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Strongly nonlinear degenerated elliptic unilateral
problems via convergence of truncations *

Youssef Akdim, Elhoussine Azroul, & Abdelmoujib Benkirane

Abstract

We prove an existence theorem for a strongly nonlinear degenerated el-
liptic inequalities involving nonlinear operators of the form Au+g(z, u, Vu).
Here A is a Leray-Lions operator, g(z, s, £) is a lower order term satisfying
some natural growth with respect to |Vu|. There is no growth restrictions
with respect to |ul, only a sign condition. Under the assumption that the
second term belongs to W7’ (,w"), we obtain the main result via
strong convergence of truncations.

1 Introduction

Let © be a bounded open set of RY and p a real number such that 1 < p < oo.
Let w = {w;(z), 0 <14 < N} be a vector of weight functions on §, i.e. each w;(z)
is a measurable a.e. strictly positive function on 2, satisfying some integrability
conditions (see section 2). The aim of this paper, is to prove an existence
theorem for unilateral degenerate problems associated to a nonlinear operators
of the form Au+g(z,u, Vu). Where A is a Leray-Lions operator from Wol’p(ﬂ, w)
into its dual W~=2%"(Q,w*), defined by,

Au = —div(a(z, u, Vu))

and where g is a nonlinear lower order term having natural growth with respect
to |Vu|. With respect to |u| we do not assume any growth restrictions, but we
assume a sign condition. Bensoussan, Boccardo and Murat have proved in the
second part of [2] the existence of at least one solution of the unilateral problem

(Au,v—u>—|—/g(z,u,Vu)(v—u)de(f,v—m for all v € Ky
Q

ue WyP(Q) u>1ae.
g(x,u, Vu) € L*(Q)  g(x,u, Vu)u € L' (Q)
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26 Strongly nonlinear degenerated elliptic unilateral problems

where f € W=1P (Q) and Ky = {v € Wy () N L®(Q), v > ¢ a.e. Here 9
is a measurable function on Q such that ¥+ € W, ?(Q) N L>°(Q). For that the
authors obtain the existence results by proving that the positive part ul (resp.
uz) of u. strongly converges to u™ (resp. u~) in W, ?(Q), where u, is a solution
of the approximate problem. In the present paper, we study the variational
degenerated inequalities. More precisely, we prove the existence of a solution
for the problem (3.3) (see section 3), by using another approach based on the
strong convergence of the truncations T} (u.) in Wy* (€, w). Moreover, in this
paper, we assume only the weak integrability condition A= L%OC(Q) (see
(2.11) below) instead of the stronger o'~¢" € L'(Q) as in [1]. This can be done
by approximating €2 by a sequence of compact sets {2.. Note that, in the non
weighted case the same result is proved in [3] where f € L'(Q). Let us point
out that other works in this direction can be found in [6, 1].

This paper is organized as follows: Section 2 contains some preliminaries
and basic assumptions. In section 3 we state and prove our main results.

2 Preliminaries and basic assumption

Let © be a bounded open subset of RY (N > 1), let 1 < p < oo, and let
w = {w;(z), 0 <i < N} be a vector of weight functions, i.e. every component
w;(x) is a measurable function which is strictly positive a.e. in Q. Further, we
suppose in all our considerations that for 0 <i < N,

w; € L (Q) (2.1)
_ 1
wi ! € Llloc(Q) (22)

We define the weighted space LP(2,~) where « is a weight function on by,
17(2,7) = {u = ulx), wyV? € Q)
with the norm
» 1/p
lullpey = ([ Ju(@)Py(@)dz)
Q

We denote by W1P(Q, w) the space of all real-valued functions u € LP(£2, wq)
such that the derivatives in the sense of distributions satisfies

ou

Lg

€ LP(Qw;) foralli =1,..., N,

which is a Banach space under the norm

sz = Punle)do+ S L% @) " e

Since we shall deal with the Dirichlet problem, we shall use the space

X = WyP(Q,w) (2.4)
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defined as the closure of C§°(2) with respect to the norm (2.3). Note that,
C5°(Q) is dense in Wy P(, w) and (X, ||.||1.p.0) is a reflexive Banach space.

We recall that the dual space of weighted Sobolev spaces WO1 P(Q,w) is equiv-
alent to W17’ (Q, w*), where w* = {w} = wil_p/, Vi =0,...,N}, where p’ is
the conjugate of p i.e. p' = -E5 (for more details we refer to [5]).

Definition 2.1 Let Y be a separable reflexive Banach space, the operator B
from Y to its dual Y* is called of the calculus of variations type, if B is bounded
and is of the form

B(u) = B(u,u), (2.5)
where (u,v) — B(u,v) is an operator from Y XY into Y* satisfying the following

properties:

Yu €Y, v — B(u,v) is bounded hemicontinuous from ¥ into Y*

and (B(u,u) — B(u,v),u —v) > 0, (2:6)

Yv €Y, u— B(u,v) isbounded hemicontinuous from Y into Y™,  (2.7)

if u, — u weakly in Y and if (B(un,un) — B(tn, u), 4y —u) — 0 2.8)
then, B(un,v) = B(u,v) weakly in Y*, Vv €Y, '
if u, — u weakly in Y and if B(u,,v) — ¢ weakly in Y,

then, (B(un,v),un) — (¢, u). (2:9)

Definition 2.2 Let Y be a reflexive Banach space, a bounded mapping B from
Y to Y* is called pseudo-monotone if for any sequence u,, € Y with u,, — u
weakly in Y and limsup,,_, .o (B, u, — u) < 0, one has

lim inf(Buy,, u, —v) > (Bu,u —v) forallveY.

We start by stating the following assumptions:

Assumption (H1) The expression

lulllx = (XN:/QP;(S) P, (x) dx)l/p

is a norm on X and it is equivalent to the norm (2.3). There exist a weight
function o on 2 and a parameter ¢, such that

I<g<p+yp, (2.10)
o171 € Li, (), (2.11)

with ¢’ = q%’l. The Hardy inequality,

(/Q|u(x)|qadm>1/q <c<§;/ﬂ|ag§f) [Pw; (x) dx)l/p, (2.12)
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holds for every u € X with a constant ¢ > 0 independent of u. Moreover, the
imbedding

X —— L1, 0), (2.13)
expressed by the inequality (2.12) is compact.
Note that (X, |||.||lx) is a uniformly convex (and thus reflexive) Banach
space.

Remark 2.1 If we assume that wo(z) = 1 and in addition the integrability
condition: There exists v E]%, oo[ﬂ[ﬁ, oo[ such that

w; ¥ € LYQ)

for all i =1,..., N (which is stronger than (2.2)). Then

lulllx = (i/ﬁﬁgﬁf) P (2) dx>1/p

is a norm defined on W, (Q,w) and is equivalent to (2.3). Moreover

WaP (@ w) s L9(Q),

forall 1 < g <pjif pr < N(v+1)and for all ¢ > 1 if pr > N(v + 1), where
p1 = 27 and pj = J\J,V_I’;l = N(VJ_X’{)”_W is the Sobolev conjugate of p; (see [5]).
Thus the hypotheses (H1) is verified for o = 1 and for all 1 < ¢ < min{p},p+p'}

ifpr < Nw+1)andforalll<g<p+p if pr > N(v+1).

Let A be a nonlinear operator from Wy (Q,w) into its dual W1 (Q, w*)
defined by,
Au = —div(a(z,u, Vu)),

where a : @ x R x RV — R¥ is a Carathéodory vector function satisfying the
following assumptions:

Assumption (H2)

N
lai(z,5,€)| < Bw! " (@)[k(x) + o7 |s|7 + > w! (2)|&PY] fori=1,...,N,

=1

j (2.14)

[a(z,s,&) —a(z,s,1)](€ —n) >0, forall £ #necRY, (2.15)
N

(I(.’,E, své.)g Z azwi|£i|p7 (216)
i=1

where k(x) is a positive function in Lpl(Q) and «, 8 are strictly positive con-
stants.
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Assumption (H3) Let g(z,s,£) be a Carathéodory function satisfying the
following assumptions:

9(x,8,§)s >0 (2.17)
N
l9(z5.)| < b(isD (Y wileal” + (@) ). (2.18)

where b : Rt — RT is a continuous increasing function and c(x) is a positive
function which lies in L'(Q). Now we recall some lemmas introduced in [1]
which will be used later.

Lemma 2.1 (cf. [1]) Let g € L"(Q,~) and let g, € L"(Q,7), with ||gn|lr, <
¢ (1 <r<o0). If go(z) — g(x) a.e. in Q, then g, — g weakly in L™(2,7),
where v is a weight function on Q.

Lemma 2.2 (cf. [1]) Assume that (H1) holds. Let F : R — R be uniformly
Lipschitzian, with F(0) = 0. Let u € Wy*(Q,w). Then F(u) € Wy (Q,w).
Moreover, if the set D of discontinuity points of F' is finite, then

O(F ou) _ {F’(u)au a.e. in{x € Q:u(x) ¢ D}

89:1'
ox; 0 a.e. in {x € Q:u(x) € D}.

Lemma 2.3 (cf. [1]) Assume that (H1) holds. Let u € Wy (Q,w), and let
Tr(u), k € R, is the usual truncation then Ty (u) € Wy P(Q, w). Moreover, we
have

Ti(u) — u  strongly in Wy (Q,w).
Lemma 2.4 Assume that (H1) holds. Let (u,) be a sequence of Wy (Q,w)
such that u, — u weakly in WyP(Q,w). Then, Ty(u,) — Ti(u) weakly in
Wo (2, w)

Proof. Since u, — u weakly in W, ?(Q, w) and by (2.13) we have for a sub-
sequence u, — u strongly in L7(Q, o) and a.e. in 2. On the other hand,

N N
BTk (un) 8“”
p YEE\"n) p, / Z Py,
HmwMH—éél&mlw ;LMMHMMm

o ou
<> [ 152w = llual
= /o Ot

Then (Tx(uy)) is bounded in Wy (2, w), hence by using (2.13), Ty (uy) — Th(u)
. 1,p
weakly in Wy (2, w).

Lemma 2.5 (cf. [1]) Assume that (H1) and (H2) are satisfied, and let (uy)
be a sequence of Wy P (Q,w) such that u, — u weakly in Wy (Q,w) and

/ [a(x, un, Vi) — a(z, up, V)|V (u, — u) dz — 0.
Q

Then u, — u strongly in Wy (Q, w).
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3 Main result
Let 1 be a measurable function with values in R such that
Yt e WHP(Q,w) N L (). (3.1)

Set
Ky ={veW;P(Quw)NLZ(Q) v>1ae}. (3.2)

Note that (3.1) implies Ky, # (. Consider the nonlinear problem with Dirichlet
boundary conditions,

(Au,v —u) +/ g(z,u, Vu)(v —u)dz > (f,v —u)for all v € Ky
Q
(3.3)

ue WyP(Quw) u>1ae.
g(x,u, Vu) € L(Q), g(z,u, Vu)u € L*(Q)

Then, the following result can be proved for a solution u of this problem.

Theorem 3.1 Assume that the assumptions (H1)-(H3) and (5.1) hold and let
f e W=EP (Q,w*). Then there exists at least one solution of (5.3).

Remark 3.1 1) Theorem 3.1 can be generalized in weighted case to an anal-
ogous statement in [2].

2) Note that in [1] the authors have assumed that o'~ € L'(Q) which is
stronger than (2.11).

In the proof of theorem 3.1 we need the following lemma.

Lemma 3.1 Assume that f lies in W12 (Q,w*). If u is a solution of (P),
then, u is also a solution of the variational inequality

(Ao =)+ [ o VTio = wydo > (£ T =) Vi >0,

for allv e WP (Qw) v >4 ae. (3.4)
uwe WyP(Quw) u>1 ae.
g(x,u, Vu) € L*(Q).

Conversely, if u is a solution of (3.4) then u is a solution of (3.3).

The proof of this lemma is similar to the proof of [3, Remark 2.2] for the
non weighted case.
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Proof of theorem 3.1 Step (1) The approximate problem and a priori
estimate. Let (2. be a sequence of compact subsets of {2 such that 2. increases
to Q as ¢ — 0. We consider the sequence of approximate problems,

(Aua,v—u5>+/gg(x,uE,VuE)(v—ug)dx2 (fyv—ug)
Q

ve WP (Qw) v>1ae.
ue € WoP(Qw) ue > ae.

(3.5)

where,
9(z,s,¢)
x,s, = T . e x),
) = T s, )
and where xq, is the characteristic function of Q.. Note that g.(z, s, ) satisfies
the following conditions,
1
9:(x,5,)s 20, |ge(@,5,8)l < lg(z,5,6)| and |ge(,5,6)l < —.

We define the operator G, : X — X* by,

(G.u,v) :/gg(x,u,Vu)vdx.
Q

Thanks to Holder’s inequality we have for all w € X and v € X,

’ 4 1/q' 1/q
\/gg(%u,Vu)vdﬂ S(/ \ge (2, u, Vu)|¥ o™ T dx) (/ \v|qad:t)
Q Q Q
1 o 1/q'
< ([ o o) ol < el
Qe

5
(3.6)
The last inequality is due to (2.11) and (2.13).

Lemma 3.2 The operator B. = A + G from X into its dual X* is pseudo-
monotone. Moreover, B, is coercive, in the sense that: There exists vg € Ky
such that

(Bev, v — vp)

ol

The proof of this lemma will be presented below. In view of lemma 3.2, (3.5)
has a solution by the classical result (cf. Theorem 8.1 and Theorem 8.2 chapter
2[7)).

With v = 4T as test function in (3.5), we deduce that [, g.(z, ue, Vue ) (ue —
,llzj+) Z 07 then’ <Au€7 u€> S <f) UE - w+> + <Au57/¢)+>7 i'e'7

— 400 as |||v]]] = o0, veE Ky.

N oyt
< — ot . -
/Qa(:c,ug,VuE)Vu6 de < (f,uc — ¢ )+;/ﬂaz(x,ug,v%) . dx,

7
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then,

N ou
. cpd
a;/ng|axi| T

= afffuc[|]?
< A e (el ™D +
% 1/
+Z(/|alaz Uz, Vue )P w - - dm ) :
< e e I+ TR +

p
+cz(/ (i +|ua|qa+2|8“8|pwj>da:) g

Using (2.13) the last inequality becomes,

g _
allfuc| P < elluelll + callluel |7 + es|lJue| [P~ + ca,

where ¢; are various positive constants. Then, thanks to (2.10) we can deduce
that u. remains bounded in W, (9, w), i.e

[[fuel [l < Bo, (3.7)

where (3 is some positive constant. Extracting a subsequence (still denoted by
ue) we get

us — u weakly in X and a.e. in .
Note that u > 1 a.e.
Step (2) Strong convergence of Tj(u.). Thanks to (3.7) and (2.13) we can
extract a subsequence still denoted by u. such that

u. —u  weakly in Wy (Q,w,)

U — u  a.e. in . (3:8)
Let £ > 0 by lemma 2.4 we have
Ti(ue) = Tr(u) weakly in WP (€, w) as e — 0. (3.9)
Our objective is to prove that
Ti(ue) — Ti(u)  strongly in Wy (Q,w) as e — 0. (3.10)

Fix k > ||¢"||co, and use the notation z. = Ty (u:) — Ti(u). We use, as a test
function in (3.5),
Ve = Ue — Nox (%) (3.11)

where ¢y (s) = se s and n = e~

test function. So that

(Aue,mprze) — /Q 0e (e, Vu)noa(ze) d > —(f, mioa(22))

. Then we can check that v, is admisible
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which implies that

<AU€a(P>\(Za)> +/an(mvua7vus)(p>\(za)dx < <f7 (P)\(Zs»' (3'12>

Since ¢y (z:) is bounded in X and converges a.e. in 2 to zero and using (2.13),
we have py(z:) = 0 weakly in X as ¢ — 0. Then

m(e) = (f,oa(ze)) =0, (3.13)

and since g.(z, us, Vue)a(z:) > 0 in the subset {x € Q : |uc(x)| > k} hence
(3.12) and (3.13) yield

(Aue,pr(22)) + /{ Gl Vi () d <) (3.14)

We study each term in the left hand side of (3.14). We have,

(Aue, pr(22)) = /Q a(, e, V)V (Ti(as) — Te(w)) o) (22) di
- / (i, Ti(ue), VT (1)) V (T (1) — Tie () (22)
—/ a(z,ue, Vue ) VT (uw)ph (22) dz
{|ue|>k}

=/Q(a($7Tk(us)7VTk(us)) — af@, T (ue), VT (u))) V(Ti(ue)

— Ti(u)¢h(22) dz + n2(e),
(3.15)
where,

12(€) :/Qa(vak(Us)vVTk(U))V(Tk(us) = Ti(u))pi (22) d

f/ a(z, ue, Vu ) VT (u)h (22) d,
{lue|>k}
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which converges to 0 as € — 0. On the other hand,

| ga(xauauvue)@A(ZE) dz|
{luc|<k}

N
Oue Pw; z T
< /{|u5<k} b(k)[e(z) + | B, Pw;]|ox(ze)| d

=1

b(k
<b(k) e(@)lpr(z0)] da + 2 [ atme Vu Vielos )l de
{lue| <k} @ J{Jue|<k}

—a(e) 4 "2 [ o, i), VT (0 VT 20 d

=) [ (0t T, VT 02)) = ol T (). 9T10) V(T )
— T (u))lpa(ze)| dz + na(e)
(3.16)
where
n3(€) :b(k)/ c(z)|pa(ze)|de — 0ase — 0
{lue|<k}
and
na(e) = msle) + @ /Q a(@, Ty (ue), VI (w)V(Tk(ue) — Ti(uw))|oa(ze)] dx
_1_@/ a(x, Tk (ue), VT (ue))VTi(u)|pr(ze)| de — 0 ase — 0.
@ Jao
Note that, when A\ > (%)2 we have
()~ Wigge) > 1.

Which combining with (3.14),(3.15) and (3.16) one obtains

/Q (a(z, T (ue), VT (ue)) — a(@, Ti(ue), VI3 () V(Th(ue) — Ti(u)) da
<ms(e) =2(m(e) —na(e) + ma(e)) = 0 ase — 0.

Finally lemma 2.5 implies (3.10) for any fixed k > ||¢]|co-
Step (3) Passage to the limit. In view of (3.10) we have for a subsequence,

Vue — Vu a.e. in €, (3.17)
which with (3.8) imply,

a(x, ue, Vue) — a(z,u, Vu) a.e.in Q,
ge(x, e, Vue) — g(x, u, Vu)a.e. in Q, (3.18)

ge(x, ue, Vue )ue — g(x,u, Vu)u a.e. in €.
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On the other hand, thanks to (2.14) and (3.7) we have a(z, u., Vu.) is bounded
in Hivzl LP' (€, w?) then by lemma 2.1 we obtain

N

a(x,ue, Vue) = a(z,u, Vu) weakly in HL’/ (Q,wy). (3.19)
i=1
We shall prove that,
ge(z,uc, Vu.) — g(z,u, Vu) strongly in L*(Q). (3.20)

By (3.18), to apply Vitali’s theorem it suffices to prove that g.(z,uc, Vue) is
uniformly equi-integrable. Indeed, thanks to (2.17), (3.6) and (3.7) we obtain,

0< / 9e (2, ug, Vue )ue dz < cg, (3.21)
Q

where ¢g is some positive constant. For any measurable subset E of {2 and any
m > 0 we have,

/ |g€(x,u5,Vu5)|dx = / ‘gs(xyueyvusﬂdx"'/ |gg(x7u5,Vu€)|dx
E ENXe, ENYy,
where,

X, ={xe€Q, |luc(z)| <m}, Y;={zxeQ, |u(x)] >m}.

From these expressions, (2.18), and (3.21), we have

/\gs(x,us,Vusﬂdx
E

:/ lge (2, ue, VI, (ue))| do +/ |ge (2, ue, Vue)| dz
ENXE, ENYs

1 (3.22)
S/ ‘ge(xausaVTm(us)”dI"' */ ge(xauevvus)ue dx
ENXE, mJq

N

<b(m)/E(Zwiajgn]SL6)|p +c(x)) + %0.

=1

Since the sequence (VT,,(u.)) strongly converges in Hfil LP(Q, w;), then (3.22)
implies the equi-integrability of g.(z,uc, Vu,).

Moreover, since g.(z,us, Vue)u, > 0 a.e. in €, then by (3.18), (3.21) and
Fatou’s lemma, we have g(z,u, Vu)u € L'(Q). On the other hand, for v €
L>(Q), set h =k + ||v]| 0o, then

Ol (v —ue), 1/p Ov  Oue, 1/p
|T|wi X{v—uel<ht - = 5 |w;

?

ov (“)ue 1

< X{\u5|§h}|87:i " o |wi/p

ir g Tl
al’i

122
Oxi v
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which implies, using Vitali’s theorem with (3.10) and (3.17) that

N
VTi(v—u.) = VI(v—u) strongly in H LP(Q, w;) (3.23)
i=1
for any v € W, P(Q,w) N L=(Q). Thanks to lemma 3.1 and from (3.19), (3.20)
and (3.23) we can pass to the limit in

(Ate, Ti(v — u2)) + /Q 0@y e, Vi) To(w — 12) > (f, Te(w — 2))

and we obtain,

(Au, T (v — u)) + /Qg(x,u, Vu)Ti(v —u) > (f, Tr(v — u)) (3.24)

for any v € W, *(, w) N L>°(2) and for all k > 0.

Taking for any v € Wy P(Q,w) and v > 9 the test function T}, (v) which
belongs to Wy P(Q,w) N L=(Q) for m > |¢*||e and passing to the limit in
(3.24) as m — oo, then u is a solution of (3.4). Using again lemma 3.1 we
obtain the desired result, i.e., u is a solution of (3.3).

Proof of lemma 3.2 By proposition 2.6 chapter 2 [7], it is sufficient to show
that B is of the calculus of variations type in the sense of definition 2.1. Indeed
put,

N
b1 (u, v, @) :Z/ ai(z,u, Vo)V dz, bo(u, ) :/gs(x,u, Vu)w dx.
=1 Q Q

Then the mapping @ — by (u, v, W) + ba(u,w) is continuous in X. Then
by (u, v, @) + ba(u, @) = b(u, v,¥) = (Be(u,v), @), Be(u,v) € W (Q,w*)

and we have

B (u,u) = Beu.

Using (2.14) and Holder’s inequality we can show that A is bounded as in [4],
and thanks to (3.6) B is bounded. Then, it is sufficient to check (2.6)-(2.9).
Next we show that (2.6) and (2.7) are true. By (2.15) we have,

(B:(u,u) — Be(u,v),u — v) = by (u,u,u —v) — by (u,v,u —v) > 0.
The operator v — B.(u,v) is bounded hemicontinuous. Indeed, we have
a;(z,u, V(vi+Avz)) — a;(x,u, Voy)  strongly in Lp/(Q7wf) as A — 0. (3.25)

On the other hand, (g.(x,u1 + Aug, V(u1 4 Auz))), is bounded in L9 (Q, 51 ~7)
and g.(x,u1 + Aug, V(ug + Aug)) — ge(x,u1, Vuy) a.e. in Q, hence lemma 2.1
gives

ge(,u1 + Aug, V(ug + Aug)) — ge(x,ur, Vuy)

/ 1 ’ (3-26)
weakly in L? (Q,0°79) as A — 0.
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Using (3.25) and (3.26) we can write
b(u,v1 + Avg, w) — blu,v1,w) as A — 0 Vu,v;,w € X.

Similarly we can prove (2.7).
Proof of assertion (2.8). Assume that u, — u weakly in X and (B(up,u,) —
B(up,u),u, —u) — 0. We have,

(B(tn, upn) — Blup,u), u, —u)

N
= Z/ (ai(x, upn, V) — a;(z, Uy, Vu)) V(u, —u)de — 0,
=17

then, by lemma 2.5, u,, — u strongly in X, which gives
b(up,v, W) — b(u,v,w) Y e X,

i.e., Be(un,v) = Be(u,v) weakly in X*. It remains to prove (2.9). Assume
that
u, —~u  weakly in X (3.27)

and that
B(up,v) =19 weakly in X*. (3.28)

Thanks to (2.13), (2.14) and (3.27) we obtain,
i (%, U, VV) — a;(z,u, Vo) in L (€, w)) as n — oo,

then,
b1 (Un, v, up) — b1 (u, v, u). (3.29)

On the other hand, by Holder’s inequality,

PR—— 1/‘1/ 1/‘1
|62 (p, Uy, — )| < (/ |ge (2, U, Vup)|9 07 dm) (/ [wn, — uqad:c>
Q Q

1 —q’ 1/q/
<- </ oa da;) tn —ul|Laa,e) — 0 asn— oo,
€ Q.

ie.,
ba(tp, Up, — u) — 0 as n — oo, (3.30)

but in view of (3.28) and (3.29) we obtain
b2(un7 U) = (Ba(unv U)a U) - bl (Un, v, u) - (w’ u) - bl(u7 v, U)
and from (3.30) we have ba(uy, upn) — (¢, u) — by (u,v,u). Then,

(Be(un,v),un) = bl(un,v,un) + b2(umun) - (1%@0
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Now show that B. is coercive. Let vg € Ky. From Hoélder’s inequality, the
growth condition (2.14) and the compact imbedding (2.13) we have

N
81}0
(Av,v9) = ;/ﬂai(x,v,vmaxi dz

N AN dvo 1/p
< Z(/mi(x,v,Vv)\p (e dm)p (/\ |pwidx)

=1 Y9 o Oz;

N v o
< ealluoll ([ By + fofto + - 15 Py de)”
Q j=1 J
4 _

< ealez +(lll7 + [l [P,

where ¢; are various constants. Thanks to (2.16), we obtain

(Av,v) 3 (Av, vg)
[[lol] I[lvll

In view of (2.10) we have p —1 > J — 1. Then,

— — a _1
> alllollP=F = [llollIP~2 = [[lvlll**

C
ol

(Av,v — vg)
gl

Since (Gev,v) > 0 and (Gev,vp) is bounded, we have

— oo as |||v]|| = oo.

(B.v,v — vg) (Av,v — vg) 3 (Gev,vp)
[[[o]]] = el (lo]ll

Remark 3.2 Assumption (2.10) appears to be necessary to prove the bound-
edness of (u). in W, P(Q,w) and the coercivity of the operator B.. While
Assumption (2.11) is necessary to prove the boundedness of G in W, (€, w).
Thus, when g = 0, we don’t need to assume (2.11).

— oo as |||v]|| = oc.
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