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Certain functions with positive real part
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Abstract

We find conditions on the complex-valued functions A, B : U — C
defined in the unit disc U and the real constants «, 3,7 such that
the differential inequality

Re [A(2)p* (2) + B(2)p™ 2(2) — a(zp/(2))* + B(2p/(2))* ' +4] > 0

implies Re p(z) > 0, where p € H[1,n], and n,k are two positive

integers.
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1 Introduction and preliminaries
We let H[U] denote the class of holomorphic functions in the unit disc
U={z€C: |z <1}
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For a € C and n € N* we let
Hla,n] = {f € H[U], f(z) =a+a,z" +ap12" +..., 2€ U}
and
A, ={f € HU], f(2) =2+ an12" T + anp22" 2 +..., z€ U}

with A; = A.

In order to prove the new results we shall use the following lemma, which
is a particular form of Theorem 2.3.i [1, p. 35].
Lemma A. [1, p. 35]. Let ¢ : C?x U — C be a function which satisfies

Re 9(pi,0;2) <0,

where p,oc € R, o < —g(1+p2), zeUandn > 1.
If p e H[1,n| and

Re ¥(p(2),2p/(2);2) > 0

then
Re p(z) > 0.
2 Main results
n 2k N 2k—1
Theorem. Leta>0,3>0,v <« (5) + <§> and n, k be two

positive integers.

Suppose that the functions A, B : U — C satisfy:

i) Re A(z) <a (g)Qk

(1)

it) Re B(z) > —2ka (g)Qk —-p <§>2k_1.
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If p € H[1,n| and
(2) Re [AE)™ () + BYp* (=) — alaf ()% + B(ep! ()% 4] > 0

then
Re p(z) > 0.

Proof. We let ¢ : C?> x U — C be defined by
(3) U(p(2), 2 (2); 2) =

= AE™(2) + B (2) — ol ()™ + Bap ()™ +

From (2) we have
(4) Re ¥(p(z2), 2p'(2);2) > 0 for 2z € U.

For o,p € R satisfying o < —g(l + p?) and z € U, by using (1) we

obtain:
Re ¢ (pi, 03 2) = Re [A(2)(pi) " + B(2)(pi)*(2) — a0®™ + fo** ! +4] <

Ak k-2 n 2k 2\2k
< p*Re A(z) — p ReB(z)—a(i) (1+p°)*—

n 2k—1 ~ _
- (5) (14 p)* '+ < p"Re A(2) — p** °Re B(2)—

N 2k _ _
o <§> [+ Cop® + Copp* + ..+ Cop 7 (0*)* ' + O3 (0°)*H)—

n\ 2k—1
—B(5) U+ Chap® + (0 + .+ CETR ()™ 2+
n

+OR 1 (p")* ) < ptt [Re Az) - a (5)2’“] _

k2 [Re B(z)+ 2k a (g)Qk +5 (g)QH] =
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2k—1

@) e (3

_p4k6{a(ﬁ>2k. k(2k — 2?))(214: —1) y (g)%—l (b — 1)(2k — 1)} o

2
_ {a (g)% Kk —1) 4 3 (g)Qk_l . 2k2— 1} 3

_ [a (g)Qk 2k + 6 (g)le (2 — 1)} _

—a(3) -0(5)" +v=o

By using Lemma A we have that Re p(z) > 0.

n

n 2k 2%k—1
If 0 =« <§> + 0 (5) , then the Theorem can be rewritten as

(2k — 1)} -

follows:

Corollary 1. Let o > 0, 8 > 0 and n, k be two positive integers.
Suppose that the functions A, B : U — C satisfy:
i) Re A(z) < « (g)Qk

ii) Re B(z) > —2ak (g)Qk 3 (ﬁ)%_l.
If p € H[1,n| and

Re [A(2)p*(2) + B(2)p*2(2) — a(zp/(2))* + B(2p/(2)) '+
EROmE

Re p(z) > 0.

then

If @« =0, then the Theorem can be rewritten as follows:

Corollary 2. Let 3 >0, v < 3 <g>2kl, and n, k be two positive integers.
Suppose that the functions A, B : U — C satisfy:
i) Re A(z) <0
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ii) Re B(z) > —f3 (g)%_l.
If p € H[1,n] and

Re [A(2)p™(2) + B(2)p"™*(2) + B(=p'(2))* 7 +9] > 0

then
Re p(z) > 0.

If 3 =0, then the Theorem can be rewritten as follows:
2%k
Corollary 3. Leta>0,v< « (g) and n, k be two positive integers.
Suppose that the functions A, B : U — C satisfy
2%

i) Re A(z) <« <g)

ny 2k
ii) Re B(z) > —2ak (5) .
If p e H[1,n| and

Re [A(2)p™(2) + B(2)p"2(2) — a(2p'(2))* +1] > 0

then Re p(z) > 0.
If v = 0, then the Theorem can be rewritten as follows:
Corollary 4. Let a > 0, 3 > 0, and n, k be two positive integers.
Suppose that the functions A, B : U — C satisfy:
i) Re A(z) < « (g)%

e (2" (2)"
If p € H[1,n| and
Re [A(:)p™(2) + B () — alep (D™ + B/ ()] > 0

then
Re p(z) > 0.
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)
?7
this case from Corollary 1 we deduce:

fn=1a=1,03=2 7= A(z):—1+§,B(z):1+22,thenin

Example 1. If p € H[l,n] and
Re[(—l 2P+ (1 292 (2) = (9 () 4 2D ()P | >0
then

Re p(z) > 0.

fn=2a=06=3,v=3, A(z) = =3+2, B(z) = 1+ z, then in this
case from Corollary 2 we deduce:

Example 2. If p € H[1,2] and
Re [(=3 4 2)p™(2) + (1 + 2)p*™2(2) + 3(2p'(2))* 1 + 3] > 0

then
Re p(z) > 0.

3\ 2
fn=3 a=40=0,v=4 5 ,A(z):—Q—i—g,B(z):Q—z,

then in this case from Corollary 3 we deduce:

Example 3. If p € H[1,3] and

3

(=24 2) () + 2= 2™ 2(2) — 42 (2)* + 4 <§>2k] >0

Re 5

then
Re p(z) > 0.

1 3
Ifn:4,a:§,ﬁzzl, A(z) = —4 + 2z, B<Z>:3_§’ then in this

case from Corollary 4 we deduce:
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Example 4. If p € H[1,4] and

Re|(—4 + 22)p™(2) + (3 - %) P (2) - %(zp’(z))% + Z(zp’(z))zk1 >0
then

Re p(z) > 0.
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