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NECESSARY AND SUFFICIENT CONDITIONS FOR
WEIGHTED ORLICZ CLASS INEQUALITIES FOR
MAXIMAL FUNCTIONS AND SINGULAR INTEGRALS. II

A. GOGATISHVILI AND V. KOKILASHVILI

ABSTRACT. This paper continues the investigation of weight problems

in Orlicz classes for maximal functions and singular integrals defined
on homogeneous type spaces considered in [1].

8 1. WEAK TYPE WEIGHTED INEQUALITIES FOR SINGULAR INTEGRALS

Our further discussion will involve singular integrals with kernels which
in homogeneous type spaces are analogues of Calderon—Zygmund kernels.

It will be assumed that k : X x X\{(x, ) : * € X} — R! is a measurable
function satisfying the conditions

|k (2, )| < 7@(%3(%@) (1.1)

and there exists positive constants co and by such that

‘k(xl7y) - k(l‘,y)| + }k(yaxl) - k(y,m)| <
d(z, ") 1

< ewlGes) B am ) (12)

for arbitrary z, y and 2z’ with the condition d(z,y) > bod(z’,z). Here
w : (0,1) — R! is a nondecreasing function with the condition w(0) = 0,

w(2t) < ew(t) and
/1 w(t) dt < oo.
0 t
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Definition 1.1. A kernel k& will be said to belong to the class CZ, (k €
CZ), if conditions (1.1), (1.2) are fulfilled and the singular integral

Kf(z) = lim K f(2) = lim k(a,y) f(y) dp
d(z,y)>e
generates a continuous operator in Ly, (X, u) for some pg, 1 < py < c0.

Singular integrals with such kernels were treated in [2-6]. We set
K* f(z) = sup [ K f(2)].
e>0

The following theorem is well known.

Theorem B [5]. If k € CZ, then for an arbitrary w € A, (1 < p < o)
we have the inequality

[ @) ) di < o [ 151Pu) di (13)

where the constant cs is independent of f.

We shall begin our investigation of weighted problems for singular inte-
grals of the above-mentioned kind with weak type inequalities.

Theorem 1.1. Let ¢ € ® N Ay and k € CZ. If there exists a constant
cq > 0 such that

~( Jg pQAwi(y))wa(y)du
L¢< MiBuw, (z)ws(x)

) wate) du <

< 04/390()\101@))102(3:) du (1.4)

for an arbitrary A > 0 and any ball B, then we have the inequality
o)) wa(o)du < cs [ p(f()ur(@))ws(z) du, (15)
X
{:|Kf (@) [>A}
where the constant cs is independent of X and f.

Proof. Let A > 0 and f : X — R! be a p-measurable function with a
compact support. We set

— 1
= sup ——— d

to be a centered maximal function.
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Let further © = {z : Mf(z) > A}. One can easily verify that the set ©
is open and bounded. If X = 2, then

phu@)ua@dns [ plwi)uao) da
{z:|Kf(=)|>X} {z:MF(z)>A}
and the validity of Theorem 1.1 follows from Theorem 3.1 from [1].
Assume that 2 # X. By virtue of Lemma 4.1 from Part I for the set {2

and the constant C' = a1 (1 + bpag) there exists a sequence of balls B; =
B(z;,r;) such that

oo oo

Q: UCB]'7 ZXCBJ-(‘T)SU7

=1 i=1
By = Blay,3Cary) N (X\Q) £, j=1.2,...,

where the constant by is from the definition of & while the numbers ag and
ay are from the deﬁnitiori of X.
Set F' = X\Q. Since B; N F # @&, we have

fls, < clflz, <ex, (1.6)

where the constant ¢ is independent of A and j.
Let

9(@) = f@)xp @) + > (f) g, Xn, (@),

By virtue of
[Kf(@)| < [Kg(x)| + K ()],
we have
pPur@)ua@)dns [ pOwn@)usl)du+
{z:|Kf(x)|>A} {a:Kg(2)|>3}
+ / ¢ (Awr (z))we () dp. (1.7)
{@:|Kp(2) >3}

Since by Proposition 3.5 of Part I the function ¢(Awq)ws € Ay uniformly
with respect to A, there exists p such that p(Awi)wy € A, uniformly with
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respect to A\. Therefore by Theorem B and inequality (1.6) we have

o (i () wa(w)dja < AP /X K g(@)|Pio (Ao () wa () da <

{a:|Kg(x)|> 3}

<ox7 [ ala) P (un (@) waodn < A2 [ 1@ s () wa(a)d
—|—c/ ¢ (Awr (2))we () dp. (1.8)
X

Next, due to the fact that |f(x)] < A almost everywhere on F, in the
sense of the y-measure, using (2.2) from [1] and (1.8) we conclude that

AP f(@)[Pe (Awi(2)) < eo(f(z)wi(x)) (1.9)

holds for almost all € F' and sufficiently large p.
Thus (1.8) and (1.9) give the estimate

@(Awl(x))wg(x)du§C/Xg0(f(x)w1(:c))w2(x)du. (1.10)
{z:1Kg(2)|> 3}

Now we shall estimate |K1(z)| on the set F'. We have
Kote) =3 [ ke dn
i B
From the definition of ¢; we obtain fBj ¥;j(x) dp = 0. Therefore

o) = [ (ko) = k)5 o) (111)
Choosing balls B; appropriately we have x ¢ B(z;, a1(1+boag)r;) if z € F.
Hence for an arbitrary « € F' we have d(z;,x) > a1(1 + boao)r;.

By the last inequality we have

ao(14boag)rj <d(zj, z) <ay (d(z;,y)+d(y,z)) <
< airj+aiapd(z,y) (1.12)

for an arbitrary y € B;.

From (1.12) we conclude that d(z,y) > bor;j, i.e., bod(z;,y) < d(zx,y) for
xz € F and y € B(zj,rj).

Using the above reasoning for € F' and condition (1.2), we write the
kernel in the form

(o)) < e s (3228 s

dp <
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SC&)( ] 1

¥i(y)| dp.
d(xjal‘)) uB(xj,d(z;,x)) /Bj| i ()] dps
On the other hand, by virtue of (1.6)

lvilB, < 2|flp, < 2cA.

Hence from the preceding inequality for x € F we obtain

vl < ) e ey =)

On summing these inequalities, we find
(Kyp(x)| < ATy () (1.13)

forx € F.
Now, applying Theorem 4.1 of [1], from (1.13) we derive

/ o (Awr (z))wa(x)dp < / o(Awy () we(z)du+

{z€X:|Kep(x)|> 3} {z€F:|Kep(x)|> 5}
Jr/ o(Awy (z))wa () dp. (1.14)
Q

By virtue of Proposition 3.5 (see Part I) the condition of the theorem implies
that @(Awq)wy € A uniformly with respect to A\. Therefore, as said above,
there exists p > 1 such that p(Awi)ws € A, uniformly with respect to A.
Thus using (1.13) and Corollary 4.2 from [1] we obtain

o(Awy (z))wa(z) dp < C/F (Iw(x))pgo()\wl(a:))wg(x) dp <
{z€F:|Cy(2)[> 3}

< c/ﬂgo()\wl(x))wg(x) dp.

Therefore (1.14) gives the estimate

/ o(Aw (z))we(x) dp < c/Q o (Awr (z))we () dp.
{z€F:Kh(@)> 3}

Taking into account the definition of the set @ and Theorem 3.1 of [1], we
obtain the estimate

/ o(Awy (@) wa(z) dp < c/ o(Awy (z))wa () dp.
X
{zeF:|Ky(2)|>3}

Finally, the last inequality together with (1.7) and (1.10) imply that the
theorem is valid. [
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Theorem 1.2. Let ¢ € DN Ay, k € CZ. Then from condition (1.4) it
follows that there exists a constant c; > 0 such that the inequality

PO (@)un(e) duer [ p(f@)ur())wa(e) du(1.15)
{zeX:K* f(x)>A}

is fulfilled for any X > 0 and p-measurable function f: X — RL.

Proof. This theorem, which is more general than Theorem 1.1, is proved
quite similarly to the latter provided that we show that the inequality

K*(x) < ey, (z) + eMf(x) (1.16)
holds for z € F.
‘We have
Ko@=Y. [ w@hendi= Y [ swkeder
J {yeB;:d(xz,y)>c} {j:dist(z,B;)>e} Bi
+ > / Vi(W)k(z, y) dp = Ac(2) + Be ().

{g:dist(@Bi) = ye B d(w,y)><)
In proving Theorem 1.1, it was shown that
sup [Ac(z)] < AT, ()
e>0

for z € F.
Further for v € F, y € B; and z € B; we have

d(z,y) < ar(d(z, 2) +d(z,y)) < ar(d(z,2) + ar(d(z,2;) + d(z;,9))) <
< a1 (d(z, 2) + a1 (ag + 1)ry).

Since z is an arbitrary point from By, for dist(x, B;) < ¢ the last inequal-
ity implies
d(z,y) < ay dist(z, B;) + a(ap + 1)r; < coe,
where cg = a1 + 2a0a%bal.
Therefore, due to (1.1), for x € F we have

D ie1 [ ()]

Bais [ s
e<d(z,y)<coe
C
< uB(z.e) / [W(y)ldp < cMip().

e<d(z,y)<coe

Now repeating the arguments from the proof of Theorem 1.1 and using
inequalities (1.16), (1.17) and Theorem 3.1 from [1], we arrive at (1.14). O
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§ 2. CRITERIA OF WEAK TYPE WEIGHTED INEQUALITIES FOR
SINGULAR INTEGRALS

In this section, from the class of Calderon-Zygmund kernels we single
out a subclass of kernels such that for the corresponding singular integrals
we succeed in obtaining necessary and sufficient conditions ensuring the
validity of weak type inequalities.

Definition 2.1. A kernel k : X x X\{(x,z),r € X} — R! belongs to
the class & if for an arbitrary ball B = B(z,r) there is a ball B’ = B(Z/,r)
such that BN B’ = &, d(z,2') < ¢;r and for any 2 € B and y € B’ we have
the inequality

C2
pB(x, d(z,y))’

where the constant cs is independent of the ball B, x and y.

k(z,y) > (2.1)

It is easy to see that in the above condition the ball B’ can be chosen so
that dist(B,B’) > r.

Indeed, in addition to the ball B(z,r) let us consider the ball B(z, mr),
where m = a; + a?(1 + ap). By assumption, there exists a ball B(zy, mr)
such that B(z,mr) N B(zp,mr) = & and (2.1) is fulfilled for arbitrary = €
B(z,mr) and y € B(zg,mr). Now for a given ball B(z,r) we shall take
B(zg,r) as B’. Then already dist(B, B’) > r. Indeed, for arbitrary x € B
and y € B’ we have

a1(1 +a1(1+ ao))r <d(z,20) < a1 (d(z, x) + d(z, zo)) <
<a (7“ +aq (d(m, y) + d(y, zo))) < ayr +ald(x,y) + atapd(zo,y) <
< (a1 + a2ao)r + ald(z,y).
Hence it follows that d(z,y) > r and therefore r < dist(B, B’).

Definition 2.2. We shall say that k € Sy if for an arbitrary ball B(z, )
there exists a ball B’ = B(z/,r) such that BN B’ = &, d(z,7') < car and
for arbitrary y € B and 2 € B’ we have the inequality

ca
uB(x,d(z,y))’

where the constant ¢4 is independent of = and y.

k(z,y) > (2.1)

It is easy to verify that if k € Sy, then k € Sy, where E(:c, y) = k(y, ).

When X is compact, condition (2.1) is to be fulfilled for balls with a
sufficiently small radius.

Further assume

Rf(x) = /X k(y,2)/ (y) du.
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We have
Theorem 2.1. Let ¢ € ® and the kernel k € S US,. If the inequalities

Pl (@)un(e) i < ¢ [ plef(a)un@)ua(w) du, (2:2)
{z:IK f(z)|>N}
[ ebw@)ue e [ pleram @) du22)
{:|Cf ()| >}

where the constant ¢ is independent of X > 0 and f, are fulfilled, then
w € Ag, @ is quasiconver, and the following condition holds: there exists a
constant cg such that

~ ( Jp e (y)wa(y)dp
/BSO( AppBwy (x)ws(x) >w2(m) dp < Co/B<ﬂ()\w1($))w2(m) du

for any A > 0 and ball B.

In §1 the last inequality figured as formula (1.4). In what follows by
referring to this condition we shall mean (1.4).
The proof of the theorem is based on

Proposition 2.1. Let E be a set of positive p-measure not containing
atoms. Assume that k € S; US,.
If there exists a constant ¢ > 0 such that the inequality

Wnfe € B\EL : ICf@) > b e [ elef@)dn (23)
E4
holds for any A > 0, p-measurable £1 C E and p-measurable function f,
supp f C F1, then ¢ is quasiconvexr and satisfies the condition As.

Proof. Let first k € S;. Assume that zg is a density point of the set E. From
the property of the kernel it follows that for each B(zg, ) there exists a ball
B(z},r) such that B(zo,7) N B(z},7) = &, d(z0,2)) < c1r, and condition
(2.1) is fulfilled for « € B(zp,r) and y € B(z, 7).

We shall show that the number r can be chosen so small that

1
MB(Z(/M T) NE > 5 :U’B(Z(/)a T)'
First note that the condition d(zo, () < c1r implies
B(z,7) C B(20,a1(c1 + 1)r).

Indeed, if z € B(z{,r), then d(z0,2) < a1 (d(z0, 2) + d(z,x)) < a1(c1 +
1)r. On the other hand,

B(z0,a1(c1 + 1)r) C B(z, car),
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where c3 = a1 (agc1 + ai(c1 +1)).
Therefore
B(z,7) C B(z0,a1(c1 + 1)r) C B(z), csr).

Since z¢ is a density point of E, for € > 0 there exists § > 0 such that if
r < § then

uB(z0,a1(c1 + 1)r)\E < euB(z0,a1(c1 + 1)r).
Therefore

uB(z4, 7)\E < uB(20,a1(c1 + 1)r)\E < euB(29,a1(c1 + 1)r) <
< E/J'B(ZO? C3T) < EbMB(Zév ’I"),

where the constant b is from the doubling condition.
Ifeb < %, the last inequality implies

1
uB(z4,7) N E > (1 —eb)uB(z),7) > i,uB(zé,r).

Fix some ball B(zp,r) with the condition 0 < r < §. Let B(z(, ) be the
ball existing by virtue of the condition k¥ € §;. Now if f > 0, supp f C
B(z},7) N E, for any = € B(zp,r) we obtain

Tf(z) = /X k(e y) fy) dy > e / f(w)du

W g g
B(zr) KBz, d(z,y))

Moreover, if x € B(zg,7), y € B(z},r) and z € B(z,d(z,y)), we have

d(z5,2) < a1 (d(z5,2) + d(z, 2)) < a} (d(z), 20) + d(z0,) + ard(z, ) <
< aferr 4 air + af(d(x, 20) + d(z0,y)) <
< aj(er +1)r + afaor + a3 (d(z0, 2) + d(25,y)) < car

Thus B(z,d(z,y)) C B(z, car). Hence by the doubling condition we find
that uB(z,d(z,y)) < cspuB(z(,r). Therefore (2.4) implies that if r < §, then
for B(zp,r) there exists a ball B(z(,r) such that for z € B(zp,r) we obtain
the estimate

C2 1

= B

[ twan (25)
B(z{,r)
Moreover, uB(z,r) N E > 1uB(20,7), d(20,2) < c1r and
dist(B(z(, 1), Bz, 1)) > 1.
Let now r, = m and B(z%,7:) be a ball corresponding to the ball
1
B(zp, ) in condition (2.5).
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For z € B(z§,r)) we have
d(20,2) < a1(d(z0, 25) + d(zf,2)) < a1(c1 + V)rg =1 — 1,

which implies B(2¥, 1) C B(20,7%-1). Also, B(z0,7%-1) N B(z(’)“*l,rk,l) =
@. Therefore B(z§,r1)NB(z8 1, ry_1)=@. Similarly, B(2},7,)NB(z, ;) =
@, i # j. Further B(zg,7;) € B(z0,7i), i = 1,2,...,k, and B(z0,7;) N
B(z28,71;) = @. Thus B(zo,r%) N Bz, 1) =@ (i =1,2,...,k).

We set \
f( ) 7X )

& B(z{,r)NE
1

i=

where the constant is from (2.3) and k is chosen so that chcc{ > 2. Then by
(2.5) for x € B(zg, ) we obtain

0)= [ ks d = Z/W )/ ) dp >

/\02 Z uB( zo,rl )JNE Acy
>

> 2. 2.6
= uB( zo,m 2ccs (2:6)

k ,
Now substituting Eq = _le(zé,ri) N E in (2.3) and taking into account
that by virtue of the above reasoning B(zp,7;) N E C E\E1, by (2.6) we
have

k
(2N uB(20,7K) NE < cp(N) Z uB(zh,r) NE

which implies the fulfillment of the condition As.

Next we want to prove that the function ¢ is quasiconvex. Let zg € E
be a density point of this set. As shown above, there exists a ball B(z{,ro)
such that dist(B(zo,70), B(2(,7r0)) > ro,

1
uB(zg,70) N E > 3 uB(z0,70),

To To
NB(Z072 )ﬂE> 2MB(2072 )7
and for arbitrary x € B(zo,70), f > 0, supp f C B(z{,ro) we have
1
Tf zfi/ F(y) dp. 2.7
@) s 1B(20,10) J B2y o) ) 27)

Let 21 € B(2(, 55-) N E be a density point of the set E.
One can readily Verlfy that

B(Zl, 0 ) C B(ZO,’I“Q) - B(Zl, (CL() +a1)r0).
20,1 2
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Let r1 be a positive number so small that r; < 2% and for any r < rq
we have

uB(z1,r)NE > %,uB(zo,r).
Let further 0 < t; < t9 < oo and
r9 = Sup {r : uB(z1,7) < %,uB(zhrl)}.
Then
uB(z1,12) < buB(zl, %2) < b%uB(zl,rl) <
< buB(z1,2r2) < b*uB(z1,79). (2.8)

We write

2¢5buB (zl, (%0 + al) 7"0)
fz) =
copB(z1,m1)
For z € B(zp,ro) inequalities (2.7) and (2.8) give

. tQXB(zl,rz)ﬁE'

C2
Tf@) > : IRCUE
(z) csuB (21,(70 +a1) 7“0) B(z,r2) (@)
o 2bt2,U,B(21,7"2) NE
pB(z1,71)

> 1. (29)

Set
. — 265()[1,3 (21, (%) + CL1) To)
° capB(21,71)
Taking into account that B(z1,r1) C B(20,70), B(24,70) N B(20,70) = 2,
we obtain B(z1,71) N B(z0,79) = &. On the other hand, by the definition
of the number 5 we have ro < r1 and therefore B(z1,7r2) N B(z0,70) = <.
Now putting Ey = B(z1,72) N E in (2.3), by (2.9) we obtain

t
o(t1)uB(z0,70) N E < cp(cesta) pB(z1,m2) N E < cap(ccGtg)bt—l uB(z1,71)
2
which implies that the function @ quasiincreases and thus by Lemma 2.1
from [1] ¢ is quasiconvex.
The case with k € Sy is proved similarly and hence omitted. [J

Proof of Theorem 2.1. By Proposition 2.1 either of conditions (2.2) and
(2.2") guarantees the quasiconvexity of ¢ and the fulfillment of the con-
dition ¢ € As. Indeed, choose a number such that E = {z : k= < wy(z),
k=! < wy(x)} has a positive measure. Then for any set Fy C E, uE; > 0,
and function f, supp f C E4, say from (2.2), we find that (2.3) is fulfilled
and therefore by Proposition 2.1 ¢ is quasiconvex and ¢ € A,.
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It remains to show that condition (1.4) holds. Under the condition of the
theorem for an arbitrary ball B = B(zg, r) there exists a ball B’ = B(z(,r)
such that d(z, 2{) < c1r and for © € B(z,r) and y € B(z(,r) (2.1) holds.
Therefore if g > 0 and supp g C B(z(),r), then for 2 € B(zg,r) we have

C
> B /B/g(y)du-

For such functions (2.2) gives the estimate

Kg(z)

/ (g, wi () wa(z) dyt < ¢ / o (cg(@)un (2))wa(z) . (2.10)
B

On the other hand, for § > 0, suppg C B(zo,7), and = € B(z{,r) we have

Cc

Kg(z) > uB B?(y) dp.

Therefore (2.2) implies

/ (G wn (x)) wa() ds < / o(G(w)wn (@) wa(z) dp. (211
; ,

Let now f > 0 be an arbitrary locally summable function. Substituting
9= X, [ in (2.10), we obtain

| eltm@)u@di<e [ olfym@)u@de (212
B

’

Substituting the function fy, in (2.11) gives

/I<P(f3w1($))w2(30) dp < C/ o(f(@)wy(z))ws(z) dp.  (2.13)

B

From (2.12) and (2.13) we conclude that the inequality

/B<p(f3w1(x))w2(a:) dp < C/Bw(f(l")w(x))wz(iﬂ) dp
holds for any locally summable function f, supp f C B.
By virtue of Theorem 3.1 from [1] the last inequality implies that (1.4)
is valid. O

In the concrete cases the necessary and sufficient conditions for weak
type weighted inequalities for singular integrals acquire a rather transparent
form. Namely, by virtue of Theorem 3.2 of Part I, from Theorems 1.1 and
2.1 we immediately conclude that the statements below are valid.



WEIGHTED ORLICZ CLASS INEQUALITIES 457

Theorem 2.2. Let p € ® and the kernel k € CZNS; U Sy. Then the
following statements are equivalent:

(i) ¢ is quasiconvex, p € Ao, and w € Ay(y);

(i) there exists a positive constant ¢c; > 0 such that for any X > 0 and
u-measurable function we have

ez« [Kf@)] > A < /X ocf (@) w(z) du,

eNw{z : IKf(z)| > A} < cl/ o(cf(z))w(z)dp.
X
Theorem 2.3. Let o € ®, k € CZNS1 US,. Then the following state-
ments are equivalent: B
(i) ¢ is quasiconver, p € Ay, wP¥) € Apo)s wP@) ¢ Ap(g) ;
(ii) we have the inequalities

plw@)dn < e [ plef@ula)d
{a:] K f (x)[>A}
| ebw@)dn<e | eler@) dn
{@:|Kf (@)|>A}
where the constant c is independent of f and X > 0.

Theorem 2.4. Let ¢ € ® and k € CZNS; USy. Then the following
conditions are equivalent:

(i) ¢ is quasiconvez, ¢ € Ay, and w € Ap(;);

(ii) there exists a constant ¢ > 0 such that for any A > 0 and p-measurable
function f: X — R we have the inequalities

so(w?x))wwmusc/Xso(ci((i)))wmdu,

{z:|Kf (2)[>A}

/ @(w?x))w(a@) dp < C/X g&(c Z)((?))w(x) dj.

{x:|Kf(2)|>A}

8 3. CRITERIA FOR STRONG TYPE WEIGHTED INEQUALITIES FOR
MAXIMAL FUNCTIONS AND SINGULAR INTEGRALS

Using the previous results as well as the general interpolation theorem
to be given below, in this section we are able to obtain a solution of the
problem, to give a full description of classes of the function ¢ and weights
w ensuring the validity of strong type weighted inequalities for maximal
functions and singular integrals defined on homogeneous type spaces.
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For maximal functions we have

Theorem 3.1. Let o € &. Then the following statements are equivalent:
(i) ¢ is quasiconvex for some o, 0 < av < 1, wP(®) € Ap(p), and wP®) ¢

A o~
p(®)’
(ii) there exists c; > 0 such that the inequality

| eMt@u@)dn<er [ olas@ua)d @)
X X

is fulfilled for any locally pu-summable function f: X — RL.

For singular integrals the solution of one-weighted problems is given by
the statements as follows.

Theorem 3.2. Let p € ® and k € CZ. If p € Ay, ¢® is quasiconvex
for some o, 0 < a < 1, and w € Ay, then there is ca > 0 such that the
following inequalities hold:

[ elcr@u@ans e [ o(f@)uts) dn, (3.2

/){@(’Z‘ii?)w(z) dp < 03/}(@(1{)((9;)))10(33) d. (3.3)

Similar statements hold for the operator K as well.

Theorem 3.3. Let ¢ € ® and k € CZNS; US,. Then the following
conditions are equivalent: _

(i) the inequality (3.2) is fulfilled for K and K;

(ii) the inequality (3.3) is fulfilled for K and K;

(iii) ¢ € Ay, ¢ is quasiconver for some o, 0 < a < 1, and w € Ay(y).

Theorem 3.4. If o € PNAs and k € CZ, ¢@ is quasiconvex for some «,

0<a<l, wP® ¢ Ap(p), and wP®) € Ap 3 then there exists a constant
¢4 > 0 such that the following inequalities are fulfilled:

L/wwv@mmwdus@/lmﬂmww»mh (3.4)
X X
/wﬁwwmm@s@/wumwmww (3.5)
X X

Theorem 3.5. Let ¢ € ® and k € CZNS; US,. Then the following
conditions are equivalent:
(i) p € Ag, p® is quasiconver for some o, 0 < a < 1, wP(®) ¢ Ap(p) and

wP® e A o
P
ii) inequalities (3.4) and (3.5) hold.
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To prove the above-formulated theorems we next give the interpolation
theorem.

Let (M,S,v) be a space with measure. Let further the subadditive
operator T' be the one mapping the space D of functions measurable on
(M, S,v) into the space of functions measurable and defined on another
space (Mj, S1,v1) with measure.

Theorem 3.6. Let ¢ € ® and be quasiconver. Let further 1 < r <
p(p) < p'(@) < s < oo and for the case s = oo assume that p'(p) < 0.

Let there exist constants ¢1 and co such that for any A > 0 and f € L"+L*
we have the inequalities

dry < cl)\_r/ |f(z)|" dv, (3.6)
M
{zeM:|T f(x)|>\}

dvy < cz)\_s/ |f(2)]° dv (3.7)
M
{zeM:|T f(x)|>1}

and for s = oo we have

[Tl < eall fllpe-

Then there exists a constant cs > 0 such that the following inequality holds:

| errw)in e [ o) (38)
M, M
Proof. The theorem is proved by the standard arguments. Let s < oc.
By virtue of the definition of p(yp) there exists p1, r < p1 < p(p), such
that ¢t P1p(t) almost increases. Similarly, there exists & > 0 such that

t=(P@)=ve)F(¢) almost increases, which by virtue of Lemma 2.5 from [1]

means that t_(p(‘P)_E)/ga(t) almost decreases. Therefore there exists p2 such
that p’(®) < p2 < s so that the function ¢7P2p(¢) will almost decrease.
Based on these facts, we readily conclude that

bdo(t) _ p(t) < do(r) _ t)
/Oiﬁct—r and /t - <S¢ . (3.9)

7" T ts

For each A > 0 we put
BIORTCEES BIORTCESS
Bl {o it < 2. 2 {o it /(o) >

Further we have

/ o(Tf(z))dv, = /OO vi{z € My : |Tf(z)] > A} dp(N) <
My 0
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o A
<c(/ ul{xeM:|Tf1(x)|>f}dap()\)+
0 2

+AOO 1/1{1' € M : |Tf2({E)| > 2>c\2}d§0()\)> =1 + L.

On account of (3.6) and the first inequality of (3.9) we have

nse [ EA([ in@ra)aen -

—[Z2( [ rera)an -

{z:2¢ca|f(z)|>A}

. /MV(Q:)'T(/OMU(IM dfip)dygc?) /M<p(f(x)) dv.

Similarly, (3.7) and the second inequality of (3.9) imply

Ir <cs /M o(f(z)) dv

and as a result we have (3.8).
If s = oo, then ||f||eo < ﬁ and therefore I =0. O

Proof of Theorem 3.1. Let us show that the implication (i)=>(ii) holds. From
the condition wP®) € A, it follows that wP®) == € A, ). If p(§) > 1,

then the condition w=?(¥) e Ap(g) implies w~®¥)—e) ¢ Ap(;;)_s for e > 0.

Therefore w®®)=9)" ¢ 4~
(p(p)—¢
Consider the operator

)

Tf =wM (i)
w
Then due to Proposition 3.2 from [1] we obtain the inequalities

/ITf(x)|p(<p>—de§c1/ f(2) [P =dp,
X X

/ |Tf($)|(p(“0)_s),du§c2/ £ (2)| PP dp.
X X

For p(¢) = 1 the function w~! belongs to the class A; and it is clear that
ITflloo < call flloo-

Since p(¢) —e < p(p) < p'(¢) < (p(¢) —¢€)’, by Theorem 3.6 the above
inequalities imply that (3.1) is valid.

As to the implication (ii)=-(i), note that by virtue of the second part of
Theorem 3.2 from [1] we find from the condition of the theorem that ¢ is

and w—P(®) S Ap(~ .

quasiconvex, wP¥) € A )

p(p)>
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To show that condition (ii) implies the quasiconvexity of ¢* for some «,
0 < a < 1, we have to prove the following propositions.

Proposition 3.1. Let k € S1 USs, ¢ € @, and pE > 0. If we have the
inequality

[etcr@)anse [ pler@)dn sopfcr  (30)
E E

with constant ¢ independent of f, then % is qusiconvez for some o, 0 <
a<l, e, (ZG As.

Proof. (3.10) implies (2.3) and hence ¢ is quasiconvex and satisfies the
condition Ay. Therefore by (2.10) from [1] there exists ¢; > 0 such that

(p(c @) <a@(t), t>0. (3.11)

Assume now that Fj is any py-measurable subset of ' and supp f C Ej.
Applying the Young inequality, (3.11) and (3.10), we obtain the chain of
inequalities

. _ PIRS @) s
/E . FEF@)dn = /E o T s

- 5(Kf(x))
a /E\E1 K(%W)(m)f(x) dp <

! (K (x)) Lo
=20 Jove,” (K(WXE\EI)(I)> d“+2601/]31¢(2cclf(17))§
L (K] () 1o
o e (T i P s

1 o 1
3 ., RS 5

IN

IN

@(QCclf(fE)) dlua
Ey

which allow us to conclude that

/ @(ﬁf(x))d,igi P(2ccr f(z)) dp.
E\E;

CcCq Eq

Since F; is an arbitrary measurable subset of E, from the last inequality
we find by Proposition 2.1 that ¢ € Ag, i.e., p® is quasiconvex for some «,
O<ax<l O
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Proposition 3.2. Let k satisfy condition (2.1) or (2.1'), p € ®. If for
some weight functions w; (i = 1,2,3,4) we have the inequality

/ (K f(2)w:(z))wa(z) du < c/ o(cf (2)ws(z))wa(z) dp
X X
with the constant ¢ independent of f, then ¢ € As.

Proof. Tt is sufficient to choose the number m such that the set E = {x €
X :m™t <wi(z), m™t < wax), wi(r) < m, wy(z) < m} has a positive
measure and to apply Proposition 3.1 for the set £. O

Proof of Theorem 3.2. From the condition w € Ay, it follows that w €
Ap(p)—e for some €, and since p(p) < p'(¢) we have w € Ap/(;')+5~ Next,
applying interpolation Theorem 3.6 for the operator T' = K, we obtain (3.2).

Now we shall prove (3.3). Note that the condition w € A, ). implies
wl—@@)—e) ¢ A(p(p)—c)y - Since p(p) < p’~(<ﬁ) < (p(p) — )/, we have w €
‘A(p(E)—e)/' Hence it follows that w!=(@¥)=2) ¢ Ap(;—)_s. Consider the
operator

Tf = %ﬁ(fw).

By Theorem B we have the inequalities
[ irr@r@utm dp < e [ 15@PO - w)
b'e b'e

/uﬂmWWﬂmm@s@/umwwﬂ@wmh
X X

On the other hand, since p(¢) — e < p(@) < (p(p) — )’ we conclude by
Theorem 3.2 that inequality (3.3) holds. O

Proof of Theorem 3.3. The validity of this theorem follows from the preced-
ing theorem, Theorems 2.2, 2.3 and Proposition 3.2. O

Proof of Theorem 3.4. This theorem is proved similarly to the proof of The-
orem 3.1 using Theorem B. O

Proof of Theorem 3.5. The validity of this theorem follows from the preced-
ing theorem, Theorem 2.3, and Proposition 3.2. O

Remark 1. In establishing the criteria for weak and strong type inequal-
ities, we virtually used the following property of the operator: for any ball
B there exists a ball B’ of the same volume such that the distance between
these balls does not exceed cirad B. For any f > 0, supp f C B’, the
inequality

C
>
ICf(x) ~—vB’ B’

fy)du
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holds for any x € B’.

8 4. APPLICATIONS TO CLASSICAL SINGULAR INTEGRALS

First we shall consider the Hilbert transform

< )
Hf(x) = —== dy.
—c0 T Y
Given X = R!', yu is the Lebesgue measure and d is the Euclidean metric,
we conclude from Theorem 3.3 that the statements below are valid.

Theorem 4.1. Let ¢ € ®. In order that there exist a constant c; > 0
such that either of the inequalities

| etas@pumar <a [ (e, @
/Z@(Hszg))w(x)dmCl /_Z&(i((?))w(x)dx (4.2)

is fulfilled, it is necessary and sufficient that p € Ag, @ be quasiconvex for
some a, 0 < a <1, and w € Ap(y)-

The validity of our next statement follows from Theorem 3.1.

Theorem 4.2. Let ¢ € ®. In order that there exist a constant co > 0
such that the inequality

o0

/OO o(Hf(z)w(z)) dx < 02/ o(f(@)w(z)) dx (4.3)

— 00 — 00
is fulfilled, it is necessary and sufficient that ¢ € Ag, % be quasiconvex for
some o, 0 < a <1, wP¥) € A (), and w PP e A ~.
plw p(e)

Let now X = [0,00), d(z,y) = |2% — %?|, the measure dy = z dx. It can
be easily seen that intervals will be balls in X and puB(z,r) ~ 7.

The kernel )
k(z,y) = W

satisfies conditions (1.1), (1.2), and (2.1).
For odd and even functions the Hilbert transforms are respectively writ-

ten as
ot =2 [ 2,

T 22—y

H.f(z) = z /OOO xf(y)2 dy.

T 2 —y
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Obviously, H,f = Kf and H.f(z) = xlC(i)(:c) Also note that the
function w(z) = |z| € Az and therefore the operator K is bounded in
L?(X,xdx). Now we are able to apply Theorems 3.3 and 3.5 and to conclude
that the statements below are valid.

Theorem 4.3. Let p € &. Then the following conditions are equivalent:
(i) ¢ € Ag, @™ is qusiconvex for some o, 0 < a < 1, and

1 b 1 b i ’ p(Lp)fl
sup (m/aw(x) daz) (m/wl P) P (w)dx) , (4.4)

a

where the exact upper bound is taken with respect to all intervals [a,b] C
[0, 00);
(ii) there exists ¢ > 0 such that

| otmi@uis < [ epeuads 49
0 0

(i) there exists ¢ > 0 such that

/OOO ﬁ(w)w@) dz < c/ooo ga(xf(f”))w(x) dr. (4.6

w(z) w(z)

On the other hand, since

Hof(x) = xHo(g)(mx

by Theorem 4.2 we conclude that the following theorem is valid.

Theorem 4.4. Let ¢ € ®. Then the following two conditions are equiv-
alent:
(i) the inequality

/Ooogo(Hef(m))w(x) dz < c/ooogo(f(x)>w(x) dx (4.7)

holds;
(il) ¢ € Ag, * is quasiconvez for some a, 0 < a < 1, and we have

1 b 1 b 77 77N ;l)(g)—l
sup(m/llw(x)dm>(m/awl_p (@) gp (‘P)d:v> <00, (4.8)

where the exact upper bound is taken with respect to all intervals [a,b] C
[0, 00).

For Calderon—Zygmund singular integrals in R™ we conclude by Theo-
rem 3.1 that the following statement is true.
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Theorem 4.5. Let

Kf(z)= [ k(z—y)f(y)dy,

R

where the kernel k satisfies the conditions:

[Elloo <¢,  |R(x)] < cfa]™"

cw (181
() =k —y) < o (#)

- =

|z|
< =,
for lyl < 5

where w is an increasing function satisfying the condition

/01 w(s) ds < 00.

S

If ¢ € Ag, ¢® is quasiconvex for some a, 0 < o < 1, w € Ay, then we

have the inequalities

®)»

/ o(Kf(x))w(z)de < c/ o(f(x)w(z) dx, (4.9)
[ (s < [ s(Zuwrer

w()

with the constant c¢ independent of f.
Further, if ¢ € Ag, ¢ is quasiconvez for some o, 0 < o < 1, wP®) ¢
Ape)s w P ¢ .Ap(;), then we have the inequality

/jo o(Kf(z)w(z)) dx < c/:)O o(f(z)w(x)) d. (4.11)
Theorem 4.6. If
k) = i

where  : R™ — R is a homogeneous function of degree zero not vanishing
identically on the sphere S"~' and satisfying the Lipschitz condition of order
a, 0 < a <1, on the sphere S"1,

/ Q2" dz’ = 0.
Sn—1

Then the simultaneous fulfillment of inequality (4.9) for K and K is equiv-
alent to that of the combination of conditions: ¢ € Ay, ©% is quasiconvez
for some a, 0 < a <1, and w € Ay,).

An analogous statement holds for (4.10).
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Theorem 4.7. Under the conditions of Theorem 4.6 for the kernel k
the simultaneous fulfillment of (4.11) for K and K is equivalent to that of
the combination of conditions: ¢ € Az, ¢* is quasiconvezr for some a,

0<a<l, w® e Ap(p) and w P ¢ Ap(;;).

In particular, the above-formulated theorems are valid for Riesz trans-
forms

Rifa) = [ s )

x
j=1,...,n, where x = (z1,...,Zy).

Let now I' C C be a connected rectifiable curve and v be an arc-length
measure on I'. By definition, I is regular if

v(T'NB(z,1)) <cr

for every z € C and r > 0.
For r less than half the diameter of I' we have the reverse inequality

v(TNB(z,r)) >7r

for all z € I'. When equipped with v and the Euclidean metric, a regular
curve becomes a homogeneous type space. Then k(z1,w) = (z—w) ™! is the
standard kernel and the Cauchy integral

&du

Ft—T

Srf(t) =

is defined as the Calderon—Zygmund singular operator on a homogeneous
type space.

G. David [7] has shown that the operator St is bounded in LP(T',v) iff T’
is regular.

Theorem 4.8. Let ' be a regular curve. The following conditions are
equivalent:
(i) ¢ € Ag, ©* is quasiconvez for some a, 0 < a < 1, and

sup (% / w(z) dx) (1 / wlfp/(“")duy((p)_l < oo, (4.12)

r
B(z,r)n’ B(z,r)nI’

where the supremum is taken over all balls;
(ii) there exists a positive constant ¢ > 0 such that

/@(Spf(t))w(t) dv < c/ o (F (D) w(t) dv (4.13)
T

r
with the constant independent of f.

An analogue of Theorem 4.2 also holds for the operator Sr.



WEIGHTED ORLICZ CLASS INEQUALITIES 467

Proof of Theorem 4.8. The implication (4.12)=-(4.13) follows from David’s
result, Theorem 3 from [8], and Theorem 3.2 above.

On the other hand, for an arbitrary point z € T' fix a ball B(zg,r) of
sufficiently small radius r. Let a point z{, be chosen such that |z — zo| = 3r.
For any z € B(zp,r) and 2’ € B(z),r) we have |z — 2’| > r and, as one can
easily see, Re (z — 2’) or Im (z — 2’) preserve their sign and are greater than
r. Therefore condition (2.1) is fulfilled for the kernel Re z_lz, or Im Z_lz,.
Since the inequality

[Sef ()] = [Re (S f)(#)] + Tm (Spf)(#)] = f(r)dv

B(z',r)nl

sle

is fulfilled for f > 0, supp f C B(z},7)NT, and ¢t € B(zo, ) NT, the validity
of the implication (ii)=(i) follows from Theorem 3.4 and Remark 3.1. O

§ 5. APPENDIX

The above-described methods of investigation make it possible to extend
the results of §§2, 3, and 4 to vector-valued functions as well.

Let X be a homogeneous type space. Consider the kernels k(z,y) defined
on X x X with values in £(A, B) which is a space of all bounded operators
from the Banach space A to the Banach space B. Introduce the operator
norm |- | =|[-[zca,p). It is assumed that |k(x, )| is locally integrable apart
from x and the standard conditions (1.1) and (1.2) with the norm | - | for
Calderon—Zygmund kernels are satisfied. Moreover, the operator

Kf(x) = /X ko, y) ) dp

will be assumed to be bounded from LY (X, u) into LY (X, ) for some po,
1 <po < o0.
To illustrate the above we give

Theorem 5.1. Let ¢ € PNAg, ¢* be quasiconver for some o, 0<a< 1.
Then the inequality

/ (K (@)))w(e) du < ¢ / (I ()] a) w(z) di
X X
1s fulfilled.

An analogue of Theorem 3.4 also holds.

Let us further consider the case where sufficient conditions convert to
criteria. Assume that A = B is a Banach space with an unconditional
base (b;)jen. Then a B-valued measurable function f(x) is the same as a
sequence of measurable functions (f;(z));en such that 3, f;(z)b; € B for
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every x € X. If B is reflexive, then the dual base (b;‘) jen is an unconditional
base of B*.
Define

Tf(x) =3 kfi(@)b;

If the kernel k : X x X — R! then by condition (2.1) (or (2.1')) we
have criteria of weighted inequalities similar to Theorems 3.3 and 3.1. It
is obvious that conversions of theorems of type 5.1 are obtained from the
corresponding theorems for scalar-valued functions.

REFERENCES

1. A. Gogatishvili and V. Kokilashvili, Necessary and sufficient condi-
tions for weighted Orlicz class inequalities for maximal functions and sin-
gular integrals. I Georguian Math. J. 2(1995), No. 4,361-384.

2. R. A. Macias and C. Segovia, Singular integrals on generalized Lips-
chitz and Hardy spaces. Studia Math. 65(1979), No. 1, 55-71.

3. R. A. Macias, C. Segovia, and J. L. Torrea, Singular integral opera-
tors with not necessarily bounded kernels on spaces of homogeneous type.
Advances in Math. 93(1992), 25-60.

4. R. A. Macias and C. Segovia, A well-defined quasi-distance for spaces
of homogeneous type. Trab. Mat. Inst. Argentina Mat. 32(1981), 1-14.

5. S. Hoffman, Weighted norm inequalities and vector-valued inequalities
for certain rough operators. Indiana University Math. J. 42(1993), No. 1,
1-14.

6. F. J. Ruiz-Torrea and J. L. Torrea. Vector-valued Calderon—Zygmund
theory and Calderon measures on spaces of homogeneous nature. Studia
Math. 88(1988), 221-243.

7. G. David, Opérateurs intégraux singuliers sur certaines courbes du
plan complexe. Ann. Sci. Ecole Norm. Sup. (4)17 (1984), No. 1, 157~
189.

8. Qian Tao, Weighted inequalities concerning the Radon measure of the
arc length of curves on the complex plane. J. Sys. Sci. Math. Sci. 6(1986),
No. 2, 146-152.

(Received 23.02.1994)

Authors’ address:

A. Razmadze Mathematical Institute
Georgian Academy of Sciences

1, Z. Rukhadze St., Thilisi 380093
Republic of Georgia



