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SPATIAL PROBLEM OF DARBOUX TYPE FOR ONE
MODEL EQUATION OF THIRD ORDER

O. JOKHADZE

ABSTRACT. For a hyperbolic type model equation of third order a
Darboux type problem is investigated in a dihedral angle. It is shown
that there exists a real number pg such that for a > pg the problem
under consideration is uniquely solvable in the Frechet space. In the
case where the coefficients are constants, Bochner’s method is devel-
oped in multidimensional domains, and used to prove the uniquely
solvability of the problem both in Frechet and in Banach spaces.

§ 1. STATEMENT OF THE PROBLEM

Let us consider a partial differential equation of hyperbolic type

in R3, where F is a given function and u is an unknown real function.

For equation (1.1) the family of planes x = const, y = const, z = const
is characteristic, while the directions determined by the unit vectors ey, es,
es of the coordinate axes are bicharacteristic.

In the space R3 let SY : pi(z,y,2) = %z + By ++92 =0, i = 1,2, be
arbitrarily given planes passing through the origin. Assume that v } v/9,
V9] # 0, where 1) = (a?,87,79), i = 1,2. The space R? is partitioned
by the planes S?, i = 1,2, into four dihedral angles. We consider equation
(1.1) in one of these angles Dy which, without loss of generality, is assumed
to be given in the form

Dy = {(z,vy,2) GRS:a?x+ﬁ?y+’y?z>O, 1 =1,2}.

For the domain Dy we make the following assumptions:
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(a) the edge Tg = {(z,y,2) € R® : a2 + % + 192 =0, i =1,2} of Dy
lies in none of the coordinate planes, which is equivalent to

) 0 A0 0 A0
ar  Bi ar M B
0, 0, 0; 1.2
of 70 Jog 4870 |8y 07 (2
this implies that 'y has no bicharacteristic direction, i.e., 9 Jf ej,j=1,2,3,

where 10 = 1) x 14 is the vector product of the vectors 1{ and vJ;

(b) the bicharacteristics passing through the edge 'y do not pass into
the domain Dy, and this is equivalent to the fulfillment of the inequalities
ajaf <0, 8763 < 0,777 <O.

Let Py(zo, yo, z0) be an arbitrary point of the domain Dy, and let S; D T'g
and S D T'g be the plane sides of the angle Dy, Dy = S U So. Let the
bicharacteristic beams L;(Fp), ¢ = 1,2, 3, of equation (1.1) radiate from the
point Py, in the direction of decreasing values of the z-coordinate of the
moving points L;(FPp) to the intersection with one of the sides S; or Ss at
the points P;, i = 1,2,3. Assume that these three points do not lie on the
same side. Without loss of generality the points P, and P are assumed to
lie on Sy, while the point P3 lies on S5.

In the domain Dy let us consider the following Darboux type problem:
Find in Dy a regular solution u(z,y,z) of equation (1.1) satisfying the
boundary conditions (to shorten the formulas here and below we assume
that SO = Sl)

(Mzuzy + Niuxz + Qiuyz)

Si—1 — fi> 1=1,2,3. (13)

For convenience we transform the domain Dy into the domain D : z; —
y1 > 0, z1 +y1 > 0 of the space of variables x1,y1,2;. To this end let us
introduce new independent variables defined by the equalities

1
1=, Y1 = i(pl(xa:%z) 7]32(‘%,1],2)),

1

21 = 5(]91(55,%2) +p2(w7y,z))

(1.4)

Owing to (1.2), the linear transform (1.4) is obviously nondegenerate, it
establishes the one-to-one correspondence between the domains Dy and D.

Retaining, the previous notation for u, F, M;, N;, Q;, f; and S;,1 = 1,2, 3,
4 =1,2, in the domain D for the variables 1, y1, 21 we rewrite the problem
(1.1), (1.2) as

3
_ 0w _p
8u16/¢28u3
0%u 0%u 0%u (15)
A +Nz + & = Jis ':172a3a
( Op10pa Ou10ps3 @ 8#23u3) Sio1 fir @
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where %,i = 1,2,3, are well defined derivatives with respect to various
directions expressed by the values o?, 89, 19, i =1,2,3,

Si={(z,y,2) ER*: 2 €R, y=2, z € R;},
52:{($7y72) GR?)ZIEER, Yy=-—=, Zgﬁ-'r}? R-‘rz [O;OO)

In the domain D let us consider, instead of the problem (1.5), the fol-
lowing boundary value problem in more general terms. Find in the domain
D a regular solution u(x,y, z) of the equation

3
_Pu _p
0110150l

satisfying the boundary conditions

0%u 0%u 0%u
M: N, ,
( iana, T Niana, T 8l28l3>

Here for the variables z1,y1,21 we use the previous notation: =z,y, z;
a% = ai% +5i(% +%‘%7 || +18il + [vil # 0, i = (s, Biy i)y 1= 1,2,3,
is the derivative with respect to the direction, M;, N;, Q;, fi, F', i = 1,2,3,
are the given functions, and u is the unknown real function. Moreover, the
bicharacteristics of equation (1.6) and the domain D will be assumed to
satisfy conditions (a) and (b) formulated above for equation (1.1) in the
domain Dy.

A regular solution of equation (1.6) is said to be a function u(z,y, 2)

gititky,

ol oL a1%”

(1.6)

=f, i=1,2,3. (L7
. fir i (L.7)

which is continuous in D together with its partial derivatives

1,7,k = 0,1, and satisfying equation (1.6) in D.

It should be noted that the boundary value problem (1.6), (1.7) is a
natural continuation of the known classical statements of the Goursat and
Darboux problems (see, e.g., [1]-[3]) for linear hyperbolic equations of sec-
ond order with two independent variables on a plane. The multidimensional
analogues of the Goursat and Darboux problems for one hyperbolic equa-
tion of second order in a dihedral angle were studied by Beudon and many
other authors (see, e.g., [2], [4]-[7])-

Many works are devoted to the initial boundary value and characteristic
problems for a wide class of hyperbolic equations of third and higher orders
in multidimensional domains with dominating derivatives (see, e.g., [8], [9]).

Remark 1.1. Note that the hyperbolicity of problem (1.6), (1.7) is taken

into account in conditions (1.7) because of the presence of dominating

d3u

derivatives of second order with respect to ——————.
P 91,0150
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Remark 1.2. Since the bicharacteristic beams of equation (1.6) radiating
from an arbitrary point of the domain D in the direction of decreasing values
of the z-coordinate of moving points of these beams intersect the side S
twice, while the side S only once, we take in the boundary conditions (1.7)
two conditions on S; and one condition on S5, respectively.

In the domains D and Iy = {(z,2) e R?: z € R, z € R, }, Ry = (0,00),
let us introduce into consideration the functional spaces

0o _ _
Co(D) = {v € C(D) :v|r =0, sup  p Yu(z,y, 2)| < 00, VN € N},
(1,y72<)]€\?\1“

0 .
{veCa@: s pPlole,y,2)| < oo},
(z,y,z)eﬁ,z>1

0 _
Ca,p(D)

where I' = {(z,y,2) € R3: 2 € R, y = 2 = 0}, p is the distance from the
point (z,y,2) € D to the edge I' of D, and the parameters o = const > 0,
[ = const > 0.

Similarly, we introduce the spaces

0o _ _
Co(Ily) = {(p eCM4):olr, =0, sup 2z %p(z,2)| < o00,VN € N},
(z,z)elly
z<N
o _ 0 _ s
CapMp)={peCally):  sup 2oz, 2)] < oo},

(z,2)€ll4,2>1

I ={(z,2) eR?:2€R, 2=0}.
Obviously, for the semi-norms

lvllo — = sup  p *u(z,y,2)l,
Ca(DN)  (2,y,2)€eDn\T

lello = sup  z27%p(x,2),
Ca (H+7N) (I,Z)Gﬁ_h]\]\rl

where Dy = DN{z < N}, II. y = Iy Nn{z < N}, N € N, the spaces
0o _ 0 _
Co(D) and C,(I1;) are the countable normed Frechet spaces.

0o _ 0o _
The spaces C, g(D) and C, g(I11) are the Banach spaces with the norms
1]l o =
Ca,p(D)

:max{ sup p_a|1}<$,y72)|, sSup p_B|U<.’E,y7Z)|}’
(2,y,2)€D\T,2<1 (,y,2)€ED,z>1
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lelly, =
Ca,p(Il4)
—max{ s g2, sw 2 Plp(r2)] ],

(z,2)€ll4,2<1 (z,2)€ll4,2>1

Remark 1.3. Because of the uniform estimate 1 < P <2, (z,y,2) € D,
z

0o 0 _
we can replace the value p in the definition of the spaces C (D), Co(Dn),

0 —
Ca,3(D) by the variable z which will be used below.

Throughout this paper we denote by c¢ a positive constant whose partic-
ular value is not of principal interest for our investigation.

0
It can be easily seen that the belonging of the functions v € C'(D) and
0 _ 0o _ 0 _
¢ € C(I1), respectively, to the spaces C (D) and C,(I1) is equivalent to
the fulfillment of the inequalities
lo(x,y, 2)| < cz®, (2,9,2) € D, 2 <N,

— 1.8
lp(z, 2)| < cz%, (r,2)€elly, 2<N, NeN (18)

We investigate problem (1.6), (1.7) in the Frechet space

0, __ oititky, 0o __
C'(D)=3u: ———— € Cu(D), i,j,k=0,1¢, 1= (Iy,lo,13),
D)= anoan € G Jo 1= k)

with respect to the semi-norms

ai-‘rj-‘rku ‘
u = _—
el . L;,% H oL DALY

o _ , NeN,
CW(DN)

and in the Banach space

0 o §ititky, 0 o
Cl s(D)=3u: ———— € Cap(D), 1,5,k =0,1
L (D)= { Siaiai € ConD) o3 }

with the norm

llo, = > |omrms
¢t (D) jz,;_o o1t Q1 Ol

ititky, ’

0 I
Ca,3(D)

0o o _
In considering the problem (1.6), (1.7) in the class C' (D) (CL,ﬁ(D))7
0o o _
we require that F' € Cn (D) (Co.(D)), M;, N;,Q; € C(I11) (M; = const,
o _ 0o _
N; = const, Q; = const), f; € Co(Ily) (Co p(Il4)), i =1,2,3.
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§ 2. EQUIVALENT REDUCTION OF PROBLEM (1.6), (1.7) TO A
FuNcTIONAL EQUATION
0%u 0%u 0%u
Using th tati =0, ——— = Uy, ——— = U3, bl
sing the notation o000 vy o000 Vo D00 v3, problem
(1.6), (1.7), in the domain D, can be rewritten equivalently as a boundary
value problem for a system of partial differential equations of first order

with respect to the unknown functions vy, v, vs:

81}1 81)2 av(‘l

——-=—F —==F —Z2=F 2.1

Ols " Oly T ol ’ (2.1)
(Mi’l}l + Ni’UQ + in3)|si—1 = fi, Z = ]., 2, 3 (22)

The equivalence of the initial problem (1.6), (1.7) and problem (2.1),
(2.2) is an obvious consequence of

Lemma 2.1. In the closed domain Dy there exists a unique function
u € {u: DLDID¥u € C(Dy), i,j,k = 0,1}, satisfying both the redefined
system of partial differential equations of second order

Ugy = V1;, Ugz = V2, Uyz = U3 (23)
and the conditions

U(PO) = Co, um‘l“o = w1, Uy|I‘0 = wa, UZ|FO = W3. (24)

. . Ovy Ovy Ow
Here v1, va, w3 are given functions such that v, 5+, 8;, e € C(Dy),

12123 8 (xy,)—ay(x%):%?(xy, ),(x,y,)GDo;coand
w; € C’(FO) i =1,2,3, are, respectively, the given constant and functions
on To; P° = P%2%,49, 2°) is an arbitrarily fized point of Tg.

Proof. Let Py(wo,%0,20) be an arbitrary point of Dy. It is obvious that
owing to the requirement (a) on I'g in §1, the plane z = z( has the unique
point of intersection of Py (zg,y*(x0),2*(x0)) with the edge T'y. Since
(uw(l‘o, Y, Z))y = U (Z‘Oa Y, Z)a (uw(l‘O’ Y, Z))Z = ’Ug(l‘o, Y, Z) and UZ<P6K> =
w1 (Py), the function u,(zg, y, 2) is defined uniquely at the point Py(xo, Yo, 20)
by the formula

(y0,20)
uy(Po) = w1 (Fy) + / v1 (o, Y, 2)dy + v2(z0,y, 2)dz. (2.5)
(y*(wo),2* (o))
Here the curvilinear integral is taken along any simple smooth curve con-
necting the points (y*(zo),z"(z0)) and (yo, 20) of the plane z = z¢ and
lying wholly in Dg. Since the point P, is chosen arbitrarily, in the closed

domain Dy formula (2.5) gives the representation of the function wu,(P),
P = P(z,y, z), which is written in terms of the given functions v; and wvs.
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Analogously, the representation formulas for the functions u, (P) and u.(P)
in Dq are given by the known functions vy, v3 and wve, v3, respectively. It
remains only to note that the function u(P) defined by the formula

u(P) =co+ / Ugpder + uydy + u.dz = co + / {wl(x,y*(:v), 2" (z)) +
POP POP

[ ol Odn+ vatann, dc fao -+ {wala™ (1), 27 () +

b [ o€ Qe + (€ Odc fay + {2y (20,9 +

Pxx p2
b [ aem e + ualén. b (26)
Pxxx P3

defines actually the unique solution of the problem (2.3), (2.4). Here P!
Pl(y,z), P? = P*(z,2), P® = P3(z,y), P* = P*(y*(x),2*(x)), P**

Remark 2.1. If instead of system (2.3) we consider the system

0%u _, 0%u _, Pu
oL0ls " 0L0ls P 0ldly

U3, (27)

in the dihedral angle D, then similarly to item (a) for I'y one should require
that the edge I' of D lie in none of the three planes passing through the
origin and spanned to the pairs of vectors (I1,12), (I1,13) and (I3, 13).

Note that system (2.7) reduces to system (2.3) by means of the nonde-
generate transform of variables z,y, z,

T = a1+ agn + az(, y= &+ Pon+ B3¢, z =71+ 12n+ 3¢,

under the assumption that the vectors [y, I3 and [3 are linearly independent.

Let the bicharacteristic beams L;(P), i = 1,2, 3, of equation (1.6) rediate
from an arbitrary point P(z,y,2) € D in the direction of decreasing values
of the z-coordinate of moving points L;(P) to the intersection with the sides
S1 and S5 at the points P;, i = 1,2, 3.

Denoting for (z,z) € Il v1ls, = ¢1(z,2), vals, = w2(z,2), vsls, =
p3(x, z), and integrating the equations of system (2.1) along the correspond-
ing bicharacteristics, for (z,y,2) € D we get

Ul(x7yaz) = Wl(a(%y + 272;&17a2)) + F1($7y72)7
1)2(30,1%2) = 4102(0-(33)?/ - Z,Z;&37&4)) + FQ(Z‘,y,Z), (28)
’U3('Tayvz) = @3(0(%31 - Z7Z;a57&6)) + F3(x7y7z)7
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where F;,i = 1,2,3, are known functions, o(z,y, z; \1, A\2) = (z + My, 2 +
A2y), o1(z,y; A) = x + Ay, and the superscript —1 here and below denotes
the inverse value.

Substituting the expressions for vy, ve, and vs from equalities (2.8) into
the boundary conditions (2.2), for (z,2) € I1; we obtain

M (z, 2)¢1 (02, 2,0; 241, a7)) + Ni(x, 2)pa(z, 2) +

+ Qu(x, 2)ps(x, 2) = fa(x, 2), (2.9)
Ma(z, 2)pr (o, 0: 2600, 87)) + Na(z, 2)pa(a, =) +

+ Qa(z, 2)ps3(x, z) = f5(x, 2), (2.10)
Ms(z, 2)p1(x, 2) + N3(a, 2)p2 (0 (, 2,0; =243, &) ) +

+ Qs(, 2)¢p3(0(z, 2,0; —2a5, dy)) = fo(, 2). (2.11)

In equalities (2.8)—(2.11) the constants a;, i = 1,...,9, are well defined and
written in terms of «;, G;, vi, i = 1,2, 3.

Condition I. The functions M;, N;, Q;, 1= 1,2, j = 1,2,3, are bounded
and uniformly continuous in I .

Note that by Condition I the known functions f;, i = 4,5, 6, belong to
0o _
the class C(I}). We rewrite equations (2.9) and (2.10) as follows:

(.’L’,Z)QDQ(:E,Z + Ql(xﬂz)@i%(x»z) = f4(CE,Z)—
) (z,2) €y, (2.12)

N )
—M(z, 2)¢1 (0 (2, 2,05 201, a7)),
Na(z,2)@2(x, 2) + Q2(x, 2)ps(x, 2) = f5(, 2)—
—Ms(z, 2)p1 (J(x,z,0;2&17&7)).

Condition II. The inequality

|A0(I7Z)| > C, (SC,Z) € ﬁ-‘ra (213)

holds for the determinant Ag(z, z) = (N1Q2 — N2Q1)(z, 2).
On account of (2.12) and (2.13) we find that for (z,2) € II;

vit1(z,2) = a;i(z,z) — bi(x, 2)p1 (U(m, z,0;2ay, &7)), i=1,2, (2.14)
where a;, b;, i = 1,2, are given functions. Bearing in mind Conditions I

0o _
and II, we find that a; € Co(Il}), i = 1,2, while the continuous functions
b;, © = 1,2, are bounded in II.

Condition III. The function Mj satisfies the inequality
‘M3(xaz)‘ ¢, (1'72) Gﬁ—i—v (215)
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and the function M; i uniformly continuous in II,.
Taking into account (2.15) from (2.11) and (2.14), we obtain the func-
tional equation

@1(1‘,2’) - GQ('T)Z)SOI(J2(337Z)) - G3(xaz)301(‘]3('r72)) = g(x,z) (2'16)

with respect to ¢y : I, — R.
Due to Conditions I-III, the functions G2, G3 are known uniformly con-

tinuous and bounded in IT, , while the function g is expressed by the known
0 _ — —
functions and belongs to the class C,(I1;). The functions J; : I — I,

1= 2,3, act by the formulas
Jii(2,2) = (v + 6i2,72), (x,2) €y, i=2,3, (2.17)

where 9;, 7;, i = 2,3 are well-defined constants written in terms of «;, 3,
Yi» 1=1,2, 3.

Remark 2.2. Note that under the assumptions with respect to the coef-
ficients oy, G5, Vi, © = 1,2,3, we can easily see that 0 < 7; < 1,7 =2,3.

Remark 2.3. It is obvious that when Conditions I-III are fulfilled, prob-
0
lem (1.6), (1.7) in the class CL (D) is equivalently reduced to (2.16) with
0 _
respect to the unknown function ¢; of the class C,(II}). Furthermore, if

0 _ 0o _ 0o _
u € CL (D), then ¢ € Cy(I1}), and vice versa: if p; € Cy(IL,), then tak-
ing into account the inequalities (1.8), we find from equalities (2.14), (2.8),

o __
(2.6) that u € C,(D).

§ 3. INVESTIGATION OF THE FUNCTIONAL EQUATION (2.16)

Let us introduce the notation

3
(Twl)(x’z) = 901(*%’2) - ZGl(xvz)Qal (Jl(x,z)), (.I,Z) € ﬁ-l-’ (31)

i=2
3
hip) = mrl, m = max sup |Gi(z,z)],
=2 SS9 (g,2)€ll (3.2)
ni = sup |Gi(z,0)], i=2,3, peR.
z€R

Let for some value of the index ¢ the number 7; be different from zero.
In that case, owing to (2.2), the function h : R — R, is continuous and
strictly monotonically decreasing on R; moreover, lim,_, o h(p) = +o00 and
lim,—, 1 h(p) = 0. Therefore there exists a unique real number py such that
h(po) = 1. For n3 +n3 = 0 we assume py = —0o0.
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0 _
Lemma 3.1. If a > po, then (2.16) is uniquely solvable in Cyo (114 4),
Iy 4 =Rx(0,A), VA > 0, and for the solution o1 = T~ 'g the estimate

\(T_lg)($7z)|§Cza||g||o Ty reR, 0<2<A, (3.3)
Co(T

o +,z

holds, where C is a positive constant not depending on the function g.

Proof. By the condition o > pg and the definition of the function h it follows
from (3.2) that

3
h(a) = Znﬂf‘ <1 (3.4)

Because of (3.4) and the uniform continuity of the functions Ga, G3 there
are positive numbers € (¢ < A) and ¢ such that the inequalities

|Gi(x,2)| <mi+9, i=2,3, z€R, (3.5)
3
Y (i +o)r=p<1 (36)
i=2

are valid for 0 < z < e.
According to Remark 2.2, there exists a natural number go(A) such that
for ¢ > qq

TigTigr = T2 <6, 0< 2 <A, (3.7)
where 2 <i;,<3,s=1,...,q.
Let us introduce into consideration the operators A and 7! defined by
3 0o
(Awl)(xv Z) = ZGZ(:E7 ’Z)Qpl(Jl(xa Z))a T_l =I+ ZAQ7

=2 q=1

where (z,2) € I 4 and I is an identical operator. The operator 7! is still
formally inverse to the operator T' defined by equality (3.1). To prove that
the operator T~ is really inverse to the operator T, it suffices to establish

0o _
its continuity in the space Cy (14 4).

Indeed, it is easily seen that the expression A?g represents the sum of
summands of the type

Ii1~~-iq (CL’, Z) = Gi1 (:L‘, Z)Giz (Ji1 (SL’, Z))Gis(Ji (Ji1 (CL‘, Z))) T
<Gy (Jig (Jiy o (- (Jiy (,2)) - )9 (i (S (- (Jiy (@,2)) -+ ),

where 2 < i, <3,s=1,...,q.
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0o _
By virtue of (3.2), (3.5), (3.7) and Remark 2.2, for ¢ > qo, g € Co(I1+ 4)

we have

iy (2, 2)] <Gy (2, 2) [ -+ | Gligy (Jigy 1 (Jigy o (- (Ju( z)) =) x
X\quw( Jigy (Jigg—1 (- (Jin (2,2)) =) -
G, (Jigy (i (- (Jiy (2,2)) - -)))| X

X|g(Jig (Jig oy (- (Jiy (2,2)) - DL S0 Wiy an +6) -+ (i, +6) X

% (5,72 gl <o (L e+ 9)(TT 72 x
Ca(lly2) s=qo+1 s=qo+1
q

x2lglle — =u( T on+072)"lgle . (38)

Ca +,z) s:q0+1 Ca( +,z)

while for 1 < ¢ < qo
| Liy iy (2, 2)| < 0 (73,73, -~-Tilz)a||g||8a(ﬁ+’z) <
<niz%llgllo, _ - (3.9)
CQ(H+,2)

Taking into account (3.8), (3.9), and (3.6) for g > go, we get

|(Aqg)(x,z)| = ‘ E Iil..il-q(x,z)| < ( E 1)(1017[110
B150slq 11,0050
3 —

X g 7 i z g C K; z (] 5 3'()

i=92 @ +,z @ +,z)

while for 1 < g < qq

|(A%g)(, 2)] < e22*llgll, 0Ly (3.11)
a +,z

q0

where ¢; = n{°f~ % (lel 1) , C2 = 77;]<Zi1,...,iq 1)'

a0

From (3.10) and (3.11) we finally find

q0 [e%e)
(T ) (@, 2)| < |g(x,2)] +)_ [(Ag)(x,2)|+ D |(A%9)(z,2)| <
q=1 g=qo+1
< (14 c2qo + 11— B8)" )2 glle = Cza||9||0
Co(Ilf ) Ca(ly, z)

where C = 1+ caqg +¢18%°F (1 — 3) 1. This implies that the operator 7!
0

is continuous in the space Cy (T} 4) and estimate (3.3) is valid. Thus the
unique solvability of equation (2.16) on IL; 4 is proved for any A > 0. O
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The unique solvability of this equation on the whole I, in the class

0o _
C,(I1) follows from

Lemma 3.2. If the equation
(To1)(x,2) = gla,2), (z,2) €I, (3.12)

is uniquely solvable oniﬁ_hA for any A > 0, then equation (3.12) is uniquely
solvable on the whole Il .

Proof. Indeed, let o1 ,(x,2z) be that unique solution of equation (3.12)
on II, , whose existence has been proved above. Owing to the above-
established uniqueness of the solution, we have 1 ,(x,2) = @1 m(z,2) if
(z,2) € I, and m > n. Then it is obvious that ¢1(z,2) = p1.,(z,2) is
the unique solution of equation (3.12) for (z,2) € I} ,,. O

Finally, by Lemmas 3.1 and 3.2, the lemma below is valid.

Lemma 3.3. If a > py, then equation (2.16) is uniquely solvable in the
0o _ 0 _
space Co(I1y) for any g € Co(I14).

0 _
Since problem (1.6), (1.7) in Conditions I-IIT in the class C?, (D) has been
0o _
equivalently reduced to (2.16) in C,(I1;), from Lemmas 3.1-3.3 we have

Theorem 3.1. If o > pg, then the boundary value problem (1.6), (1.7)

0
is uniquely solvable in the class CL (D).

Consider now the case where coefficients of the problem (1.6), (1.7) are
constant, i.e., M; = const, N; = const, Q); = const, ¢ = 1,2,3. It is evident
that in this case Condition I is fulfilled automatically. As for Conditions II
and III, they can respectively be replaced by relatively weaker conditions:

Condition II'. Ag # 0.

Condition IIT'. M3 # 0.

By developing Bochner’s method (see, e.g., [11]) in multidimensional do-

0 _
mains, we investigate the functional equation (2.16) in the classes C (I1})

0 _
and Cq g(I14).
Let Z = {09,01,...,04,...} be a set of all numbers representable in the
form Ei:z ny, log 7, where ny, are arbitrary integers, and oy = 0, 0; # 03,
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for i # j. Denote by C a set of all complex numbers. Let us consider the
entire function A(s), s € C, corresponding to the operator 75 from (3.1):

A(s) = ZépeSIOgT”, Gi=1,
p=1
Gy=-G,, p=23, n=1, seC.

(3.13)

Obviously, A(s) #Z 0, s € C, since G1 = 1. Denote by H a set of real parts
of all zeros of the entire function A(s), s € C. The set H is either finite or
closed countably-bounded [10].

Since the set H is finite or countably-bounded, the complement H on the
real axis consists of a finite or a countable set of intervals two of which are
half-lines. Let Hy = (—o00,bp) and Hy = (a, 00) be respectively the left and
the right half-line, and let H;, i = 2,3, ..., be the rest of the intervals.

It is shown in [11] and [12] that the analytic almost-periodic function
ﬁ decomposes in the strip II; = {s : Res € H;}, ¢ > 0, and takes the
form of an absolutely convergent series

1 > 5
A(s) = Z'yije‘” , 05, €Z, sell, (3.14)
§=0

with uniquely determined coefficients v;;, 7 =0,1,....
On acount of (3.13) and (3.14) it can be easily seen that for Res € H;,,
ip > 0, we have the equality

oo 3 o]
ZZéP’yioqe(logw-ﬁ-aq)s — Z ( Z ép’Yioq)eUVS =1, (3.15)

q=0 p=1 v=0 (g,p)el,

where I, is the set of all elements (g, p) for which log 7, + 04 = 0,.

From (3.15), because of the absolute convergence of the series (3.14) in
IT,, and the uniqueness theorem for analytic almost-periodic functions, we
get

~ 1, for v =0,
Z GpYioq = { (3.16)

(ap)el 0, for v>1.

When investigating the functional equation (2.16) by Bochner’s method,
we assume that the displacement operators defined by equality (2.17) are
permutational, i.e., Jo(J3)(z, 2) = J5(J2)(z, 2), (x, z) € II;, which is equiv-
alent to the fulfillment of the equality

03 02

— =0. 3.17
].—’7'3 1—’7’2 ( )
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Below equality (3.17) is assumed to be fulfilled.

Lemma 3.4. The operator T defined by formula (3.1) is invertible in the
0 _
space Co(Iy) if o > sup H.

~ 0o _
Proof. Consider the operator T}, acting in the space C, (I11.) by the formula

(Tiow)(xaz) = Z’yioq(T;ngnq@) (xvz)’ ig = 1, (3'18)
q=0

_ 0 _
where (T,¢)(z,2) = o(x + 0pz,Tpz), (x,2) € Iy, ¢ € Co(Ily), 61 = 0,
0q = nglog e +mglogTs, p=1,2,3.
The operator T;, acting by formula (3.18) is defined correctly according
to

Lemma 3.5. The operator TanT?:nq appearing in formula (3.18) and cor-
responding to the decomposition o, = nglog o + mglogTs is correctly de-
fined, i.e., if for o, another decomposition o4 = n; log 7o + m’q log 75 takes

place, then the equality Ty 'Ts"* = T;ngn" 15 valid.

Proof. Simple calculations show that

1— 1 1—730
2 m 3 ng _m
1_7_2 T3‘1—|—(5371 ) )Z,T2q7'3 ’IZ:|,

(13775"¢) (2. 2) = |2 + (6
which, because of (3.17), takes the form

02

(TanTZ;quO) (l‘,Z) = ()0|:.T + 1 (1 - egq)zaeng}7 (J?,Z) € ﬁ-i-' (319)

.
Equality (3.19) implies that Lemma 3.5 is valid. O

By the assumption
oo
c3 = Z [714l€77% < 00, where « > sup H. (3.20)
q=0

Let Pz((p) = ||<p||g o )a ()Z(xvz) =p|lr+ 1i2-rZ (1 _eoq)z7eng ’ (l‘,Z) €

a(Il4 2

II;. Then

P(o) =@l _ < sup |r %% %p(z,m)| < e7%P.(p), (3.21)
CQ(H+,Z) zeR,
0<m1 <202

where 2o = e ¢ = 1 because max o, = —max{0,log 72,log 73} = 0.
q



SPATIAL PROBLEM OF DARBOUX TYPE 561

Let us now prove that the operator fl is continuous. By virtue of (3.18)
and (3.21) we have P,(Tip) < Z;io 71| P:(®) < Z;X;o I714l€71* P; (),
whence, taking into account (3.20), we find P,(T1¢) < csP.(¢), which
proves that the operator Tl is continuous.

Let us prove now that Tﬁ = I. According to the definition of the
operator T, formulas (3.1), (3.18), and (3.16), we have

3
((TTh)y) Z Gy (Tp(Tip)) Z Z Gpyig X

p=1 q=0 p=1

><<p{x+ {lizﬁ(l—e”q)—&—épe"}z Tpe’ } Z( Z Gpvlq)

v=0 (g,p)€El,

)
><<p{x + [1 —272 (1p —€7) + 5;,,66‘1]7';12,60”2} =

{x—l—{li 2( )+6} zz} oz, 2),

since

P
1—7'2

(p—1)+6,=0 (3.22)
for condition (3.17) for any p = 1,2, 3.

Similarly, taking into account (3.1), (3.16), (3.18), and (3.22), we can
prove that

() Z%q (T3°T () (,2) =
= Z Y1gq Z ép (T;ngnq (Tp(p)) (2, 2) =
q=0 p=1
3 oo _ 5 ) )
= ;;’7111(;10@{55 + [1 _27_2 (1—e%)7, + (5},}7;77—1)@ 12} —

( Y14G ) {m—l—[ 02 (Tp—e””)+5p]z,rpe"“z}:

1—m
0 (¢:p)€ly
= Sp{x n [1 f27_2 (rp— 1)+ 542,;:} = ¢(z, 2).

Thus Lemma 3.4 is proved completely. O
Let now I, g = [min(«, 3), max(«, 8)]. It is obvious that if HNI, 3 = &
then the segment I, g is wholly contained in the strip II;,, ¢9 > 0.

Mg

v
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Lemma 3.6. The operator T given by formula (3.1) is invertible in the
o _
space Co g(Il4) if HN Iy =@ and T71

T, [12].

Proof. Since the function ﬁ in the strip II,,, %9 > 0, decomposes into the

absolutely convergent series (3.14), we have

o0 oo
= Z [Vigqle71® < 00, c5 = Z ioqle”®? < oo. (3.23)

q=0 q=0

0o _
By virtue of ¢ € C, g(I1+) we have the inequalities

sup |77 %p(x,T)| < 00, sup |7'7B<p(x,7)| < 0.
z€eR, z€R,
0<7<1 T>1

Consider the case a < 8 and assume that

02

(1—¢€%)z, e"z,}, (x,2) € I14.

s@*(ﬂs,Z)E@[er
1—7'2

0o _
I. Let ¢ > 0. Obviously, ¢* € Cy g(I11), and we have the estimates

sup |77 %" (z, T)| < sup [ "7 p(x, )| <
T€ER, z€R,
0<r<1 o< <e”

<e”max{ sup |7 "p(z, )|, suwp | e, )70} <
zeR z€R

0<m1 <1 1< <e?

< max {e‘m sup |Tfa(p($,T1)|,€Uﬁ sup |71_B<p(:1c77'1)\} <

T€ER, z€R,
0<7m1<1 1< <e?

<ePlolle  _
Ca,p(Ily)

sup |70 (2, 7)| < sup |y Pe (x| < el o
T€R, T€R, C

a,ﬁ(ﬁJr)
T>1

71>e?

II. In the case 0 < 0 we have

sup |77 (@, 7)| < sup | %oz, m)| < el
T€ER, z€R,

Cap ()’
0<7<1 o< <e?
sup |7 P (z,7)| < sup |y Pe"Pp(z, )| <
T€R, T€R,
T>1 T1>e
<max{ sup |7 e o(w, )|, sup 1 e Pz, )|} <
z€eR, Tz€R,
e? < <1

T1>1
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-

<max {e” sup |7 “p(z, )], sup |7 P, )|} <

z€R, z€R,
e’ <1 <1 T1>1
<e™ello  _ -
Ca,p(l)
Hence we obtain [|¢*||lo _ < max{e’® e’”}||p|llo _ , whence it
a,p (14 Ca,p (4

follows that the operator T;, is continuous. Indeed, by virtue of (3.18),
(3.23) we have

o
1Tl < Fal o™y, <
O () ; R AP
< (2 Maoale + 3 Pinale™ Yol <esllels
a§<:o e zgz:o " Ca,p(l4) Ca,p(Ily)

where cg = ¢4 + 5.
As in Lemma 3.4 we prove that Tio = T}OT =17, and thus 7! = io.
Analogously, we consider the case a > (3, which proves Lemma 3.6 com-
pletely. [

0o 0o _
Since problem (1.6), (1.7) in Conditions I, IT in the class C*, (D) (Claﬁ(D))

has been reduced by equivalent transforms to equation (2.16) in the class
0o _ 0 _
Co(Ily) (Cup(I4)), from Lemmas 3.4 and 3.6 we have

Theorem 3.2. The boundary value problem (1.6), (1.7) is uniquely solv-
0 _ 0o
able in C',(D) for a > sup H and in C’flﬂ(D) forlogNH=0.
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