; O’ 2Nr)ﬁgtht (T; 07 2Nt) H ﬂ;khk (T; 07 2Nk) =
k=3
s/3
> hrmT+htmt+Z hrmp
= (Wi)S/B Z (_1) k=3 (4N'r‘m'r _,'_gT)Q %
My, Mt M3,..., Mg y3=—00
5/3 s/3 1 o ) o »
_ r,t
x [T (ANkm +gk)€<z N, (QNkmk + ?) ) =Y B e(nr),
h=s k=1 n=0
since by (2.24) and (2.25),
s/3 1 ar 9 s/3 ) s/3
=3 g, (e + ) =37 (Vi 2) + <> gi/AN
n ;4Nk< kmk+2 kz::l( kmk+mkgk/)+4;gk/ ;

is a non-negative integer;
2) If s =2 (mod 6),

o (730, 2N)06,5, (750, 2N) [ | 95,0, (730, 2N5) x
k=3

Xﬂg§+1’l§+1 (T; Oa 2N§+1)19g§+2h§+2 (7_; 07 2N§+2) =
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542

~ o hrmr+htmt+z hrmy
= (mi)® Z (1) h=s (AN, my + gr)2
My, M M3 ..M G2 =—00
s 542 1
X H(4Nkmk —i—gk)e(z N, <2Nkmk + ) ) Z C(T t) e(nT)

k=3

since by (2.27) and (2.28),

5+2 1 2 542 S+2
n= Z e (28, + ; ) =3 (Vemd + mage/2) + ng/mk
k=1

is a non-negative integer;
3) If s=4 (mod 6),

oehn (T30, 2N )0 g, 5, (750, 2N;) %

’

< [T Pene (73 0,2N0)0,  1hr (730,2N0r 1) %

k=3
s'+1
, 00 hym,+hsmy+ Z hrmg
= (mi)® Z (1) =3 (AN,m; + gr)2
mr,mt,mg,...,m5/+1:—oo
s s'+1 1 2 [e%e}
X H(4Nkmk +gk)€< Z N, (2Nkmk +3 ) > = ZDSLM)@("T%
k=3 k=1 n=0
since By (2.30) and (2.31)
s'+1 1 9 2 s'+1 s+2
n= Z m (QNkmk + ?) = (Nkmk + mkgk/Q Z gk/4Nk
k=1 k=1
is a non-negative integer.
Analogously,
s/3
Hﬁgkhk 7;0,2N},) =
s/3
o0 Z hpmy s/3
= (mi)*/3 > (—1)r= [T @Nems + gi) %
mi,ma,..., mg/3=—00 k=1

Xe(kz_:lélll\f (QNkmk+gk/2 ) %B ne(nt) if s=0 (mod 6),
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H ﬂgkhk T3 Oa 2Nk)19g§+1h5+1 (T; 07 2N§+1)19g.s+2h5+2 (T; 07 2N§+2) =

= (7'(@')5 Z (—1)’“:1 H(4Nkmk + gk) X
m1,m2,..., Mmsz42—=—00 k=1
542
Xe<;4N (2Nkmk+gk/2 ) ZOC' we(nt) if s=2 (mod 6),
H ﬂgkhk 730, 2Nk)ll9gs/+1hs,+1 (750,2Ng41) =
s/41
, ee} Z hrmyg s
= (mi)* > (=1) k=2 [T @Nems + gi) x
mi,ma,..., Mgr 1 =—00 k=1
s'+1 1
Xe(k_14Nk(2Nkmk+gk/2 ) nZOD ne(nt) if s=4 (mod 6).

Thus by (2.3)-(2.8) the functions ¥;(7;¢;,h;,0,N;) (j = 3,4) satisty
condition 3) of the Definition from [1]. O
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