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Some results for modified Bernstein

polynomials

Florin Sofonea

Abstract

Our aim is to find some properties for polynomials Lnf , defined

as:

(Lnf)(x) = (Bnf)(x)− x(1− x)
2(n− 1)

(Bnf)
′′
(x), f ∈ C[0, 1], n = 2, 3, ...

where Bnf is Bernstein polynomial corresponding to f .
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1. Introduction

The Bernstein polynomials of f : [0, 1] → R is

(Bnf)(x) =
n∑

k=0

(
n

k

)
xk(1− x)n−kf

(
k

n

)
, n = 1, 2, . . .

57
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We consider the polynomials (see [2])

(Lnf)(x) = (Bnf)(x)− x(1− x)

2(n− 1)
(Bnf)

′′
(x), n ≥ 2,(1)

which satisfy Lne0 = e0, Lne1 = e1, Lne2 = e2, with ej(t) = tj, j = 0, 1, . . ..

We use the notations

K = [a, b], ∞ < a < b < +∞,

Ωj(t, x) = Ωj(t) = |t− x|j, j = 0, 1, . . . , x ∈ K,(2)

ω(f ; δ) = sup
|t−x|<δ

|f(t)− f(x)|, t, x ∈ K, δ ∈ [0, b− a).

A. Lupaş [3] has proved following proposition:

Theorem 1. If L : C(K) → C(K1), K1 = [a1, b1] ⊆ K, is a linear positive

operator, then for all f ∈ C(K) and δ > 0 we have

||f−Lf ||K1 ≤ ||f ||·||e0−Le0||K1 + inf
m=1,2,...

{||Le0||K1 +δ−m||LΩm||K1}ω(f ; δ),

where || · || = max
K
| · | and Ωm is defined in (2).

2. The main results

Theorem 2. If Lnf is defined by (1), then for f ∈ C[0, 1],

||f − Lnf || ≤ 19

16
ω

(
f ;

1√
n

)
+

n

4
ω

(
f ;

1

n

)

Proof. We consider m = 4 and K = [0, 1] in Theorem 1, Ω4(t) = (t− x)4.

Taking into account that

(BnΩ4)(x) =
1

n3

[
3(n− 2)x2(1− x)2 + x(1− x)

]
,
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(Bnf)
′′
(x) =

=
2n(n− 1)

n2

n−2∑

k=0

(
n− 2

k

)
xk(1− x)n−2−k

[
k

n
,
k + 1

n
,
k + 2

n
; f

]
,

(3)

it follows

||f −Bnf || ≤ 19

16
ω

(
f ;

1√
n

)
.

Further, if α(x) =
x(1− x)

2(n− 1)
we have

||f − Lnf || =
∣∣∣
∣∣∣f − Lnf − α(Bnf)

′′
+ α(Bnf)

′′
∣∣∣
∣∣∣ ≤

≤ ||f −Bnf ||+
∣∣∣
∣∣∣α(Bnf)

′′
∣∣∣
∣∣∣ .

But from (3) the theorem is proved because

α(x)(Bnf)
′′
(x) =

x(1− x)

2(n− 1)
(Bnf)

′′
(x) =

=
x(1− x)

2(n− 1)

2!n(n− 1)

n2

n−2∑

k=0

(
n− 2

k

)
xk(1− x)n−2−k·

·

[
k + 1

n
,
k + 2

n
; f

]
−

[
k

n
,
k + 1

n
; f

]

2

n

=

=
x(1− x)

2

n−2∑

k=0

(
n− 2

k

)
xk(1− x)n−2−k·

·
(

f
(

k+2
n

)− f
(

k+1
n

)
1
n

− f
(

k+1
n

)− f
(

k
n

)
1
n

)
≤

≤ x(1− x)

2
n

n−2∑

k=0

(
n− 2

k

)
xk(1− x)n−2−k

(
ω

(
f ;

1

n

)
+ ω

(
f ;

1

n

))
=

= nx(1− x)ω

(
f ;

1

n

) n−2∑

k=0

(
n− 2

k

)
xk(1− x)n−2−k =
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= nx(1− x)ω

(
f ;

1

n

)
≤ n

4
ω

(
f ;

1

n

)
.

Corollary 1. If Lnf is defined by (1), then for f ∈ C[0, 1] we have

||f − Lnf || ≤ 19

16
ω

(
f ;

1√
n

)
+

n

8
ω2

(
f ;

1

n

)

Proof. We observe

[
k

n
,
k + 1

n
,
k + 2

n
; f

]
=

f
(

k
n

)
2
n2

− f
(

k+1
n

)
1
n2

+
f

(
k+2
n

)
2
n2

=

=
n2

2

[
f

(
k

n

)
− 2f

(
k + 1

n

)
+ f

(
k + 2

n

)]
=

n2

2
∆2

1
n

(
f ;

k

n

)
,

where

∆r
h(f ; x) =

r∑

k=0

(
r

k

)
(−r)r−kf(x + kh), r = 1, 2, . . . , h ∈ R.

Using the following definition

ωr(f, δ) = sup
0<h≤δ

||∆r
h(f ; ·)||, with δ > 0,

results [
k

n
,
k + 1

n
,
k + 2

n
; f

]
≤ n2

2
ω2

(
f ;

1

n

)
,

and

α(x)(Bnf)
′′
(x) ≤ x(1− x)

2(n− 1)

2n(n− 1)

n2

n2

2
ω2

(
f ;

1

n

)
=

=
nx(1− x)

2
ω2

(
f ;

1

n

)
≤ n

8
ω2

(
f ;

1

n

)
.

from above formula the proposition is proved.
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