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Rational sequences converging to 7
Alexandru Lupag and Luciana Lupas

Dedicated to Professor D. D. Stancu on his 75th birthday.

Abstract

Our aim is to give sequences (qn),—, and (Qy),—, of rational
numbers such that q, < qn+1 < 7™ < Qg1 < Qx, n,k e N.
It is shown that there exists positive constants C, Cy such that for

and |Q, — 7| < . Let us note that

n

2
n - 25m
both sequences are constructed by means of the same three-term

1 Ch
n large , |q, — 7| < 20

recurrence relation. Likewise, two series for 7 are given.
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1 Introduction

For a € C, k € N, let us denote (a)y =ala+1)---(a+k—1), (a) =

Consider the Gauss hypergeometric series o Fi(a,b;c; z) = Z ()i (b 2
=G

where (a)r = a(a+1)---(a+k—1), (a)g =1, (a € C, k € N). For instance,
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R(a’ﬂ)( )=oFi(—n,n+a+pf+La+1;(1—2)/2), a>—-1,>—1,is
Jacobi polynomial normalized by RY“? (1) = 1.
In the following v € {— 1, 1} and

n?+ (n—7)(2n+ 3 — 47)
2(n =) (n =y +1)

n?(n — 29)?
4in—7)22n—1—-29)2n+1—27)

Lemma 1.If (I,(7)),—,, (Ya(7)).—, are the sequences

n=0"

16 1_ n 2n 4y+1
L) — / v do
0

2n 2'y 1 +ZE2 n+1

v, = Laly @ (n+1-27)

\ ") = (1=27)
then (I,(7))p—o » (Yn(7)),— satisfy same three-term recurrence relation
namely
o al) = L) WAt

Yo1(7) = an(n)Yn(y) = bu(7)Yn1(v)

with initial values

8y(4 —m)+2(11lm — 34)
15

Ii(v) TLi(y) T+ 2(4y - 1)
Yo(7) Yi(v) 1 21— )
15

Proof. In order to prove that (I,,(v)),-, verifies (2) it may be used repeated

integration by parts. Recurrence (2) was put in evidence for (Y, (7)), by
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means of three-term relation for Jacobi polynomials and equality

Yn('Y) = ((;n;y)) R;_Q%O)(?’) .

Other forms for I,(y) and Y, () are

Y. (y) = (;f;) z": <n)2(2”‘kk;! _ 1

R e S0 ()

_ ”0 (Z) ((;_;;)) _ Qn((;__i:))zﬂ (—n, —nil— 2 %)

k= k n

3

8
L.(v) = ! o2 2'2F1(n—2’y+1,n—|—1;n—2’y—|—2;—1):
(2n — 2y + 1)(*">%)

n

8y
= o (1,1 —2yin—2y+2;—1) =
2n(2n — 29 + 1) (72

n

dz.

1
1) [arRen o

2n—2y 1 2
GO o

Using theory of hypergeometric functions (see [1] ), it may be proved that

B 87 Gu(7)
(3) L(v) = > (2n — 27 + 1)<2n,2,y)2

n

1-2 8(1 —2v)(1 — 1
where (,(7) =1 — 74 ( V(=) +0 | — . (n— 00).
n n? n3
_ [1(0) . .
Lemma 2. If E, (v) := Y.0)| then there ezists n € N and positive
n\7Y
constants Cy, Cy such that
Cy 1
n - 257 ’ 7=
E.(7) < for n > mne.
Ch

_ 1
26n ) T=1a-
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Proof. Suppose that I,(y) and Y, () , are as in (1) . Because

4n )
YR ) Y= 1
(1) RCTOE) > I'(2n — 2y + DI(1 — 27) 3n
N (R T v 1
? 9 Y= 4
from (3) we find
2|¢a ()]

En(fy) = 2”(2” 9y 1) (2n—2'y> (n—n2'y) R’E;Z’Y,O) <3) .

n

If ng € N is such that |(,(7)| < 2 for n > ng, according to (4) we find
4-0(n+1)T(n+1—2)

E, On here 6, (v) = . Using log-
() < 9n() where 0a(y) = Sor s o T —y 4 1) - Ume loe
convexity of Gamma function we have
212 20m
(Sn(1/4> < W , 5n(—1/4) < QE , (TL > no),

which completes the proof.

Define (XH(V))ZO:[) by X, (v) =7 Yau(y) — Lu(7) , then

Xnt1(7) = an(MNXn(v) = bu(MNXpa(y) » neN,

with
Xo(1) =21 -47) , XKaly)= 2TZED

Using the fact that above recurrences (2) are linear, we give

Xa(7)
T(V) , then

Zi1 () = Zi(y) = bi(7)

Lemma 3. If Z,(y) =

Y 1(7)
Yi1(v)

(Zi(y) — Zy—1(v)) , ke N*

and
167(n —v+1)
(n =2y + 12" ) RV BRI G)

(5)  Znn(v) = Zn(y) =
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Proof. It may be seen that equalities

87 +1) -
Zni1(7) = Zn(y) = 3Y ., (7)Yt (7 H n =1
. 1-2
and H be(y) = 7 5 are verified.

e (2n — 2y +1)(*",)
Note that Zo(y) = 2(1 —47) , Z1(y) = 3+ 15(1 —47), and for n > 1

Zona(7) = (L+cn(7) Zu(y) = cn(V)Zna(v) 5 culy) = My -y

Further, the sequences (q,),—, , (Qn),—, are defined by

Xn(=1/4)

©) w=2z0/0= P00 ez = Y. (~1/4)

Yo (1/4)

_ L.a/4) _ L(=1/9)
S UTTEE S AC T

T=dq,+r, and T=Q,+R,.

we have

where

1—],‘"2” 1

TL: :O _—

' () /1+:c2"+1 du (32")
n 0

1
4 (1 _ xZ)nIQn-ﬂ ( 1 )
R, = — 1 / dr = O —— ).
() REV(3) ) (e Vi 32

From above remarks we find

Propozition 1. Suppose that (q,),—,,(Qn)rey are as in (6) . Then

3=q1 < < <1 << T < < Q< Q<< Qr=19/6.

For instance Q4 = 3763456/1197945 = 3.1415933118799... .
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Propozition 2. If P\"”(z )= ("”LO‘)R;O"@(Z), then

n

Z": 2(4k + 3) o
= (ko 1)(2k + 1) P20 (3) P20 (3)
4 Z 2(4k + 5)

)2k + 3) PV (3)PL/FY(3)
Proof. From (5) we find

k+1—vy
(k+1)(k+1-27) P3P (3)

Znia(7) = 2(1 —47) + 16’72

For v € {—1,1} and we conclude with desired inequalities.

For n — oo we give

Corollary 1. The following equalities are valid

4k +3
T o= 2
Z (k+1)(2k + 1) P23 PV (3)

4k +5
T o= 4—2 .
Z )(2k + 3) P20 (3) L/ (3)
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