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Abstract. We are interested in the structure of the solution space of second-order
half-linear differential equations taking into account various classifications regarding
asymptotics of solutions. We focus on an exhaustive analysis of the relations among
several types of classes which include the classes constructed with respect to the values
of the limits of solutions and their quasiderivatives, the classes of regularly varying
solutions, the classes of principal and nonprincipal solutions, and the classes of the so-
lutions that obey certain asymptotic formulae. Many of our observations are new even
in the case of linear differential equations, and we provide also the revision of existing
results.
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1 Introduction

We consider the half-linear differential equation
(r(H)@ ()" + p()®(u) = 0, (1.1)

t € [a,00),a > 0, where r(t) > 0, ®(u) = |u|* 'sgnu, a > 1. By ® ! we mean the inverse of
®. Note that ®1(u) = |u|f~!sgnu, where B is the conjugate number to «, i.e.,

1l

a P
We study asymptotic properties of equation (1.1) from several points of view. We deal
with the sets of solutions classified according to the values of their limits and the limits of
their quasiderivatives, the classes of regularly varying solutions (with prescribed indices), the
classes of principal and nonprincipal solutions, and the classes of solutions satisfying quite
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precise asymptotic formulae. We provide an exhaustive discussion concerning the relations
among these classes and, in fact, in each setting we describe the entire solution space of (1.1).
A big part of our results is new even in the linear case (where such a comprehensive treatment
has not been known previously). In addition, we offer a revision and completion of existing
results and place them into a broader context. To be more precise, all the results where p > 0
(and L > 0) are new, with the exception of some of the inclusions involving the formulae
in terms of £, which are established in [22, Section 5]. We utilize in the proofs also another
results from [22], namely Theorem 3.3 and Lemma 3.5 on regular variation of the elements of
the solution space. As for the case p < 0, all the results where 7 < 0 (in Theorem 2.1 and
Theorem 2.2) or 6 + a < 7y (the entire Theorem 2.3) or 7; < 0 (in Theorem 2.4) are new. More-
over, the results in the case p < 0 are newly supplemented by the formulae in terms of By,
and some of the known inclusions involving Gy, H are completed in sense of equalities. The
known results which are included in Theorem 2.1 and Theorem 2.2 (except of those involving
L) are taken from [19, Section 6] and [23, Section 4], see also Lemma 3.19. The relations with
the formulae involving £ in Theorems 2.1, 2.2, 2.4 for the case p < 0 and L < 0 are taken from
[20, Theorem 2, Theorem 4]. Thanks to the parallel analysis of the cases p < 0 and p > 0,
we can see similarities and differences between these two cases. This concerns not only the
statements, but also the proofs, some of them can be unified, some other require A different
approach. Further relations and comparisons with existing results are spread throughout the
text.

Some phenomena which can occur only in the purely half-linear case (i.e., « # 2) are
revealed. Recall that (1.1) arises out when studying radially symmetric solutions of certain
partial differential equations with p-Laplacian, thus the results can be useful in theory of
PDEs. Our observations are important also from stability point of view and can find appli-
cations in a description of Poincaré—Perron solutions which are associated to perturbations of
some autonomous nonlinear differential equations.

An important role in our theory is played by the condition

o P

im =y = O (12)
This condition guarantees that the set of all positive solutions of (1.1) consists of regularly
varying solutions of known indices which are related to the value of the limit C, €
(—oo, (Ja =1 — y|/«)*], v being the index of regular variation of r, see Theorem 3.3. As
for the existence of a regularly varying solution of (1.1), note that there are known conditions
in certain integral (more general) forms that are not only sufficient but also necessary (1.1), see
[9,10]. Since we assume regular variation of p and r (as we wish to include precise asymptotic
formulae into our relations among the classes), the integral conditions reduce to (1.2), and
thereby (1.2) actually becomes also necessary, see Lemma 3.5. We however emphasize that
thanks to Theorem 3.3 we work with the entire solution space, and there is no sign condition
on p a-priori needed.

A deeper approach to asymptotic formulae (including the critical — double root cases,
see below) and related problems in the framework not only of Karamata theory, but also
of de Haan theory (the classes Gamma and Pi) can be found in [19,20, 22,23]. Relations of
regularly varying solutions of (1.1) to Poincaré—Perron solutions are examined in [21,22]. For
further results concerning asymptotics of half-linear differential equations in the framework of
regular variation see [6,9-11,14-17]. A very important work which shows how the Karamata
theory can be applied to study qualitative properties of various differential equations is the



Half-linear differential equations 3

monograph [12] by Mari¢, see also [18], where the progress after the year 2000 is summarized.

Recall that by the Sturm type separation theorem which extends to half-linear equations,
see [6, Chapter 1], a solution of (1.1) is oscillatory (i.e., it is not of eventually one sign) if and
only if all solutions of (1.1) are oscillatory. Hence, we can classify equation (1.1) as oscillatory
or nonoscillatory as in the linear case. We are interested in behavior of nonoscillatory solutions
of (1.1). Since the solution space (1.1) is homogeneous, without loss of generality we may
consider only the set

S = {y : y(t) is a positive solution of (1.1) for large t}.

Assuming that p is eventually of one sign we get that all solutions in & are eventually mono-
tone, thus any such a solution belongs to one of the classes

IS8 ={y € S:y'(t) > 0 for large t}, DS ={y € S:y(t) <0 for large t}.

The classes ZS, DS can further be divided into four mutually disjoint subclasses
IS = {y €IS: }Lmy(t) =M, € (0,00)}, IS8« = {y €IS: }Lmy(t) = oo},
DSy = {y eDS: tlim y(t) =M, € (O,oo)}, DSy = {y eDS: tlim y(t) = 0}.

The so-called quasiderivative yl!! of y € S is defined by yl!l = r®(y’). We introduce the
following convention that is pertinent to the limits of solutions and their quasiderivatives:

I‘Suv - {y € IS . hm y(t) =1u, hm y[”(t) — U} ,

t—o0 t—r00
_ s _ . 1] .
DS.v {y eDS: tlggloy(t) u, tlgg [yt ()] v} ;

for the subscripts of ZS and DS, by u = B and v = B we mean that the value of u and v,
respectively, is a positive number. Denote

Jp = /aoo |p(s)|ds, I = /uoo rl’ﬂ(s) ds, (1.3)

Let p < 0. Then
S=Z5UDS, whereZS # 0 # DS, (1.4)

see [5], [6, Chapter 4]. It is almost immediate (thanks to monotonicity) that
IS8 =ZLS0000 ULS0p UZSBo UZSBp

and
DS = DSy U DSy UDSpy U DSgg,

see also [5], [6, Chapter 4]. The solutions in ZS«« are called strongly increasing and the
solutions in DSy are called strongly decreasing, together they form extremal solutions. The
solutions in ZSp are called reqularly increasing and the solutions in DSyp are called regularly
decreasing.

Let p > 0. If |, = oo, then DS = @ while if |, = oo, then ZS = @, see [6, Chapter 4].
Note that if ], = c0 = ], then § = @ since (1.1) is oscillatory by the Leighton-Wintner type
criterion, see [6, Theorem 1.2.9]. Moreover, it is easy to show that if ], = co (and ], < o), then

S=Z8 =ZSwpUZS Sy UZISE, (1.5)
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while if ], = oo (and ], < o0), then
S =DS = DSpoo UDSpeo UDSpp, (1.6)

see [4]. The solutions in ZS g and DS, are called dominant, the solutions in ZS ¢ and DSgeo
are called intermediate, the solutions in ZSpg and DSpp are called subdominant. An important
role in studying (non)emptiness of the subclasses ZS,, and DS, and related problems is
played by the integral conditions (3.1). Some of these relations will be used in our proofs. For
more information in this direction, see [2-6].

If (1.1) is nonoscillatory, then there exists a nontrivial solution y of (1.1) such that for every
nontrivial solution u of (1.1) with u # Ay, A # 0, we have

for large ¢,

see, e.g., [6, Section 4.2]. Such a solution is said to be principal solution. Solutions of (1.1)
which are not principal are called nonprincipal solutions. Principal solutions are unique up to
a constant multiple. We denote

P ={y € S:yis principal}.

Some characterizations of principal solutions are presented in Theorems 3.20-3.26 for the
purposes of our later use, see also [2,3,13]. Note that the situation concerning a description of
principal solutions is substantially more complicated in the case p > 0 than in the case p <0
for half-linear equations.

A measurable function f : [a,00) — (0, 00) is called reqularly varying (at infinity) of index ¥ if

tlgglo f;‘((/\tt)) =A% for every A € (0,); (1.7)

we write f € RV(9). If & = 0, we speak about slowly varying functions; we write f € SV,
thus SV = RV(0). If f € RV(9), then relation (1.7) holds uniformly on each compact A-set
in (0,00) (the so-called Uniform Convergence Theorem, see, e.g., [1]). It follows that f € RV(9)
if and only if there exists a function L € SV such that f(t) = t?L(t) for every t. The slowly
varying component of f € RV (&) will be denoted by Ly, i.e.,

Lf(t) = &, (18)

unless stated otherwise. We adopt notation (1.8) also for negative functions f such that |f| €
RV(8). The so-called Representation Theorem (see, e.g., [1]) says the following: f € RV(9) if
and only if

£t =gl e { [P as}, 19

t > a, for some a > 0, where ¢,{ are measurable with lim; ., ¢(t) = C € (0,00) and
lim; e ¢(t) = 0. A function f € RV(8) can alternatively be represented as

1) =g { [ ast, 110)

t > a, for some a > 0, where ¢, w are measurable with lim;_, ¢(t) = C € (0,00) and
lim_,e w(t) = 9. A regularly varying function f is said to be normalized reqularly varying, we



Half-linear differential equations 5

write f € NRV(9), if ¢(t) = C in (1.9) or in (1.10). If (1.9) holds with 8 = 0 and ¢(t) = C, we
say that f is normalized slowly varying, we write f € N'SV. We denote

Sgy =SNsY, SRV(ﬂ)C =8N RV(&),
Sysy =SNNSY, Snry(9) :SQNRV(ﬁ);

a similar convention is used when § is replaced by DS or ZS. Some properties of regularly
varying functions are gathered in Proposition 3.1 and Theorem 3.2; for more information see
[1,8].
The condition
Ip| € RV(9), re RV(y), (1.11)

which plays an important role in our theory, in fact is not needed for showing regular variation
of solutions to (1.1), but it enables us to provide a precise asymptotic description. We will
assume that § # —1 and ¢ # a — 1 which leads to avoiding the critical (double-root — see
(2.3)) setting. The critical setting (which is considered in connection with searching precise
asymptotic formulae in [20,22] and requires a more refined approach) could be treated also in
the framework of our topic — a finer classification would however be needed. Denote

00 a—1 )
G(t) = <tf((tt))>, ]:/a |G(t)|dt, H(t) _t r(f)(t), R:/a |H(t)|dt.  (1.12)

If (1.11) holds and é + a = v, then

G(t):%d)‘l (Z’ég) and H(t) = tl;i?) (1.13)

by Proposition 3.1. Observe that if & # 2, then the situation where | = o0 and R < oo (or
vice versa) can occur under the conditions (1.11) and § +a« = 7. An example can easily
be constructed via the relations in (1.13). This fact substantially affects the structure of the
solution space of (1.1) which turns out to be more complex than in the linear case. Lemma 3.7
describes a connection of |, R with the integrals in (3.1) which play a central role in studying
the existence problems in the classes ZS,,, DS.,. To simplify writing asymptotic formulae,
we adopt the notation

(0,7, K, f) = exp {/;(1+o(1))1<f(s)ds},

where 0(1) is meant either as T — oo when T < o0 or as ¢ — o0 when T = oco. As usually,
for f,g which are either both positive or both negative, the relation f(t) ~ g(t) as t — oo
means lim;_, f(t)/g(t) = 1, while f(t) = o(g(t)) as t — oo means lim;_,, f(t)/g(f) = 0. The
sets presented below are introduced for purposes of an easy and synoptic incorporation of
asymptotic formulae to other classifications; the constants M,, N, are defined by

1 — 1im vyl
My = limy(t), Ny = lim y=i(t).
The sets G1, Gy, H1, Ha, H3, Ha are pertinent to the solutions in the classes SV and RV(o),
respectively, where
_a—1—vy

1.14
e (114)
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under the condition C, = 0, and are defined by:

G ={yes y(t) = e(at,~1/071(5+1),6)},
G, = {y €S :y(t) = My€(t,00,1/D (6 + 1),G)},

and
o = {y € S5yt = ytt)+ [ M Ps)E(as,~(p—1)/0e) H)ds |
= {ye sy = [ e ~(6 - 1)/ H s,
Ha = {y € Ssylt) = y(t0) + [P0 N e, (B~ 1)/(0), ) s
Hy = {y €Syt = [P (=N E(s e, (8~ 1)/9(0) H) ds .
If [ |H(s)| ds = oo, then H; = Ha = Hy (see Lemma 3.14), where

Hy = {y €S y(t) = tr'P(s)&(a,t, — (B — 1)/¢(Q),H)} .

The sets L1, £, which are designed for the case C, # 0 and for an alternative description in
the case C, = 0 with RV(o) solutions, are given by:

L1(8,1) = {y €S:y(t) =t’¢ <a, t, @(19;:2/19'L(19’17’ )> } ,

-1
Lr(8,n) = {y €S:y(t) =Dt <t,oo, 0 —C[i/l?—l—iy\ﬂ!“_z'L(ﬂ'W"))}’

where

L0 =+ [ti’;’t;) —Cy+D(9) (t:/(g) - 7)] , with [L(9,7,-)] € RV(y 1),

and D = lim;_, y(t)/t%. If A is a set, then by the equality A = £(9,7) we mean that

L1(8 if f L(8,7,s)|ds = oo, (1.15)
Lo(8 1ff L(8,1,s)|ds < oo.

In view of Proposition 3.1, if # < 0 and A = L(9,7), then A = L,(8,7). Note that in our
results we actually have lim;_, L(8,7,t) = 0, thus by the Representation Theorem (1.9), we
get L(8,7) CRV(9), 0 € R,y <0.1f C, =0, then

L(0,y,t) = H(t) and L(o,n,t) = EZ((?) - ®(0) iigg

The sets By, . . ., Bg are pertinent to the situations where y and/or y!!/ have a real nonzero limit
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and are defined as follows:

@ 1(N
By = {y €S:My—y(t) ~ Mtrl’ﬁ(t) ast — oo} ,

0
(M
By = {y €SN, —yl() ~ Mtp(t) ast — oo},
M, (e —1)

B3:{VGS5My—y(t)NcD_ tG(t)ast—>oo},

To+1)(0+a—1)
Ny

d+a—17)

)ast— oo},

By = {yES:Ny—ym(t) 0 tH(t) ast—)oo},

= {y €S tG(t)| = 0(|My Y

(
(t)
Bo={y €S t{H(1)] = o(IN, —y (1)) as t — oo} .

t

2 Main results

In this section we present the main results that are formulated as four theorems; we distin-
guish, in particular, whether C, is zero or not and whether 7 is equal to § + « or not.
First note that under the assumptions of Theorems 2.1-2.4, we have, for a given ¢ € R,

Sry(9) = Snry(9), (2.1)

see Remark 3.4. Therefore we omit writing this relation in formulations of the theorems
since it holds in each case. It is worthy of noting that because of the properties of principal
solutions, in the sets that are equal to P, we have uniqueness up to a constant multiple. This,
in particular, means that, for example, in the case (i-a) of Theorem 2.1, there is only one slowly
varying solution provided we fix its value at a point.

In Theorems 2.1-2.3, we need to take 6§ # —1, v # a — 1; Theorem 2.4 does not require
an inequality. In fact, the equality in the settings of Theorems 2.1-2.3 would lead to some-
how critical cases (which correspond with double roots in (2.3) and/or border-line version
of the Karamata integration theorem). Actually, the critical cases can be treated, but a more
sophisticated approach is needed and introducing new special asymptotic subclasses is neces-
sary. The main ingredients in analyzing these cases are suitable transformations to non-critical
cases and applications of existing results (including the new ones in this paper). We will not
go further in this direction. For some considerations concerning the critical case see [20,22].

The first two theorems deal with SV and RV (¢) solutions under the condition y = ¢ + a.
Recall that ¢ is defined in (1.14).

Theorem 2.1. Let C,, = 0 and (1.11) hold, where oy = 6 + . For the relations involving the class
L(o,n) assume, in addition, |L(o,7,-)| € RV(y —1), n <0, and if the condition 6 < —1 is supposed,
let, in addition, 6 < —1+n(a —1). Then S = Sysy U Sxyry(0), Snsy # D, Syry(0) # @, and
the following hold:

(i) Assume that | = oo and R = oo,
(i-a) If p < O0and 6 < —1, then

Snsy = DS =DSp = G1 =P, Syrv(0) =ZS = LSweo = H1 = Ho = L(0, 7).
(i-b) If p < 0and 6 > —1, then
S/\/SV =78 = ISOOOO = 91, SNRV(Q) =DS = DSO() = 7‘[2 = 7‘[0 = /:,(Q,ﬂ) =P.
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(i-c) If p > 0 and 6 < —1, then

S =18 =TS« = Sysy USnry(0), with Sysy = G1 =P, Syrv(e) = H1=Ho = L(0, 7).
(i-d) If p > 0 and § > —1, then

S =DS =DSpw = Snsy USyrr(0), with Sysy = G1, Syrv(e) = Ha = Ho = L(e, 1) = P.

(i1) Assume that | < oo and R < oo.
(ii-a) If p < 0 and 6 < —1, then

Snsy =DS =DSpy=Go =Bs =P, Syrv(0) =ZS =LSwp = Hz = Bs = L(0,1).
(ii-b) If p < 0 and 6 > —1, then
Snsy =18 =18peo = G2 = Bs, Sxry(@) = DS =DSop = Hy =B = L(¢,17) = P-
(ii-c) If p > 0and 6 < —1, then

Snsy =I8p = G2 =Bs =P, Syrv(0) =ISwp =Hs = Bs = L(0, 1)
(ii-d) If p > 0 and § > —1, then

Snsy = DSpeo = G2 = Bs, Snxrv(@) = DSop = Ha = Bs = L(0,17) = P.

Observe that Theorem 2.1 and Theorem 2.2 have the same general assumptions. They differ
in the conditions regarding mutual behavior of | and R. We emphasize that the combinations
J] =0 AR <o and | < o AR = oo, which are assumed in Theorem 2.2, can occur only in
the purely half-linear case (i.e.,, « # 2), and that is why we separate them into a particular
theorem. In view of equalities in (1.13), it is easy to find a suitable example illustrating this
setting. Indeed, take L,(f) = 1 and L,(t) =1/In“t, wherel <w <a—lora—1<w < 1.
It so arises out that the structure of the solution space in the half-linear case is generally
more complex than in the linear one under our setting. In particular, under the conditions
of Theorem 2.2, there can coexist strongly monotone solutions with non-extremal ones or
intermediate solutions with dominant or subdominant ones. See also [4,5] where the problem
of coexistence and non-linear setting is discussed in a more general context.

Theorem 2.2. Let (1.11) hold, where v = 6 + «, and C,, = 0. For the relations involving the class
Lo, 1) assume, in addition, |L(0,n,-)| € RV(y—1),n <0, and if the condition § < —1 is supposed,
let, in addition, 6 < —1+n(a —1). Then S = Sysy USary(0), Snsy # D, Syry(0) # D, and
the following hold:

(i) Assume that | = co and R < oo,
(i-a) If p < 0 and § < —1, then

Snsy =DS =DSop =G1 =P, Syrv(0) =18 =ISwp = Hs = Bs = L(0, 7).
(i-b) If p < 0 and 6 > —1, then

Snsy =18 =180 = G1, Syrv(0) = DS =DSop = Hy = Bs = L(0,17) = P.
(i-c) If p > 0 and § < —1, then

Snsy =ZSw0 = G1 =P, Syrv(0) = ZSwp = Ha = Bs = L(0, 7).
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(i-d) If p > 0 and & > —1, then
Snsy = DSoo = G1, Syrv(0) = DSop = Ha = Bs = L(0,17) = P.

(i1) Assume that | < oo and R = oo.
(ii-a) If p < 0and § < —1, then

Sysy =DS =DSpy =Gy =B5 =P, Syryv(0) =Z8 =ZS w0 = H1 = Ho = L(0,1)-
(ii-b) If p < 0 and 6 > —1, then
Snsy =Z8 =Z8pe = G2 = Bs, Syry(0) = DS = DS = Hpy = Ho = L(0,57) = P.
(ii-c) If p > 0 and 6 < —1, then

Sysy =L8po = G2 =Bs =P, Snry(0) = LS = H1 = Ho = L(e, 7).
(ii-d) If p > 0and 6 > —1, then

Snsv = DSpeo = G2 = Bs, Syry(e) = DSop = Ha = Ho = L(o,17) = P.

The next theorem can be seen as a complement of Theorems 2.1 and 2.2 in the sense
that the condition 6 +a = < will not be satistied. We assume J + a« < 7 which implies
Cy =0,] < 0o, R < o0; this can be seen from Proposition 3.1 (see the proof of Theorem 2.3).
On the other hand, in contrast to the case of equality § + a = 7, the strict inequality allows us
to consider a richer variety of combinations of conditions § < -1, > -1,y <a—1,7v >a —1.
Observe that under the setting of Theorem 2.3, there are no extremal or intermediate solutions.
The case 6 +a > < is not considered since then there are no regularly varying solutions.
Indeed, by Proposition 3.1, we then have |C,| = co. If p < 0, then by [23], the set S is
nonempty and consists entirely of the solutions in the de Haan classes I' and I'_, which are
subsets of rapidly varying functions. If p > 0, then equation (1.1) is oscillatory by Hille—
Nehari type criteria, see [6, Chapter 3], and so S is empty. In fact, to show that there are no
RV solutions, we can argue in a alternative way, namely that the necessary condition is not
fulfilled, see Lemma 3.5.

Theorem 2.3. Let (1.11) hold, where v > & + . For the relations involving the class L(o, 1) assume,
in addition, |L(o,1,-)| € RV(y—1), y < 0, and if the condition v < a — 1 is supposed, let, in
addition, v < (x —1)(1 + 7). Then S = Sysy USvrv(0), Snsy # D, Sxyry(0) # @, and the
following hold:

(i) Assume that 6 < —1land v < a — 1.
(i-a) If p < O, then

Sysy =DS =DSpy = Go = B3 =P, Snry(0) =18 =LSwp = Hs = By = L(0,1).
(i-b) If p > 0, then
Snsy =ISpo = G2 = B3 =P, Snrv(e) =ZS«p=Hs=DBs= L(e7)

(ii) Assume that 6 > —1and v > a — 1.
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(ii-a) If p < O, then
Snsy =I8 =I8py = Gy =Bs, Syry(0) =DS =DSop =Hs=By=L(0,7) =P.
(ii-b) If p > O, then

Snsy = DSpeo = Go = B3, Syry(0) = DSop = Ha = By = L(0,n7) =P.

(iii) Assume that 6 < —1and v > a — 1.
(iti-a) If p < O, then

ISnsy =18 =1S8pp=B1 =B #Q,
DS sy = DSpoUDSpp, DSpy=Gr = B3 #QD, DSpp =B1 =82 #Q,
Snrv(0) = DSyry(0) = DSop = Ha = By = L(0,17) = P.

(iii-b) If p > 0, then

ISnsy =18 =18p)UZSpp, LSpy =G =Bs #Q, ISpp =B1 =By # O,
DSynsy =DSpp =B1 =B, #Q,
Svrv(0) = DSnyry(0) = DSop = Ha = By = L(g,17) = P.

One can see that the case § > —1 and v < a — 1 is not considered in the previous theorem.
This is quite natural because there are no regularly varying solutions; the reasons are almost
the same as in the case « + ¢ > 7 (discussed before Theorem 2.3). Indeed, if p < 0, there are
solutions only in the de Haan classes I' and I'_, see [23]. If p > 0, then (1.1) is oscillatory by
Hille-Wintner type criterion, see [6]. Alternatively, we can again argue by Lemma 3.5 since
b+a>—-1+y+1=1.

The next theorem can be seen as a complement to the previous ones in the sense that
previously was assumed (or was guaranteed) C, = 0 and now we take C, # 0. Note that
C, #0and r € RV(y) imply |p| € RV(y — «). Indeed, from (1.2) and Proposition 3.1, we
have |p(t)| ~ |Cy|t7*r(t) € RV(—a+ ) as t — oo. In general, we do not need to exclude
the critical case vy = a« — 1. However, if we take C, > 0, then necessarily v # a — 1 since we

assume C, < K, where
e —1—9]\"

K7:<a : 2.2)
We denote

0 = @A), % < 0,
where A1 < A, are the (real) roots of

A =
a—1 +a—1

F,(A) == AP+ 0. (2.3)
If 7 = 0 in Theorem 2.4, then we do not need to assume y + a(% — 1) + 17, > —1, since
this inequality is satisfied automatically thanks to the properties of the roots, see Lemma 3.6.
Observe that under the setting of Theorem 2.4, there are only extremal solutions (when p < 0)
or intermediate solutions (when p > 0). In the case C,, = K,,, generally oscillation or nonoscil-
lation of (1.1) can occur. Nonoscillation is guaranteed e.g. by t*p(t)/r(t) < C, (this follows
from the Sturm type theorem, see [6]), or by the conditions of [9, Theorem 2.2, Theorem 3.2],
or by some suitable nonoscillation criterion, see, e.g., [6, Chapter 3].
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Theorem 2.4. Let C, € (—o0, K|\ {0} and r € NRV() NCl, v € R. For the relations involving
the classes L(0;,1;), i = 1,2, assume, in addition, |L(9;,7;,-)| € RV (y; — 1), where 111,12 < 0, and
YH+a(®—1)+n2 > —1. Then S = Syry(%h) USyry(82), Snry(9:) # @, i = 1,2, and the
following hold:

(i) Assume that C,, < 0. Then

Syry () =DS =DSo = L(1,11) =P, % <0,
SNRV(ﬁZ) =78 =TS w00 = ﬁ(ﬁz,i’]z), % > 0.

(ii) Assume that 0 < C, < K,; the strict inequality C, < K, is required only when the relations
involving the classes L(9;,1;), i = 1,2, are considered. If C, = K, we assume, in addition, nonoscil-
lation of (1.1).

(ii-a) If v < o — 1, then

Syry (1) USSRy (02) =S8 =Z8 =ZS8x0, 1,02 >0,
Snyry(01) = L(01,111) =P, Syry(02) = L(82,12).

(ii-b) If v > a — 1, then

S./\/'RV<191) U S./\[Rv(ﬂz) =85=DS =DSpe, %,% <0
Snyry(81) = L(01,m) =P, Snwry(82) = L(2,12).

For various examples that illustrate, in particular, the asymptotic formulae in particular
settings, see [20,22]. Among others it is shown that the situation where f ﬂoo |L(01,71,5)|ds = o0
and [ |L(82,72,5)| ds < oo (or vice versa) can occur even when 13 = 17, = 0.

In [21,22] we explore how some of the above results can be applied to the half-linear
equation of the form

(@) +a(t)@(y) + b(H)(y) =0

to analyze its Poincaré—Perron solutions (that is the solutions y such that lim; . y/(t)/y(t)
exists as a finite number). The equation can be viewed as a perturbation of the equation with
constant coefficients. A key role is played by a suitable transformation, and we believe that the
new results of this paper could be extended in this sense. Another direction is an extension
to the critical (double-root) case which is roughly explained at the beginning of this section.
Since theory of regularly varying sequences is at disposal and difference equations often show
their particularities (when compared with their continuous counterparts), a discrete version
of our results is also of interest.

3 Auxiliary statements and proofs

We start with selected properties of regularly varying functions.
Proposition 3.1.

(i) If f € RV(9), then In f(t)/Int — O as t — oo. It then clearly implies that lim;_,e f(t) = 0
provided ¢ < 0, and lim;_,« f(t) = oo provided ¢ > 0.

(ii) If f € RV(9), then f* € RV(a0) for every & € R.
(le) Iffz € RV(I%), i= 1,2, fz(t) —00ast — oo, then fl sz S RV(ﬁlﬁz)
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(iv) If fi € RV(9;),i=1,2, then f1 + f» € RV (max{d, % }).

() If fi € RV(0;),i=1,2, then f1f» € RV(81 + 8).

(i) If f1,...,fun € RV, n € IN, and R(x1,...,x,) is a rational function with nonnegative coeffi-
cients, then R(f1,..., fu) € RV.

(vii) IfL € SV and ¢ > 0, then t°L(t) — oo, t °L(t) — 0as t — co.

(viii) If f € RV(9) and a measurable g is such that g(t) ~ f(t) as t — oo. Then g € RV(9).

(ix) If f € RV(8), @ # 0, then there exists g € C' with g(t) ~ f(t) as t — oo and such
that tg'(t)/g(t) — O, whence ¢ € N'RV(8). Moreover, g can be taken such that |g'| €
NRV(®—1).

(x) Let f be eventually positive and differentiable, and let lim; o tf'(t)/f(t) = 0. Then f €
NRV(9).

(xi) If |f'| € RV(9), O # —1, with f' being eventually of one sign, then f € NRV (8 +1).

Proof. The proofs of (i)-(x) are either easy or can be found in [1,8]. For (xi) see [19]. O

The following statement (the so-called Karamata integration theorem) is of great impor-
tance in our theory.

Theorem 3.2 ([1]). Let L € SV.
D) If9 < —1, then [”s°L(s)ds ~ t*TIL(t) /(=80 — 1) as t — oco.
(i) If & > —1, thenf 19L ds~tl9+1L( )/(19+1) as t — oo.

(iii) If f * L(s) /s ds converges, then L(t) = [ L(s)/sds isa SV function; if [ L(s)/s ds diverges,
then L(t f L(s)/sdsisa SVfunctzon, in both cases, L(t)/L(t) — 0 as t — 0.

Finiteness of the limit in (1.2) guarantees (in nonoscillatory case) regular variation of all
positive solutions.

Theorem 3.3 ([22]). Let r € RV(y), v € R, and C,, € (—oo,K,] be defined by (1.2), K, =
(lo =1 —7y|/a)* . We assume, in addition, nonoscillation of (1.1) when C = K., with t*p(t)/ (t) £
2)

K., (in all other cases, nonoscillation is automatically guaranteed). Then S = Syrry(91) U Sarry (&
with Snry (%1) # @ # Syry(92), where Aj = ®(8;), i = 1,2, are the roots of (2.3).

Remark 3.4. In the proof of Theorem 3.3 it is actually shown that for any y € S, we have
lim; 0 ty'(t)/y(t) € {th1,%2}. That is why any regularly varying solution is automatically
normalized; in other words, (2.1) holds. But even without a-priori assuming (1.2), it can be
proved that Sgy(9) C Syrry(9) under the assumption of regular variation of r, by means of
Lemma 3.5 and Proposition 3.1. Normality follows also from the asymptotic formulae or from
monotonicity of solutions and quasiderivatives with the help of the properties of regularly
varying functions.

Under our setting, condition (1.2) is necessary for the existence of a regularly varying
solution.

Lemma 3.5 ([22]). Let (1.11) hold with § # —1 and v # « — 1. If Sgy(8) # @, where A = ®(0) is
a real root of (2.3), then limy_,e t*p(t) /1(t) = C,and § +a < 1.

Lemma 3.6 ([22]). Let A{™ < A3 denote the (real) roots of (2.3) when sgn(a — 1 — ) = £1 and let
A1 < Ay denote the (real) roots of (2.3) when v = a — 1. Set 97 = ®(AF) and 8; = P(A;), i =1,2.
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(i) Let v # a — 1. If C, < O, then 8505 < 0, |87 | = 0,, and |9 = 05 > |o|. IfC, =0,
then 97 = 0, = 0and —9] = 05 = |o|. If C, € (0,K,), then 9705 > Oand 0 = |0;] <
[y +1—al/a <8y =[9;| <|o|. IfCy =K,, then —0; = =0, =0 =09 =|y+1—a|/x
(i) Let v = a — 1. Then C,, < 0 with ¢, = 8, = 0 when C, = 0 while 1, = +(|C,|/(a — 1))1/*
when C,, < 0.

Denote

I :/awvl(t)dt, ]zz/:ovz(t)dt, Ry :/mwl(t)dt, Rz:/sz(t)dt, (3.1)

a a

where

Vi(t) = AR () (/t p(s)| ds>ﬁl, Va(t) = B (1) </t°° 1p(s)] ds)ﬁl,

wi) = ol ([ 150as) " wao = ol ([T sees)

a

These integrals naturally occur when studying (non)emptiness of the classes ZS,,,, DS, and
play an important role also in characterization of principal solutions, see [2—6]. Later, in the
proofs we use some of these results.

Since we work in the framework of regular variation, some specific and useful properties
of V4, Vo, Wi, W, can be derived.

Lemma 3.7. Let (1.11) hold. Then

(i) Vi(t) ~|G(t)|/]6 +1|f~1 as t — oo, where i = 1 when 6 > —1 while i = 2 when § < —1.

(i) Wi(t) ~ |H(t)|/]7(1 = B) +1]* Last — oo, where i = 1 when v < a — 1 while i = 2 when
vy>a—1

(iii) If 6 < —1, then Vy(t) ~ ]57171*[3(1‘) as t — oo, where J, is defined in (1.3).

(iv) If v > a — 1, then Wy (t) ~ J¥ Y p(t)| as t — oo, where J, is defined in (1.3).

Proof. The asymptotic formulae in (i) and (ii) follow from the Karamata Integration Theorem
(Theorem 3.2). The relations in (iii) and (iv) are obvious; convergence of the integrals ], and
J;, respectively, is a consequence of Theorem 3.2. O

Remark 3.8. Let (1.11) hold. If § > —1, then [~ |p(s)|ds = oo, thus [ Vi(s)ds cannot
converge. If v < a — 1, then [~ r17P(s)ds = oo, thus [~ W»(s) ds cannot converge. Now from
Lemma 3.7 it easily follows that:

(i) Let 6 > —1. Thena) J; =00 < | =00, b) J, = oco.

(ii) Letd < —1. Thena) [ =0 < [, =00,b) [, =00 & | = o0.
(iii) Lety <a —1. Thena) Ry =00 & R = 00, b) Ry = o0.

(iv) Lety >a —1. Thena) Ry = o0 & [, = 00, b) Ry = 00 & R = 0.

The first statement in the following lemma is sometimes called the reciprocity principle and
equation (3.2) is called the reciprocal equation (to equation (1.1)).



14 P. Rehik

Lemma 3.9. Let y be a solution of (1.1) with p # 0. If u = |y

(F(H~ () + p()2 ™! (u) =0, (32)
where 7 = |p|' P and p = r'=P sgn p. In particular, ify € S, then
ue S = {u:uisan eventually positive solution of (3.2)}.

IFG(t) = ©(tH(H) /7(t)) and H(t) = t5=15() /7 (t), then

G=H ad H=0G. (3.3)

If (1.11) holds, then
5] € RV(8) and 7 € RV(7), where § = y(1 — B) and 7 = 6(1 — B). (3.4)
Proof. Since u' = —p®(y), we get y = —|p|' PO 1 (u')sgnp. From u = r®(y’), we have
y = r'7P®d~1(u). Thus we find that u satisfies (3.2). The relations in (3.3) are obvious. The
relations in (3.4) follow easily by Proposition 3.1. O

Remark 3.10. For the notation of subclasses of S we use the “circumflex analog” of the no-

tation of subclasses of S. For instance, DS and DSpy mean the set of eventually decreasing

solutions of (3.2) and the subset of DS where u € Z/DTSBO tends to a positive constant with

limy 0o 7(t)@ 1 (u(t)) = 0, respectively. Similarly we approach to the notation of the classes

for the solutions satisfying prescribed asymptotic formulae. For example, G, is defined as
={ue S:u(t) = M, €(t, oo,1/<I>(3\—|— 1),@) }, where M, = lim;_,co u(t).

Lemma 3.11. Let (1.11) be satisfied with 6 # —1 and v # « — 1. Then the following hold:

(1) DSy UDSBeo UZSB) UZSBeo C X, where X = Bs when 6 + a = vy, while X = Bz when
S+ <.

(ii)) DSop UZSwp C X, where X = Bg when § + o = 7y, while X = By when § +a < 7.

(iii) ZSgp UDSpg C B;, i =1,2.

Proof. (i) Let y € DSpy U DS UZSpy UZSps. Then y € Ssy, and SO Y E S/\/sv, see Re-
mark 3.4. Integrating (1 1) we get yll(¢) ~ Py(t) ast — oo, where Py(t) = [~ p (s))dsor

ft )) ds according to whether 6 < —1 or 6 > —1, respectlvely Applymg
Theorem 32 and usrng y( ) ~ My, where M, = lim; ,, y(t), in both cases we get

P ~ P (OR() ~ 7 tp(HE(M,)

as t — oo, thus y/(t) ~ —M,G(t)/P (6 + 1) as t — co. Integrating the last relation from # to

oo, we obtain
—-M 00

as t — oo. Assume that 6 +a = 7. Since |G| € RV(—1), from Theorem 3.2 we get t|G(t)| =
o (" |G(s)|ds) as t — co. Combining the last relation with (3.5), we find that y € Bs.
Assume that 6 + « < 7. Then, in view of Proposition 3.1, |G| € RV({ — 1), where { =
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(B—1)(6+1—1)+1. From 4+« < 7 we have { < 0. Hence, Theorem 3.2 yields [, G(s) ds ~
—tG(t)/{ as t — oo, thus (3.5) implies y € Bs.

(ii) Let y € DSop UZSwp C X. Set u = |yl!)|. We have u = +y[!l according to whether y €
IS or y € DS, respectively. Then u satisfies (3.2), and lim; o u(t) = M, where M, = |N,/,
Ny = lim e yl(t). Since, in addition,

ull =707 1(w') = [p|" PO (£ (r@(y))') = F|p/' PO (p@(y)) = Fysgnp, (3.6)

we get
u € DSy UDSBo UZSE) UZSBeo. (3.7)

We use the convention introduced in Lemma 3.9 and Remark 3.10. The reciprocal version of
0+a < qisd+ f < ¥;itis easy to see that the inequalities are in fact the same. In view of
(3.7), we can apply part (i) of Lemma 3.11 to the reciprocal equation. If § + « < 7, then

INy| = [y (6)] = My — u(t) ~ cp@f f)%llﬁ)— P @(f)))
Ny () Ny

= SO0 P BB () QG ra ) W

as t — co. Consequently, y € By. Similarly we find that B is reciprocal version of Bs.
(iii) Let y € ZSpp U DSpp. From (1.1), (y1(¢))" ~ —M;‘lp(t) as t — co, where M, =
lim; e y(t). Theorem 3.2 yields

_ aqa—1
My

Ny = y(e) ~ =Myt [ p(s) ds e ()

as t — oo, where N, = limHooym(t). This implies ZSpp U DSpp C By. From the relation
yl(t) ~ Ny, as t — oo, which is equivalent to y'(t) ~ ® (N, /r(t)), by Theorem 3.2, we
obtain

PNy
T=p)y +1)
as t — oo. This implies ISBB U DSBB - 81. ]

®1(Ny)

tri =P () = — tr1 =P (1)

M, — y(t) ~ &(N) /t°° (s ds ~

Lemma 3.12. Let (1.11) be satisfied with 6 # —1 and v # « — 1. Then the following hold:
(l) If] = 09, then (DSOO UISOOOO UISOOO U DSOOO) NSy - Ql.
(ii) If] < o0, then ZSpy U DSy U ZSBeo U DSBeo T Go.

Proof. Take y € Ssy. Note that in (i) slow variation is assumed, in (ii) it clearly holds, and
Ssy = Sysy, see Remark 3.4. We have |p|®(y) € RV () by Proposition 3.1. Let 6 < —1. Then
f:o |p(s)|®(y(s)) ds < oo by Theorem 3.2. Observe that the classes considered in the lemma,
which correspond to this setting, are DS0, ZS 0. Indeed, from (1.1) we have

) = ) = [ oot ds 68)

and because of the convergence of the integral we cannot have lim;_,, |y!!/(£)| = co. Assume
that y belongs to such classes. Integrating (1.1) from ¢ to co, Theorem 3.2 yields

1) = = [ pe)@(s) ds ~ PO () 39)
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as t — co. Similarly, under the condition § > —1, which corresponds to the classes DS yo0, ZS xeo
(this follows from (3.8) and the divergence of the integral), integration of (1.1) from ¢ to t and
Theorem 3.2 lead to

y) =y(t0) — [ P ds ~ = [ pe)@(y(s)) ds ~ — 1 ip(H@(E) (310

fo to

as t — co. Consequently, no matter what § # —1 is, both (3.9) and (3.10) lead to

e ()0 () (e on

as t — co. The following observation which was established in [22] will be useful in the sequel.
Let A € R, &1(t) — 0 as t — oo, and f be a positive function such that [ f(t) dt = co. Then
there exists €,(t) — 0 as t — oo such that

A+ /at(l +€1(s))f(s)ds = /at(l +€2(s))f(s)ds. (3.12)

If ] = oo, then integration of (3.11) from ¢j to ¢ yields

Iny(t) =Iny(ty) + /t:(l +0(1))®? (5;1> G(s)ds

_ /t:(1+0(1))®_1 (5111> G(s)ds
— /at(1+0(l))<I>1 <5;11> G(s) ds

as t — oo, where we applied (3.12) twice. Taking exponential, we find that y € G;. If ] < oo,
then integration of (3.11) from f to oo yields

—lnyAEIty) = /toocbl <_<15—:_01(1))> G(s)ds

as t — co, where My, = lim; ;. y(t), which leads to y € G». O

Remark 3.13. Let (1.11) hold with § # —1 and v # a — 1. Let Syrsy # @ and recall that it
implies (1.2) with C, = 0 by Lemma 3.5. Assume that | = co and note that then necessarily
04+ a = 7. Indeed, 6 + a < 7y would imply | < co while 6 + a > 7 would imply Sysy = @.
From [19, Section 6] and [23, Section 4] it follows that if p < 0, then

Sysy € DSy provided 6 < —1,

Snsy € IS provided 6 > —1.
From [22, Section 5] we have, if p > 0, then

Sysy €IS« provided 6 < —1,
Sysy € DSpee  provided 6 > —1.

Assume that ] < co. From [19, Section 6], [22, Section 5], and [23, Section 4] we have, if p < 0,

then
Snysy € DSpy provided 6 < -1,y <a—1,

Sysy € IS provided 6 > —1,7 >a — 1.
From [22, Section 5] we have, if p > 0, then

Sysy €ZIS8py provided 6 < -1,y <a—1,

Sysy € DSps provided 6 > —1,7v >a —1.
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Lemma 3.14. Let (1.11) be satisfied with 6 # —1 and -y # « — 1. Then the following hold:

(i) If R = oo, then (DS U DSpee) NRV(0) € Hp = Ho and (ZS oo UZSw0) N RV(0) C
Hq = Ho.

(ii) If R < oo, then DSop C H4 and ZS«p C Ha.
(iii) IfR = oo, then H1 = Hy = Ho.

Proof. We will prove the case when R < oo for the class DSp with details. The other cases in
(i) and (ii) can be proved similarly. Let y € DSpp. Set u = —y[!l. Then u satisfies reciprocal
equation (3.2) and u € §by Lemma 3.9. Since y € DSop, we get u(t) ~ M, as t — oo, where
M, = =N, = —lim; o yI(t). Asin (3.6), we get ulll = ysgnp, and therefore ulll(t) — 0
as t — oo. Consequently, u € DSpy or u € ISpg according to whether p < 0 or p > 0,
respectively. In view of Lemma 3.12-(ii), we get u € G,, that is

u(t) = My exp {/too <1132c:5\j—(11>)q> (;ﬁ((:))) ds}

as t — oco. We use the convention from Lemma 3.9 and Remark 3.10. Thus we find that

020/ (1)) = u(t) = ~Nyexp { [7(1-+0(1)) (s ds

which yields
V() =@ (NP ep { [0 o) Bt ds)

as t — 0. Since y € DS, integration from ¢ to co leads to y € Hy.

It remains to prove H; = Hp = Ho when R = . Take y € H;. In view of (1.13)
and representation (1.9), we have &(a,-, — (B — 1)®(0), H) € SV. Therefore, r'f&(a,-, — (B —
1)®(0),H) € RV(y(1 — B)) by Proposition 3.1. Hence, from Theorem 3.2 and thanks to
divergence of [ |H(t)| dt, utilizing (3.12), we obtain

y(B) = (140" We ( L5 H>

ol ®(e)’
1+o(1) — —
=t ()" W @ (a, t, —'Bl,H) =tr' P(t)e (a, t, —/H,H>
@ (o) @ (o)
as t — oo. Thus H1 C Hp. Using similar ideas, we obtain the opposite inclusion. The equality
H, = Hop can be proved analogously. O

Remark 3.15. Let (1.11) hold with 6 # —1 and v # a — 1. From the reciprocity principle
(see Lemma 3.9) combined with the ideas of Remark 3.13, recalling the relations u = j:ym,
ulll = Fysgnp (see (3.6)) and G=H (see (3.3)), we obtain the following claims. Assume
R = oo (which implies § + a = ). Then

Snvry(0) € ZSwe provided 6 < —1,p <0,
Syry(0) CDSy provided 6 > —1,p <0,
Syry(0) €IS« provided 6 < —1,p >0,
Syry(0) € DSpo  provided § > —1,p > 0.



18 P. Rehik

Assume R < co. Then

Syry(0) CZSwp provided 6 < -1,y <a—1,
Syry(0) € DSpp  provided 6 > —1, 7 >a —1.

Lemma 3.16 ([22]). Let r € NRV(v) N CL, v € R, and (1.2) hold with C,, < K,, K, being defined
by (2.2). Assume that |L(9;,1;,-)| € RV(y;i —1), i = 1,2, where ®(d1) < P(02) are the roots of
(2.3), 11,112 < 0, and v+ a(d — 1) + 12 > —1. Then

Syvry(8:) € Le(0,mi),  i=1,2, (3.13)

where k = 1 when [ |L(8;,1;,5)|ds = oo, while k = 2 when [ |L(8;,1;,5)|ds < oo; if C, = 0,
we consider only the nonzero root in (3.13).

Lemma 3.17. Let (1.11) be satisfied with p > 0, 6 # —1, and v # « — 1. Then the following hold:

(i) Ify € SSINRV(Y), 8 € R, where S| = TSeap U DSpeo U ISpy U DSpeo, then |yl €
RV +1+ (x—1)8) and |y'| € RV(B—1)(6+1—7)+9). Ify € S;NRV(S) and
S+ a =1, then [y'| € RV(0 —1). If, in addition 8 = o, then |y!!]| € SV.

(i) If y € SaNRV(8), where Sy = TSeop UDSpp, then ¢ = o, [yM| € SV, and |y/| €
RV(0—1).

Proof. (i) Let y € S; NRV(8). Then |y!)| tends to 0 or oo and p®(y) € RV(6 + d(a — 1)) by
Proposition 3.1. Hence, integrating (1.1) from fg to ¢ or from t to oo (according to whether
6+ ®(a — 1) is positive or negative, respectively), realizing that y[! () — ylU(ty) ~ yl(¢) in the
former case, and using Theorem 3.2, we get

0] ~ s PO

as t — oo, which implies |yl!l| € RV(6 + 1+ &(a —1)). In view of Proposition 3.1, we get
V| e RV(B-1D[0+1+(a—1)8—79]) =RV(B-1)(6+1—7)+0). If 6 +a = v, then
the last index reduces to & — 1. If & = g, then for the index associated to |y[1]| we have
S+1+0a—1)=64+a—v=0.

(i) Let y € So NRV(8). Then yl!l(¢) ~ Ny as t — oo, i.e.

y'(t) ~ @7 (Ny)r P (1) (3.14)

as t — co. Integrating this relation from fq to t or from ¢ to co (according to whether v < a —1
or v > a — 1, respectively), realizing that y(t) — y(to) ~ y(t) in the former case, and using
Theorem 3.2, we get

|27 (Ny)] B _
y(t) ~ m“’l € RV((1—B)y+1) =RV(0),
thus ¢ = o. In view of (3.14), we get || € RV(—v(1—-B)) = RV(¢ — 1). O

Lemma 3.18. Let (1.11) hold with v # « — 1. If NSV N (DSyUZSx) # D, then v = § + a,
NSVNDSy = DSy UDSpeo, atd NSV N IS = TS oo UZS 0.
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Proof. Takey € NSV N (DSyUZS). Then, in view of Proposition 3.1, | (r®(y))'| = |ply*~! €
RV(6). If [ |p(s)|ly*~1(s) ds diverges, then lim;_, | yl(t)| = o0, and the Karamata Integra-
tion Theorem (Theorem 3.2) applied to equation (1.1) after integration yields

O OF ~ 0@/ 1) = O ()] ~ [ [p(e)ly(9)ds € RV +1)
as t — oco. Similarly, if [ |p(s)[y*~!(s) ds converges, then

Ol (O = [ pE)ly (s ds € RV(E+1)

by Theorem 3.2. Indeed, lim;_, y!"(t) = N, would lead to y'(t) ~ @ 1(N,)r'F(t),soy €
RV(0), 0 # 0, contradiction. Thus in any case, |y'|*! € RV(6 +1— ), and therefore
lv'| € RV((64+1—1)/(a—1)) by Proposition 3.1. Since y € DSy or y € IS, in view of the
Karamata Theorem, y € RV((6+1—7)/(a—1)+1) =RV((6+a—7)(B—1)). Buty € SV,
and so it must hold that v = 4 «. O

In spite of the fact that many of the claims which are included in the next statement were
already proved above (as it was within the more general setting), for completeness and easier
reference we prefer to present some conclusions from [19] in the form of individual lemma.

Lemma 3.19 ([19]). Let p <0, C, = 0, and (1.11) hold, where v = 6 + a.

(i) Let 6 < —1. If] = oo, then Sgy = DS = DSy C G;. If] < oo, then Sgy = DS = DSp
Ga. If R = oo, then Sgy(0) =Z8 = IS0 C Hi. If R < o0, then Sgy(0) =ZS = ZS«p
Hs.

IANIA

(ii) Let 6 > —1. If ] = oo, then Ssy = 1S = TS w0 C G1. If ] < 00, then Ssy =18 = 1Sps C
Go. If R = oo, then Sgy(0) = DS = DSoy C Hy. If R < oo, then Sgy(0) = DS = DS C
Hy.

Theorem 3.20 ([5]). Let p < 0. Then

p_ DSp if 1 =ccand Jp < oo,
DSy otherwise.

The lower limit 4 in the integrals in Theorems 3.21, 3.24, 3.26 is taken such that y(t) > 0
and y'(t) # 0 for t > a. In the paper [3], an example is given showing that condition (3.15)
cannot be omitted. As we will see, in our proofs, the cases where (3.15) fails to hold can
fortunately be treated by Theorem 3.24.

Theorem 3.21 ([3,6]). Let p > 0 and (1.1) be nonoscillatory. Assume that
Jy=occanda>2 or J,=c0andl <a <2 (3.15)

Then, fory € S,
y € P ifand only if / Flyl(t)dt = oo,

where Fly] = y'/ (y*y™).
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Theorem 3.22 ([2]). Let p > 0 and (1.1) be nonoscillatory. Assume that J, + ], = oo. Then
yeP ifandonlyif |yM|eP,
where P = {u € S : u is principal}.

For ¢ € (1,00), define the function ¢¢ : [0,1] — R by
1—#¢ -1

=2 (1-1)8 1 ifte(o,1),

t) =< It 3.16

e (t) {g I (3.16)

Denote m := min{g@g(t) : t € [0,1]}, M := max{¢@g(t) : t € [0,1]}, where B is the conjugate
number of «.

Lemma 3.23. It holds that ¢g(0) = 2, ¢g(1) = B, ¢p(1/2) =2, and m > 1. If 1 <« < 2 (i.e,
B > 2), then @ is strictly convex on [0,1] and, in particular, M = B.

Proof. The equalities @g(0) = 2, (1) = B, ¢p(1/2) = 2 are obvious. The convexity of ¢z on
[0,1] when « € (1,2) can be demonstrated via standard calculus tools. The equality M = f
follows from the convexity of @g. ]

Theorem 3.24 ([13]). Let ], = oo and y € S. Denote Tx[y] = r' Py K, Ke R
(i) Ify € P, then [ Tuly)(s) ds = co.
(i) If [ Tmly](s)ds = oo, then y € P.

Remark 3.25. By means of the reciprocity principle (see Lemma 3.9), with help of Theo-
rem 3.22, the condition ], = co in Theorem 3.24 can actually be relaxed to [, + J, = 00; Ty, T
are then appropriately modified. For details see the proofs of Theorems 2.1, 2.2, 2.3, and 2.4,
where this trick is used.

Theorem 3.26 ([2]). Let p > O and ], + ], < co. Then

e 1
€ P ifand onl / ——————— dt = 0.
yeP andonly | e T
In view of their common setting, it is senseful to prove Theorems 2.1 and 2.2 simultane-
ously.

Proof of Theorems 2.1 and 2.2. Let p < 0. If ] = o0 and § < —1, then Syrsy € DSy C Gy by
Lemma 3.12-(i) and Remark 3.13. Since G(t) = @~ 1(L,(t)/L,(t))/t and limy_c L, (#) /L, (t) =
0, we have G; C Ssy = Sysy by the Representation Theorem (see (1.9)) and Remark 3.4.
From [23] we know that DS C NSV, thus DSypy C N'SV. In view of (1.4)

S=8nysyUSyrv(0), Snsv#D,  Swrv(e) #9 (3.17)

(which follows from Theorem 3.3), we get Sy'sy = DS = DSop = §1. Analogously we obtain
Sysy = IS = IS« = Gy when | = co and § > —1. If | < oo, then in a similar manner
as above we use Lemma 3.12-(ii), the obvious fact G, C SV, (3.17), (1.4), Lemma 3.19, and,
in addition, Lemma 3.11-(i), to get Sy'sy = DS = DSpy = Go = Bs when § < —1 and
Sysy =18 = I8po = G2 = Bs when 6 > —1. Note that Lemma 3.11-(i) yields DSpy C Bs
and ZSp.o C Bs, respectively. The opposite inclusions are obvious, since y belonging to
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Bs is slowly varying and there are no other slowly varying solutions than DSpy and ZSpc,
respectively, see Remark 3.13. Let R = oo and § < —1. Observe that #; C RV(p). Indeed, if
y € My, then y(t) ~ [ rF(s)€(a,s,—(B—1)/ (o), H)ds € ([y(1—B) +0] +1) = RV(o),
where we use (1.9), Proposition 3.1, and Theorem 3.2. From Lemma 3.14-(i) and Remark 3.15,
taking into account Lemma 3.19, (3.17), and (1.4), we get Syry(0) = ZS = ZSwe = Hi.
Lemma 3.14-(iii) gives H; = Ho. Because § +a = 7 and ¢ is the bigger root of (2.3) when
d < —1, the condition v + a(% — 1) +#, > —1 from Lemma 3.16 reads as § < —1+y(a — 1)
which is assumed in Theorems 2.1, 2.2. Since also all other assumptions of Lemma 3.16 are
satisfied, we may apply it to obtain Syry(e) € L(o,7); we use convention (1.15). Since
limy_,e tL(8,7,t) = 0, from the Representation Theorem (see (1.9)) it follows that L(o,7) C
Syry(0). Analogously we proceed when R = oo and § > —1. Let us only note that in
this case, ¢ is the lesser root of (2.3) (since ¢ < 0) and therefore we do not need to verify
the condition v + a(d — 1) + 72 > —1 from Lemma 3.16. The case R < oo can also be
treated similarly; we use, in addition, Lemma 3.14-(ii) and Lemma 3.11. Next we derive the
relations with P. If § > —1, then ], = co by Theorem 3.2, thus [, = . Hence, P = DSy
by Theorem 3.20. If § < —1, then, in view of § + & = 7, we have v < a — 1, thus r!7F €
RV((1— B)7) with the index greater than —1, and so ], = oo (see Theorem 3.2), which implies
Ji = co. Further, by Lemma 3.7, Va(t) ~ |G(t)|/]6 + 1/F~! € RV(~1) as t — oo. Hence, in
general, J> can converge or diverge. But we see that ], = co if and only if ] = c0. According to
Theorem 3.20, if | = oo, then P = DS, while if | < oo, then P = DSp. Adding the relations
between P and DS resp. P and DSp to the other relations we obtain the complete picture
in the case p < 0.

Let p > 0. First of all note that by Theorem 3.3, (3.17) holds. Assume that 6 < —1. Then
v < a —1, r'~F thus has the index of regular variation greater than —1, and so J, = oo by
Theorem 3.2. Hence, (1.5) holds. Note that ¢ in (3.17) is now positive. If | = co, then by
Lemma 3.12 and Remark 3.13, we get Sy'sy NZS«p € G1 and Sysy € ZSwp. In view of
G1 C Sarsy (which follows from (1.9)) and (2.1), we have Syrsy = G1 = ZS 0. If R = o0, then
by Lemma 3.14 and Remark 3.15, Syrry(0) N ZSw0 € H1 and Syry(0) € ZS«o. In view of
H1 C Sry(0) = Syry(e) (which follows from (1.9)), we have Syrry(0) = Hi = ZS«0. By
Lemma 3.14, H1 = Ho. Assume that ] = oo and R = co. Because of (3.17), (1.5), and the
observations from the previous parts, we have S = Syrsy USAyrY(0) € ZSw0 CZS = S. If
J < oo, then by Lemma 3.12 and Remark 3.13, Syrsy € ZSpo, Snysy € Go. If y € ZSp, then it
is clearly slowly varying and we get ZSpy = Sysy. Since Go € SV and (2.1) holds, we have
Sysy = G2. In view of Lemma 3.11, we obtain Syrsy C Bs; the opposite inclusion obviously
holds as well. If R < oo, then by Lemma 3.14 and Remark 3.15 it follows that ZS.p C H3z and
Syry(0) € ZSwop. From (1.9), Proposition 3.1, and Theorem 3.2, we have Hz C Syrry(0). If
¥ € ISwp, then ylll(t) ~ N, € (0,00) as t — oo. Expressing ' and integrating, Theorem 3.2
and Proposition 3.1 yield

D(Ny)

t) ~ | —— |t P (1) e RV(y(1-B) +1) =RV (3.18)
VO~ gt [P0 € RV((1 = B) 1) = RV(@)

as t — oo. Hence, ZS«p C Syry(0). Consequently, in view of the fact that regular variation
of solutions is normalized, we have ZSwp = Syry(0) = Hs. From Lemma 3.11 we get

Syry(0) € Bs. The opposite inclusion is obvious. The settings | < co,R < o0, or | =
0, R < 00, 0r | < 00,R = 00, can be treated by suitable combinations of the above presented
observations. Similarly as in the case p < 0, with the help Lemma 3.16, we show Syry(0) =
L(o,7); we use convention (1.15).
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The case p > 0 and § > —1 can be proved analogously to the case p > 0 and § < —1 (ap-
plying again (3.17), (1.9), Lemma 3.11, Lemma 3.12, Remark 3.13, Lemma 3.14, Lemma 3.16),
and therefore it is omitted.

In the last part of the proof we will show how P is related to the other classes when p > 0.
From the above established classification we see that any y € S must belong either to S; or S,
under the assumptions of Theorem 2.1 and Theorem 2.2. By Lemma 3.17 we have that F[y] is
regularly varying. Let () denote the index of regular variation of F|y].

Assume first that (3.15) holds. If y € Syrsy, then Q = —6 —2. If § < —1, then O > —1,
and so [ F[y](s) ds = co by Theorem 3.2. This yields Sy'sy € P by Theorem 3.21. Similarly
we obtain Syysy NP = @ when § > —1. Take y € Syry(0). Then Q = (B—1)(6+1—
¥)+0—20 = —0—1, see Lemma 3.17. If 6 < —1, then ¢ > 0, i.e, —0 —1 < —1, which
implies [~ F[y](s)ds < oo, and we obtain Sygry(0) NP = @ by Theorem 3.21. Similarly we
get Syry(0) € P when 6 > —1. Altogether, in view of (3.17), P = Sysy when é < —1, while
P = Syry(o) when é§ > —1.

Assume now that (3.15) fails to hold. The constants m, M will have the same meaning
as in Theorem 3.24. Let |, = oo (this means v < a — 1, thus, § < —1 since we assume
y#a—Tland §+a = 79)and a < 2. If y € Sysy, then ' Py € RY(—v/(a — 1)) by
Proposition 3.1. In view of ¢ < & — 1, the index is greater —1, and so [ r!7F(s)yM(s) ds = oo
by Theorem 3.2. Hence, Sysy C P by Theorem 3.24. If y € Syry(0), then r'=Fy=" ¢
RV(—v/(a —1) — om). It clearly holds —y/(ax — 1) — gm < —1if and only if (& —1—)(1 —
m) < 0. The latter inequality holds since m > 1, see Lemma 3.23, and &« — 1 > 7. Consequently,
[Zr17P(s)y~M(s) ds < oo by Theorem 3.2, and so Theorem 3.24 yields Syry(0) NP = @. In
view of (3.17), we have Sy/sy = P.

Let J, = o0 (ie,d > —1,ie,y>a—1)and a > 2. Take y € Syry(0) andnotethatg <0
and S = DS. Set u = —yl!l. Then u is positive and satisfies (3.2), thus u € S. By Lemma 3.17,
u € Sysy. Because of our assumptions we have < —-land 7 < B — 1, where 5 and 7
are defined in (3.4). Thus we can apply Theorem 3.24 to reciprocal equation (3.2). Denote
M = max{¢,(t ) t € [0,1]} and note that ¢, can be understood as a reciprocal counterpart to
¢p. Since 71 *u~M ¢ RV( Y(a — 1)), where 7(a — 1) > —1, we have [~ 717%(s)u *M(s) ds =
oo, which implies u € P. In view of Theorem 3.22, we get y € P, thus Syry(0) € P.
Now take y € Syry(e) and x € Sysy. Then, since we have ty'(t)/y(t) — o0 < 0 and

x'(£)/x(t) — 0 with t — oo, we get y/(t)/y(t) < x'(t)/x(t) for large t, hence x ¢ P by
definition. Consequently, Syry(0) = P. O

Proof of Theorem 2.3. Since t*p(t)/r(t) € RV(d 4+ a — ) (by Proposition 3.1) and 6 + a < 1y, we
have C, = 0. Consequently (3.17) holds. The following observation will be repeatedly utilized
in the sequel. Thanks to (1.11), |G| € RV((6+1—7)(f—1)) and |H| € RV(a =1+ — 1)
by Proposition 3.1. It is easy to see that § +a < < is equivalent to (6 +1—)(B—1) < —1.
Hence, both the indices of |G| and |H]| are less than —1, and so

J] <oo and R < oo. (3.19)

(i-a) Letd < -1,y <a—1,and p < 0. Take y € Sy'sy. Theny € DS. Indeed, if y € S,
then y!!! is positive increasing, hence there is A > 0 such that y!!l(t) > A for large t, say t > t.
Consequently, by Theorem 3.2 and Proposition 3.1,

y(t) = y(t) + 4% [ FB(s)ds € RV(v(1 — ) = RV (o).

fo
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Hence, y is greater than or equal to a regularly varying function with a positive index, thus
cannot be slowly varying. Using similar arguments we find that for y € DS, the quasideriva-
tive y! (which is negative increasing) must tend to zero. Moreover, y € DSpy. Indeed,
if y € DSq, then v = 6 + a (see Lemma 3.18), which contradicts to d +a < <. Hence,
Sxsy € DSpy C DS. On the other hand, if y € DS, then it cannot be in ARV (g) since ¢ > 0
(and the functions with a positive index always tend to infinity, see Proposition 3.1), conse-
quently, in view of (3.17), we get DS C Sy sy. Therefore, Syrsy = DSpy = DS. Consider
the class Syry(0). From the previous part we know that slowly varying solutions cannot be
increasing. Recalling (3.17), we get ZS C Syrry(0). Applying Remark 3.8 and (3.19) we obtain
J» < coand R; < oo. Condition v < & — 1 implies J, = co and that is why J; = co and Ry = oo,
see Remark 3.8. According to [5, Theorem 1], see also [6, Chapter 4], we get ZS = ZSqp.
Moreover y € Syry(0) cannot be decreasing since ¢ > 0, thus Syry(0) € ZS. We obtain
S/\/RV(Q) = ISooB =1I8.

It is not difficult to see that the relations of Syrsy with Gy, B3 and of Syry(0) with
Hs3,Bs, L(0,1) follow similarly as they were established in the proof of Theorems 2.1 and
2.2, with the help of Lemma 3.12, Remark 3.13, Lemma 3.14, Remark 3.15, Lemma 3.11,
Lemma 3.16, formula (1.9), and [22, Section 5].

(i-b) Let 6 < —1,7v <a—1,and p > 0. Thanks to 7y < & — 1 and r'F € RV (y(1 — B)), we
have J, = oo (see Theorem 3.2), which implies (1.5). Take y € Syrsy. Then lim;_,c ym (t) = 0.
Indeed, y!! is positive decreasing and if y[!l () ~ N, > 0 as t — oo, then as in (3.18), we get
y € RV(0), contradiction with y € Syrsy. Moreover, y cannot be in 7S« otherwise we would
get v = 6 + a (see Lemma 3.18), which contradicts to § + a < 7. Consequently, Syrsy € ZSpo.
The opposite inclusion is obvious, in view of (2.1). Take y € Syrgy(0). From the previous part
we get that y € TS0 UZSp. We claim that ZSwp = @. Indeed, if y € ZS o, then as in (3.9)
we obtain Do)

1 —tp(t)P(y(t
y[ ](t) YT 51 (3.20)
as t — co, which leads to (3.11). Integration of this relation from f to oo, in view lim;_,« y(t) =
oo, would give | = oo. This however contradicts to (3.19). Hence, Syry(0) € ZSwp. In fact,
we have the equality here because of Syrsy = ZSpo and (3.17). The relations of Syrsy and
Snry(0) with G, H, L, B type classes can be treated as in the part (i-a).

(ii-a) Let 6 > =1, v > a—1,and p < 0. Take y € Sysy. Then y € ZS. Indeed, if
y € DSysy, then ylll is negative increasing, thus lim; . y//(t) € (—0c0,0]. But at the same
time, as in (3.10) we get (3.20), where |tp®(y(t))] € RV(5 +1). Hence, yl(t) € RV(6 +1),
which yields lim;_,« ym (t) = oo, contradiction with y € DS. We have ZS = ZSpe U ZS coco-
But if ¥ € ZSwe, then v = 6 + a by Lemma 3.18, contradiction with v > § 4+ «a. Thus
Snsy € ISBw. The opposite inclusion clearly holds as well, in view of (2.1). Consider the
class Syrry(0). First note that DS = DSp. Indeed, similarly as in the proof of the part (i-a),
from (3.19), Lemma 3.7, and Remark 3.8, we find that [; < o0, ], = 00, R; = o0, and R, < oo,
and the claim follows by [5, Theorem 1], see also [6, Chapter 4]. Since 0 < 0, ¥ € Syry(0)
cannot be in ZS (see Proposition 3.1), therefore Syry(0) € DSpp. On the other hand, if
y € DSop, then yl(t) ~ N, < 0 as t — oo which yields (3.18), and so DSog € Syry(0).

(ii-b) Let 6 > =1, ¥ > o« —1, and p > 0. Since p € RV(J), we have ], = oo, and
so (1.6) holds. Take y € Sysy. Then y[l] is negative decreasing and from (3.20), we get
lim; oo y!!I(£) = —co. Moreover, y cannot be in DSp., otherwise we would get v = 6 + «a,
see Lemma 3.18. Consequently, Sy'sy C DSpe. The opposite inclusion is obvious. Take
y € Syry(e). We know that y € DSy UDSpp. We claim that y ¢ DSpe. Indeed, if
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Y € DSy, then from (3.10) we get (3.11). Since y(f) — 0 as t — oo, integration of (3.11) yields
J = oo, contradiction with (3.19). Thus, Syry(e) € DSpp and in view of Syrsy € DSpe and
(3.17), we get DSop C Syry(0). The relations of Syrsy and Syry(0) with G, H, L, B type
classes in the setting of (ii-a) and (ii-b) can be treated as in the part (i).

(iii) Let 6 < —1 and v > a — 1. Then J, < oo and ], < co. Hence, clearly J; < oo, R; < o0,
i = 1,2. Assume that p < 0. By [5, Theorem 1], see also [6, Chapter 4], we get ZS = ZSp.
Hence, ZS C Ssy = Sysy, in view of (2.1). If y € ZS, then from (1.1), (y!!)(t))’ ~ =M% 1p(t)
as t — oo, where M, = lim; y(t), and because of the convergence of Jp, we get LS = ZSpp.
Indeed, y!!l is positive increasing and if lim;_,e y!!l(t) = oo, then Jp = oo, contradiction. By
[5, Theorem 1], see also [6, Chapter 4], we get DS = DSop U DS, where both subclasses are
nonempty. As in (3.18), we obtain y € RV(o) provided y € DSyp, thus DSop C Syry(0)-
Since ¢ < 0 and except of DSyp all other possible subclasses (ZSg, DSp) are subsets of SV,
we get Syry(0) € DSpp. Further, in view of [5, Theorem 1], DS = DSpy U DSpp, where
both subclasses are nonempty. Altogether we get DSpy U DSpp UZSpp = Snsy-

From Lemma 3.11 we get DSop C B, DSpy C Bz, and DSpp UZSps C Bj, j = 1,2.
Lemma 3.12 yields DSpy C G,. From Lemma 3.14 and Lemma 3.16, we obtain DSop C H4 and
DSop C L(0,1), respectively. By definition, if y € B4 N DS, then y € DSop U DSpp. Suppose
by a contradiction that y € DSpp. We know that DSgp C B,. Thus, |N, — ym | € RV(6+1) by
Proposition 3.1. But at the same time we have y € By, which yields |N, —yl!/| € RV(a +5—7)
by Proposition 3.1. This implies — because of necessary equality of indices of regular variation
—that v = « — 1, contradiction. Thus B4 N DS C DSpp. By definition and because of the above
established classification, if y € B3 NDS, theny € DSpg UDSpy. Lety € DSpp. We know that
DSpp C By by Lemma 3.11. Consequently, by Proposition 3.1, |[M,, —y| € RV(1+ (1 — B)).
But at the same time we have y € B3, and so [M, —y| € RV((B—1)(6 +1—) +1). For
the indices we then get (B—1)(a —1—79) = (B—1)(6 +1 — ¢+ a — 1), which gives § = —1,
contradiction. Thus B3 N DS C DSpp. By definition, Bj NZS C ZSap and Bj NDS C DSgg,
j=121Ify € GoNDS, then y € DSp. Differentiating the relation which defines G,, applying
® to the both sides and multiplying by , we obtain, as t — oo, [ylll| ~ Kt|p(t)| € RV(6 +1),
where K is a positive constant. Consequently, in view of Proposition 3.1, y € DSpy. If y € Ha
ory € L(o,1), then clearly the only class for y among the ones that are allowed in the setting
0<—=1,vy>a—1,p<0is DSpp.

Assume that p > 0. By [4, Theorems 2 and 4 and their proofs], we have S = ZSpy UZSpp U
DSop U DSpp with all these subclasses to be nonempty. Hence, ZS U DSgp C Sprsy. In view
of (3.18), DSop C Sy ry(0). Taking into account (3.17), we get DSpp UZSpy UZSps = Sysy
and DSop = Syry(0). The relations with the classes By, By, B3, Ba, G2, H3, and L(o,7) can be
shown similarly as in the case p < 0

In the last part of this proof we establish the relations with the class P under the condition
0+ a < y. First consider the case p < 0. Let y < «a —1 and § < —1. Then, as it was established
in the previous parts, J; = o0 and ], < co. Theorem 3.20 now yields P = DSp. From the
previous computations we know that DSg = DS. Let v > a —1 and 6 > —1. Then, as was
established already earlier, we have J; < co. Theorem 3.20 and the equality DSy = DS (which
holds to be true) in this case yield P = DS. If § < —1and v > a — 1, then J, < o and
J» < co. Consequently, J; < oo and thus Theorem 3.20 yields P = DS,. The above established
classification implies DSy = DSgp, hence P = DSpp.

Let p > 0. If y € Sysy, then r'=Py=M € RY(—v/(a — 1)) by Proposition 3.1. If 7 < a — 1
and 6 < —1, then [~ Tu[y](s)ds = oo, and hence Sysy C P, in view of Theorem 3.24.
Since ¢ > 0, ty'(t)/y(t) — 0 and tx'(t)/x(t) — o0 ast — oo for x € Syry(0), we get
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Syry(0) NP = @ by definition. Consequently, Syy'sy = P. Assume that ¢y > a — 1 and
0 > —1. Take y € Syry(0). Then by the classification made in the previous parts, we obtain
y € Sy, S being defined in Lemma 3.17, and F[y] € RV(—0 — 1) (see Lemma 3.17), F being
defined in Theorem 3.21. Since ¢ < 0, we have [~ F[y]ds = co. Assuming (3.15), we get
Snyry(e) € P by Theorem 3.21. Further, Syysy NP = @ by definition, since for x € Sysy,
tx'(t)/t — 0ast — o0 and ¢ < 0. Thus Syry(e) = P. If (3.15) fails to hold, then we can
proceed similarly as at the end of the proof of Theorems 2.1 and 2.2, since the discussion made
there is valid no matter whether § + « = 7y or § + « < y. We again obtain Syrgy(0) = P. It
remains to examine principal solutions when § < —1and v > a —1, iee, J, + J; < co under
the condition p > 0. We will use Theorem 3.26. If y € Sysy, then r'=Py=2 € RV(y(1 — B)).
The index is less than —1, thus [~ r17F(s)y~2(s) ds < co and Syrsy NP = @ by Theorem 3.26.
If y € Syry(0), then r'=Py=2 € RV(y(1 — B) —20) = RV(—1— ). In view of ¢ < 0, the
index is greater than —1, thus [~ r17#(s)y~2(s) ds = o0, and Syry(0) C P by Theorem 3.26.
Hence, in view of (3.17), Syry(0) = P. O

Proof of Theorem 2.4. Let p < 0. Since

S = Syry () USnvry(92), Snrv(8) # D, i=12, (3.21)

S =IZS5UDS, and ) < 0 < &, (see Lemma 3.6), in view of Proposition 3.1, we get
ZS = Syry(%) and DS = Spygry(91). Thanks to the positivity of 9, we have ZS =
Syry(t) € IS« C IS by Proposition 3.1. Take y € Syry(%) = IS = IS«. Since ym
is positive increasing, we have ZSw = ZSwe UZSwp. But if y € ZSp, we get y € RV(0)
by Lemma 3.17-(ii), contradiction because of ¥, # ¢ (see Lemma 3.6). Therefore ZS = ZScoco-
Similarly we find that DS C Syry(t1) € DSo = DSp UDSop = DSpp C DS, and the
equalities follow. From Lemma 3.16, Syry(9;) € L(8,1;), i = 1,2. Condition (1.2) and
r € NRV(y) N C!imply lim;,e tL(9;,77;,t) = 0. Hence, by the Representation Theorem (see
(1.9)), L(8;, 1) € Syry(9;), i = 1,2. In view of Theorem 3.20, P = DS or P = DSy. But
DSp = O, thus only the latter possibility occurs. Note that [, = co by (1.2).

Let p > 0. Since we assume that C, € (0,K,], we have v # a — 1, otherwise K, would
be zero. Let v < a« —1. Then ], = co by Theorem 3.2, and so (1.5) holds. The class ZSp
is empty because of (3.21), where ¢4, ¢, are positive by Lemma 3.6. The class ZSp is also
empty. Indeed, if y € ZS«p, then y € RV(0) by Lemma 3.17. But according to Lemma 3.6,
0 < % < ¥ < o, contradiction. Thus ZS C Syry(%) USyry(02) € ZSwo C ZS. Let
v > a —1. Then ], = oo since p(t) ~ C,t~%r(t) € RV(y — a). Thus (1.6) holds. Similarly as
before (using Lemma 3.6 and Lemma 3.17), we get DSpe = @ = DSpp. Consequently, DS C
NRV(I%) UNRV(ﬁz) - DSOOO - DS. The inclusions SNRV(ﬂz) - /:,(191',1’]1') - S/\/Ry(l%),
i = 1,2, can be proved analogously as in the case p < 0.

Finally we show the relations with the class P when p > 0. Take y € Sygy(8), where
% = % or ¢ = ¥». From the previous part we know that y € ZSwo U DSpee C S1. Recall that
0 =y —waand ¢y # a — 1. Assume that (3.15) holds. From Lemma 3.17 and Proposition 3.1, we
get Fly] € RV(Q), F being defined in Theorem 3.21, where Q = ¢4 —1—-280 -6 —1— (a —
1) =a — vy —2—ad. Clearly, Q 2 —1if and only if ¢ 2 (a —1 — 7)/a. Since C, € (0,K,],
from Lemma 3.6 we have ¢; < (x —1—)/a < ®. Thus [~ F[y](s)ds = co when ¢ = &
while [ F[y](s)ds < co when & = 8, by Theorem 3.2. Theorem 3.21 yields Syry(81) € P
and Syry (%) NP = @. In view of (3.21), we get P = Syry(91). Now assume that (3.15)
fails to hold and let J, = oo (i.e., in our setting, v < a —1) and « < 2. The constant M
is defined in Theorem 3.24. If y € Syry(®), then r'Py=M ¢ RV (—v(B —1) — Mty) by
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Proposition 3.1. For the index we have —y(f —1) — M®; > —1 if and only if Mt(x — 1) <
« —1— . From Lemma 3.23 we know that M = p; recall we assume & < 2. Thus the
inequality M®;(« —1) < &« —1 — 7y reads as ¥; < (« —1 — ) /a which is true by Lemma 3.6.
Consequently, [ Ti[y](s)ds = oo, and so Theorem 3.24 yields Syry(%1) € P. The class
Snry(92) will be treated later. Now assume that (3.15) fails to hold in the sense that ], = o
and & > 2. Note that then 6 > —1 and v > a — 1, and so Syry(%1) USyry(82) = DS =
DSoo € 81, where 81, 0, are negative. Take y € SNRV(l%) and set u = —y[ I. Then u € S‘
see Lemma 3.9. We want to show that u € P; P is the set of principal solutions in S.
Denote #; = 4 — a4 d¢;(a — 1) + 1. Then, owing to Lemma 3.17, u € RV(d;). Recall that
7 is the index of regular variation of 7 and let M = max{g,(t) : t € [0,1]}. Thanks to
Proposition 3.1, we have 71~%u~M ¢ RV(¥), where ¥ = —J(x — 1) — 9; M. Since we assume
a > 2, we have f < 2, and Lemma 3.23 yields M = a. Recalling 7 = (a —)/(a — 1),
for the index ¥ we get ¥ = —a+ 7 —a(y —a+ % (a — 1) +1). It is now easy to see that
¥ > —1if and only if % < (« —1—)/a where the last inequality is true by Lemma 3.6.
Hence, [©717%(s)u=M(s)ds = oo, and noting that [*71~%(s)ds = oo (since 7(1 —a) > —1),
applying Theorem 3.24 to reciprocal equation (3.2), we get u € P. According to Theorem 3.22
we have y € P, and so again Syry(81) € P. The rest of the observations is made under
the general assumption v # a — 1. Take y; € Syry(9;), i = 1,2. Then, no matter whether
(3.15) holds or does not hold, lim; .« tyi(t)/yi(t) = 9, i = 1,2, and since ¥ < &, we get
vi(6)/y1(t) < yh(t)/y2(t) for large t, which implies Syry(92) NP = @. Altogether we get
S NRV(ﬁl) =P. O
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