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Abstract

Let D denote a balanced bipartite digraph with 2n vertices and for
each vertex z, d"(z) > k, d”(z) > k, k > 1, such that the maxi-
mum cardinality of a balanced independent set is 23 and n = 20 + k.
We give two functions F(n,3) and G(n,3) such that if D has at least
F(n,p) (resp. G(n,()) arcs, then it is hamiltonian (resp. hamiltonian-
biconnected).
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hamiltonian-biconnectedness.

Resumen

Sea D un digrafo bipartito balanceado de orden 2n. Supongamos
que para todo vértice z, d*(x) > k, d”(z) > k, k > 1. Sea 28 la
méxima cardinalidad de los conjuntos independientes balanceados y sea
n = 20+ k. Damos dos funciones F'(n, 3) y G(n, 3) tal que si D tiene al
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menos F(n,3) (resp. G(n,3)) arcos, entonces D es hamiltoniano (resp.
hamiltoniano biconectado).

Palabras y frases clave: ciclos hamiltonianos, digrafos bipartitos,
digrafos hamiltonianos biconectados.

1 Introduction

Many conditions involving the number of arcs, the minimum half-degree,
and the independence number for a digraph to be hamiltonian or hamiltonian-
connected are known (see [1], [3], [4], [6], [9], [10], [11],[13], [15], [16], [17],
[18], [19].

The parameter 23, defined as the maximum cardinality of a balanced
independent set, has been introduced by P. Asu [5] and B. JACKSON and
O. OrDAZ [14] where a balanced independent set in D is an independent
subset S such that |[SN X|=|SNY].

In this paper we give conditions involving the number of arcs, the
minimum half-degree, and the parameter 20 for a balanced bipartite digraph
to be hamiltonian or hamiltonian-biconnected, i.e. such that for any two
vertices = and y which are not in the same partite set, there is a hamiltonian
path in D from z to y.

Let D = (X,Y, E) denote a balanced bipartite digraph with vertex-set
X UY, X and Y being the two partite sets.

In a digraph D, for x € V(D), let N} (x) (resp. Np(x) ) denote the
set of the vertices of D which are dominated by (resp. dominate) x; if no
confusion is possible we denote them by NT(z) (resp. N~ (z)).

Let H be a subgraph of D, E(H) denotes the set of the arcs of H, and
|E(H)| the cardinality of this set; if € V(D), dj;(z) (resp. dy(z)) denotes
the cardinality of the set of the vertices of H which are dominated by (resp.
dominate) z; if x € V(D), x ¢ V(H), E(x, H) denotes the set of the arcs
between = and V(H).

If C'is a cycle (resp. if Pisapath)in D, and x € V(C) (resp. z € V(P)),
x1 denotes the successor of x on C (resp. on P) according to the orientation
of the cycle (resp. of the path).

If x, y € V(C) (resp. =, y € V(P)), z,C,y (resp. z,P,y) denotes the
part of the cycle (resp. the path) starting at « and terminating at y.
The following results will be used :

Theorem 1.1. (N. CHAKROUN, M. MANOUSSAKIS, Y. MANOUSSAKIS [8])
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Let D = (X,Y, E) be a bipartite digraph with | X| =a, |[Y| =0, a <b. If
|E| > 2ab— b+ 1, then D has a cycle of length 2a.

Theorem 1.2. (N. CHAKROUN, M. MANOUSSAKIS, Y. MANOUSSAKIS [8])

Let D = (X,Y, E) be a balanced bipartite digraph with |X| = |Y| = n.
If |[E| > 2n? —n + 1 then D is hamiltonian. If |E| > 2n?> —n + 2, D is
hamiltonian-biconnected.

Theorem 1.3. (N. CHAKROUN, M. MANOUSSAKIS, Y. MANOUSSAKIS [§]

)

Let D = (X,Y, E) be a bipartite digraph with |X| = a, |Y| = b, a < b,
such that for every vertex x, d*(z) > k, d~(x) > k. Then:

(i) If |[E| > 2ab— (k+1)(a — k) + 1, D has a cycle of length 2a,

(ii) If |E| > 2ab — k(a — k) + 1, for any two vertices x and y which are not
in the same partite set, there is a path from x to y of length 2a — 1.

Ifb>2k for k<p<b-—k,let K}, (vesp. K} _,, , ) bea complete
bipartite digraph with partite sets (X1,Y7) (resp. (Xa,Y3) ); for a = 2k — 1
and b > a, I'1(a,b) consists of the disjoint union of Ky , and Ky _,, , by
adding all the arcs between exactly one vertex of X; and all the vertices of
Y.

[2(3,b) is a bipartite digraph with vertex-set X UY, where X =
{z1,29,23} and Y = {y1, 92, ..., yp}, and arc-set
E(D) = {(z11), (w2y2), (122)(y2x1)} U {(3yi), (yiws), 1 < i < 2} U
{(xjyi)7 (xjyi)a 3<i<b 1< J< 2}'

Theorem 1.4. (D. AMAR, Y. MANOUSSAKIS [2])

Let D = (X,Y, E) be a bipartite digraph with |X| = a, |Y| = b, a <,
such that for every vertex x, d*(x) > k, d~(z) > k. Then ifa < 2k —1 D has
a cycle of length 2a, unless

(i) b>a =2k —1 and D is isomorphic to I'1(a,b) or

(ii)) k = 2 and D is isomorphic to I'3(3,b).

Theorem 1.5. (N.CHAKROUN, M. MANOUSSAKIS, Y. MANOUSSAKIS [8])
Let D = (X,Y,FE) be a hamiltonian bipartite digraph of order 2n such
that |E| > n? +n — 2; then D is bipancyclic.

2 Main Results

Let f(naﬁ) = 2n2—2ﬁ2—(7’l—ﬁ)+1, F(’I’L7ﬁ) = 2n2_252_ﬁ(n_26+1)+1a
G(n,B) = F(n, ) + 0.
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We prove the following Theorems and their immediate Corollaries:

Theorem 2.1.

Let D = (X,Y, E) be a balanced bipartite digraph with |X| = |Y| = n,
and let 23 be the maximum cardinality of a balanced independent set in D.
If n > 23+ 1 and

(i) If |[E| > f(n,B), D is hamiltonian.
(ii) If |E| > f(n,8) + 1, D is hamiltonian-biconnected.

Corollary 2.2. Let D = (X, Y, E) be a balanced bipartite digraph with | X | =
|Y| = n, and let 28 be the maximum cardinality of a balanced independent
set in D. If n > 23+ 1 and |E| > f(n, () then D is bipancyclic

Theorem 2.3.

Let D = (X,Y, E) be a balanced bipartite digraph with |X| = |Y| = n,
such that for every vertex z, d*(z) > k, d~(x) > k, k > 1. Let 23 be the
maximum cardinality of a balanced independent set in D. If n = 23 + k and

(i) If |[E| > F(n, ), D is hamiltonian.
(ii) If |E| > G(n, 8), D is hamiltonian-biconnected.

Using Theorems 1.5, 2.1 and 2.3 we obtain the following;:

Corollary 2.4. Let D = (X,Y,E) be a balanced bipartite digraph with
|X| = |Y| = n, such that for every vertex x, d™(z) > k, d~(z) > k, k > 1.
Let 23 be the maximum cardinality of a balanced independent set in D. If
n=20+k and |E| > F(n,3) then D is bipancyclic.

Proof of the corollaries:
Since n > 23+ 1, then f(n,8) — (n?2 +n—2)=n?—-2p2—-2n+ G +3
=12 -2+ 3+2>402 2682 ++2=
262+ B+ 6+2>0.

resp. F(n,3)—(n?>+n—2)=2n?-262-p3(n—-28+1)+1—(n>+n—2)

=n>—n(B+1)-f+3
>n(26+1-p—-1)—B+3=8B(n—-1)+3>0.

3 Definitions and a basic lemma

Before proving Theorem 2.1 and Theorem 2.3, we give some definitions and
a basic lemma.
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Definition 3.1. D(n, 3, k) denotes the set of balanced bipartite digraphs of
order 2n, with k > 1, n = 238+k, such that Vo € V(D), d*(x) > k, d™ (z) > k,
and for which the maximum cardinality of a balanced independent set is 2.

Definition 3.2. In the following, if D = (X,Y, E) € D(n, 3, k), denote by S
a balanced independent set of cardinality 2.

D; is the induced subgraph of D with partite sets (X1,Y71), X1 = XNS,
Y1 =Y\S,

D, is the induced subgraph of D with partite sets (Xa,Ys), Xo = X\S,
Yo=Y nNS.

Lemma 3.3. Let D = (X,Y, E) be a balanced bipartite digraph with | X| =
|Y'| = n. Suppose that D contains a cycle C and a path P such that C' and
P are disjoint and |V (C)| = 2p,

|[V(P)| = 2(n — p). If the beginning-vertex a and the end-vertex b of P
satisfy the condition d(a) + d&(b) > p + 1, then D has a hamiltonian cycle
containing P.

Proof:

W.lo.g. wemay assume thata € X andb €Y. Set C = (y1,21...Yp, Tp, Y1)
with z; € X, y; € Y. The condition dg(a) 4+ d&(b) > p+ 1 implies that there
exists i, 1 < i < p, such that y; € N~ (a), z; € NT(b); then the cycle
(a, P,b,z;,C,y;,a) is a hamiltonian cycle of D containing P.

4 Proof of Theorem 2.1

Let D = (X,Y, E) be a bipartite digraph such that the maximum cardinality
of a balanced independent set is 2.
For 8 = 0,if |E| > f(n,0) = 2n?—n+1, (resp. |E| > g(n,0) = 2n®>—n+2
)

by Theorem 1.2, D is hamiltonian (resp. hamiltonian-biconnected).
Thus we assume 3 > 1.

4.1 Proof of (i)

As |E| > f(n, B),
[E(D)| +|E(Dy)] = f(n, ) = 2(n— §) = =45 +4nf — (n— ) + 1.
Therefore w.l.o.g.,

B(D)| = §(IE(D)] + [E(D2)]) = 280 - B) — (n — B)/2+1/2 2

(26 -1)(n—p)+1.
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Thus by Theorem 1.1, D; contains a cycle C' of length 238. Clearly C
saturates X N S.

Let ' be the subgraph induced by the vertex-set V(D)\V(C).

If |[E(T)| > 2(n— 3)% — (n — B) + 2, by Theorem 1.2, T' is hamiltonian-
biconnected. As D has at most 23% 4+ (n — ) — 1 less arcs than the corre-
sponding complete digraph, the number of arcs between C' and T is

(1) Y dfi(z)+dp(z") > 4B(n - B) — 28 — (n— B) + 1.

zeV (C)
If for every o € C either N (z) = 0 or N (zF) = ) then
@) Y df@) +dr@t) < 268(n - 8).

zeV(C)

As4B(n—pB) =232 —(n—pB)+1>28(n— ) by (1) and (2), there exist
z € V(C),aeV(),be V() such that z dominates a and z* is dominated
by 0.

Let P be a hamiltonian path in T from a to b. Then (z,a, P,b, 2™, C, z)
is a hamiltonian cycle in D.

If E(T) = 2(n—3)?—(n—B)+1, T is hamiltonian. Moreover, if x € V(C),
z € V(T'), then both (x,z) and (z,z) are in E(D) unless x € X N S, then
dit(z) =n—2B, dg (z+) =n—B. Thus df (z)+dp (z7 =n—-38> (n—B)+1.
Hence, by Lemma 3.3, D is hamiltonian. OJ

4.2 Proof of (i)
We assume n > 26+ 1 and |E| > f(n, () + 1.

Let z € V(D), y € V(D), z and y not in the same partite set. We want
to prove that there exists a hamiltonian path from z to y. W.l.o.g. we can
suppose x € X andy €Y.

Case 1: € XNS,yeYnNS.

By similar arguments as in part (i), we may assume that D; contains a
cycle C of length 23. As C saturates X NS, z € V(C).

If ' denotes the subgraph of D induced by the vertex-set V(D)\V (C),

|E(T)| > 2(n—8)?—(n—B)+2, then by Theorem 5.4 it is hamiltonian-
biconnected.

Let 2~ be the predecessor of x on C; as in part (i) we can prove that
x~ has at least one neighbor a € V(I').

Let P be a hamiltonian path of T from a to y. Then (z,C,z,a, P,y)
is a hamiltonian path in D from z to y.
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Thus there exists in D a hamiltonian path from z to y.

Case 2: x € X NS, yeYN(D\S).

Let D3 be the subgraph induced by the set of vertices (X NS) U (Y N
(D\S) —{y}). As E(D) > f(n,3) + 1, D3 has at most (n — 3 + 2) arcs less
than the corresponding complete digraph, then |E(Ds)| > 28(n — 5 — 1) —
(n— B — 1)+ 1; by Theorem 1.1, D3 contains a cycle C' of length 23, with
zeV(C),ygV(C).

If, as in case 1, I' denotes the subgraph of D induced by the vertex-set
V(D)\V(C), T is hamiltonian-biconnected; similar arguments as in case 1
prove that there exists a hamiltonian path from z to y.

Case 3: ¢ X NS, yg¥YNS.

As in case 2, the subdigraph D3 induced by the set of vertices (X N S)U
(Y N (D\S) — {y}) contains a cycle C' of length 2.

The subgraph T' of D induced by the vertex-set V(D)\V(C) is, as in
case 1, hamiltonian-biconnected. The vertices x and y are in V(T'); let P be
a hamiltonian path in I" from z to y.

If we assume that for any a € V(P)\{y}, d5(a) + dg(a™) < B8, D has
at least S(n — 3) + B(n — 8 — 1) arcs less than the corresponding complete
digraph; the condition |E| > f(n,3) implies :

28(n—B)—B<n—B-2+23%=28n <43°+n—-2 (268—1)(n—208) <
23 — 2, a contradiction.

Hence there exists a € V(P), a # y, such that df,(a) + dg(a™) > B+ 1.

By Lemma 3.3, there exists in D a hamiltonian path from z to y.

Theorem 2.1 is proved. [J

5 Proof of Theorem 2.3

5.1 Strategy of the proof

The proof of Theorem 2.3 is by induction on k.
In sub-section 5.2, we shall prove the Theorem for k = 1.
Then we shall do the following induction hypothesis:

Induction Hypothesis 5.1.
For1<p<k-1,let D=(X,Y,E) € D(n,[3,p).
(i) The condition |E| > F(n, 3), implies that D is hamiltonian.
(ii) The condition |E| > G(n, 3), implies that D is hamiltonian-biconnected.
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In sub-section 5.3, we shall prove Proposition 5.2:

Proposition 5.2. Under the induction hypothesis 5.1, if D € D(n,[,k)
satisfies |E| > G(n, 3), then D is hamiltonian-biconnected.

In sub-section 5.4, we shall prove Proposition 5.3:

Proposition 5.3. Under the induction hypothesis 5.1, if D € D(n,[3,k)
satisfies |E| > F(n, ), then D is hamiltonian.

Proposition 5.2 and Proposition 5.3 will imply Theorem 2.3.

5.2 Proof of Theorem 2.3 when £ = 1.

We need two general lemmas:

Lemma 5.4. We suppose that for any digraph D' = (X', Y’ E') € D(n, 8, k),
the condition |E'| > G(n, 3) implies that D’ is hamiltonian-biconnected, then

If D= (X,Y,E) € D(n,(, k) satisfies the condition |E| > G(n,3) — p,
and if there is no hamiltonian path from a vertex y to a vertex x not in the
same partite set then:

(i)Ifz eSS, ygs, thend (z)+d (y) >2n—03—p+1, d"(z) >
n—pf—p+1,d(y)y>n—p+1.

(ii) Ifz ¢ S,y € S, thend™ (z)+d~ (y) = 2n—B—p+1,d*(z) = n—p+1,
d-(y)>n—-F-p+1.

(i) Ifz € S,y € S, then d* (z)+d ™ (y) > 2n—p+1,dT(z) >n—p+1,
d~(y) >n—p+1.

(iv)Ifx € S,y € S, thend®(z) +d (y) > 2n—28—-p+1, d"(z) >
n—pB-p+1l,d(y)>n—-F-p+1

Lemma 5.5. Under the same hypothesis as in Lemma 5.4, if D is not hamil-
tonian then:

(()Vee S, d(x)>n-F-—p+1,d (x) >n—-F-p+1,

(i)Ve & S,d"(z)>n—p+1,d (x)>n—p+1

Proof of Lemma 5.4:
Let D = (X,Y,E) € D(n,3,k). We assume |E| > G(n, ) — p.
If one of the following cases happen:
HzeS ygs, d(x)+d (y) <2n—pF-p,
2w g S, yeS, dt(z)+d (y) <2m—F—p,
3) T gsv Yy Q/S, d+(QIJ) +d_(y) < 271—]7,
HreS yeS d(z)+d (y) <2n—-208-np,
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we can add p arcs to N*(z) U N~ (y) to obtain a digraph D’ =
(X",)Y',E") € D(n,B,k) such that |E(D")| > G(n,3); then D’ € D(n, [, k)
and satifies: |E’| > G(n,3); then under the assumption of Lemma 5.4 D’
is hamiltonian-biconnected, and a hamiltonian path from y to z in D’ is a
hamiltonian path from y to  in D. [J
To prove Lemma 5.5, we apply Lemma 5.4 to any vertices x and y such
that the arc (zy) € E(D). O

Lemma 5.6. For D € D(n,(3,1), (i) If |E| > F(n,3), D is hamiltonian,
(ii) If |E| > G(n, 8), D is hamiltonian-biconnected.

Proof:
(ii) For k = 1, f(n,B8) + 1 = G(n,B), then if |E| > G(n, ), by Theo-
rem 2.1, D is hamiltonian-biconnected. [J

(i) If |E| > F(n, ), as F(n, 8) = G(n, ) — B, if we assume that D is not
hamiltonian we can apply Lemma 5.5 with p = 8 and, as n = 2 + 1, obtain:

(Ve e S, dH(x)>2,d (z) >2,Ve &S, d(z) > [+2,d (z) > f+2.

D has at most 232 +23—1 arcs less than the corresponding complete di-
graph, then D;UDs have at most 23—1 arcs less than the union of correspond-
ing complete digraphs; w.l.o.g. we may assume |F(D1)| > 28(8+1) — 8+ 1;
then, by Theorem 1.1, D; contains a cycle C of length 23; C saturates
X NS. I T denotes the subgraph of D induced by the vertex-set V(D)\V (C),
[B(D)]| > 2(8+1)2 — 25+ 1.

If z € V(I') NS all the neighbors of z are in T; if y € V(T') N (D\S),
dif (y) > d*(y) — B, dr (y) > d~(y) — 3; in every case:

The conditions (*) imply: Vo € V(I), df (z) > 2, dp (z) > 2.

Hence, by Theorem 1.3, I' is hamiltonian. Moreover

E(H,T)| > F(n, 8) — |E(H)| — |E(D)] > F(n,B) - 28> — 2+ 1)? >
26(B+1)+ 1.

The subdigraph I' is hamiltonian-biconnected unless

B(T)| <26 +1)2 — 20 +2.

If T" is hamiltonian-biconnected, as |[E(H,T")| > 28(6+1) +1, there exist
z € V(C),aeV(),be V() such that z dominates a and z* is dominated
by b; let P be a hamiltonian path in T from a to b. Then (z,a, P,b,z",C, )
is a hamiltonian cycle in D.

If T is not hamiltonian-biconnected, as |E(I')| < 2(8 + 1)? — 28 + 2,
the subgraph H induced by V(C) satisfies |[E(H)| > 23% — 1; then H is
hamiltonian-biconnected. Let Cr be a hamiltonian cycle of T'; as |E(H,T")| >
263(8+1)+1, there exist a € Cr and a™ € Cr, such that a dominates a vertex
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c € V(H) and a™ is dominated by a vertex d € V(H); let P be a hamiltonian
path in H from c to d, then (c, P,d,a™,Cr,a,c) is a hamiltonian cycle of D.
In both cases, D is hamiltonian. [J

5.3 Proof of Proposition 5.2
The induction hypothesis 5.1 is satisfied for k = 2.

Proposition 5.2 Under the induction hypothesis 5.1, if D € D(n, 3, k)
satisfies |E| > G(n, 8), D is hamiltonian-biconnected.

Proof:
We assume k > 2.
Let D = (X,Y,E) € D(n, 3, k) and suppose |E| > G(n, ).
For any « € V(D), y € V(D) not in the same partite set, we prove that
there exists a hamiltonian path from x to y. W.l.o.g. we can suppose x € X,
yev.

Claim 5.7. There exist at least 3 + 1 vertices u € X N (D\S), and 8 + 1
verticesv € YN(D\S), such that d* (u) > B+k, d™ (u) > B+k, d"(v) > B+k,
d=(v) > B+k.

Proof:

If Claim 5.7 is not true, w.l.o.g. we may assume d*(u) < 3+ k — 1 for
k vertices u € X N (D\S). As n =28+ k, the subgraph of D induced by the
vertex-set X N(D\S)UY has at leat (8+ 1)k arcs less than the corresponding
complete graph. Hence, S being an independent set, the inequality |E(D)| <
2n? — 2% — (8 + 1)k would be satisfied.

As (B+ 1)k<pk, 2n? —23? — (8 + 1)k < G(n, 3), a contradiction with
the hypothesis

|E(D)| > G(n, B). O

Then let ug € XN(D\S), up # z, and vy € YN(D\S), vy # y, be vertices
satisfying dt(ug) > B+ k, d (ug) > B+ k, d"(vg) > B+ k, d” (vo) > B+ k.

Lete=1if (zy) € E,e=0if (zy) € E,and ¢ =1if (yzx) € E, ¢ =0
if (yr) ¢ E.

Let D} be a bipartite digraph of order 2(n — 1) with vertex-set V(D}) =
V(D)\{z,y} and edge-set E(D;) defined as follows:

Casel1Ifz ¢ S,y ¢ S, D] is the subgraph of D induced by V(D)\{z, y};
then
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|E(Dy)| = [E(D)| —d(z) —d(y) + e+ > G(n,B) —d(z) —d(y) +e+¢€,
hence |E(D})| > G(n,B) — (4n —2) = F(n — 1, 3).
Case 2Ifz €S, y¢S, E(D)) = E(D’l)\(E(u(hY N S)); then
|E(D3)| = |[E(D)| —d(z) —d(y) + e+ € — [E(up, Y N S)| >

G(n,B) —d(z) —d(y) + e+ — [E(uo, Y NS)],
hence |E(D})| > G(n,B) — (4n —2) = F(n — 1, 3).
Case 3Ifz €S, ycS, E(D,) = E(D’l)\(E(uo,Y N S) U E(ve, X N

S)u E(uo,vo)); then
[E(D3)| = |E(D)| = d(x) = d(y) = |E(uo, (Y N S\{y}))| = [E(vo, (X N
S\{z))| = |E(uo, vo)| =
G(naﬂ) - 4(” - 6) - 4(5 - 1) -2,
hence |E(D%)| > G(n,3) — (dn—2) = F(n — 1, ).
Moreover S (resp. S\{z}U{uo}, resp. S\{z,y}U{uo,v0}) is a balanced
independent set of D} (resp. of Dj, resp. of Dj) of order 20.
For every z € V(D}), for z # ug in D), and for z # ug and z # vy in Dj,
the conditions d*(2) > k, d~(2) > k imply d},(z) > k—1, dp,(2) > k— 1,
In Case 2 the conditions d*(ug) > B8+ k, d~(ug) > 8+ k, imply
(ug) > k —1, dBé(UO) > k-1
In Case 3 the conditions d* (ug) > S+k, d” (ug) > S+k, d" (vo) > S+k,
d=(vo) > B + k imply dgé(uo) > k-1, dBé(uo) > k-1, djgé(vo) >k —1,
dBé(’Uo) Z k—1.
At least the equality n — 1 = 20 + k — 1 is satisfied.
We can conclude that in every case D} € D(n— 1,8,k — 1), and satisfies
B(D)| > F(n—1,5).
By the induction hypothesis 5.1, D} is hamiltonian.
Let C be a hamiltonian cycle in D;.
If d¥(x) + d (y) > n+ 2 let a € V(C) such that a € N~ (y), a® €
NT(zx), then the path (z,a™,C, a,y) is a hamiltonian path in D from z to y.

+
dh,

If D} is hamiltonian-biconnected, let ¢ and d be vertices in V(D)) such

that d € NT(x), c € N~ (y), and let P be a hamiltonian path in D/ from d to
¢; then (z,d, P, c,y) is a hamiltonian path in D from z to y.

Then we may assume that d*(z) +d~(y) < n — 1+ 2¢ and that D) is
hamiltonian but not hamiltonian-biconnected, and by the induction hypoth-
esis 5.1 that |E(D})| < G(n — 1, 3).

Then |E(D)| — |E(D))| > G(n,8) —Gn—1,8)+1=4n—-1— (.
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This inequality implies:
Case 1: |E(D)|— |E(D})|=d(zx)+d(y) —e—€¢ >4n—1— 0.
Asd (z)+dT(y) <2(n—1)+2€¢,d"(z) +d (y) > 2n+1—-26+
e—€¢ =n+k+1+e—¢€ > n+ 2 a contradiction with the assumption
dt(z)+d (y) <n—1+2e

Case 2: |E(D)|—|E(Dj)| = d(z)+d(y)—e—€ +|E(up, Y NS)| > dn—1-7,
then
>4n—-1-38+e+¢€.
d()<2(n—1) B+2€¢,d (x)+d (y) >2n+1-28+
1+¢€—¢ > n+ 2 a contradiction with the assumption
n—14 2e.

Case 3: |E(D)| - |E(Dj)| =

d($)ﬁ+d(y)+ | E(uo, (Y NS\{y}))|+1E(vo, (X NS\{}))[+|E(uo, vo)| =
in —1 - 0.

Asd=(x)+d(y) <2(n—B),d"(z) +d (y) > 2n+1-33.

IfxeV(S),and y € V(5),e=¢€ =0.

dz)+dy) >4n—1—-F—4(B—1)—2=4n—53 + 1.

The only remaining problem is Case 3, when 2n + 5 — 38 < d*(z) +
d=(y) <n-—1.

Asdt(z)+d (y) >2n+1-33=0+2k+1,d"(x) < B+ k =
d~(y) > k+1,and d(y) < B+ k = dt(z) > k + 1. Moreover the condition
dt(xz) 4+ d (y) <n—1 implies

d(z)+d(y) <2(n—p0)+n—1=3n—20—1; then:

|E(D%)| > G(n,B)—(Bn—28—-1)—48+2=G(n,B)—4n+2+k+1=
Gln—1,6)— (B— k- 1).
We obtain the following

Claim 5.8. If there is no hamiltonian path in D from x toy, thenVa € N~ (y),
and Vb e N*(z), d"(a)+d(b) >2n— [+ k+2.

Proof:

If a # up and b # vg, Claim 5.8 follows from Lemma 5.4 applied to Dj,
the vertices b € N*(z) anda€ N~ (y) andp=—k — 1.

If ug € N~ (y) or vg € NT (), the condition 3 > k+2 implies that there
exist w and v, u # ug, or v # vy, satisfying d*(u) > B+k, dT"(u) > S+ k or
dt(v) > B+ k,d"(v) > [ +k.

We can consider for D} : Dy = D\({z,y}UE(u,Y NS)UE(v,XNS)U
E(u,v)) and Claim 5.8 follows in all cases. O
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Conditions d™(z) > k+1, d~(y) > k+ 1 imply, by a counting argument
and Claim 5.7, that there exists a vertex a; € N~ (y), a1 # ug and a vertex
by € NT(x), by # vy which satisfy the conditions d*(by) > 8+ k, d (a1) >
B+ k and by Claim 5.8, d*(a1) +d = (b1) > 2n— S+ k + 2.

Let us consider the digraph A obtained from D by contracting the
vertices ¢ and a1, and the vertices y and by, i.e.:

V(A) =V(D)\{z,y,a1,b1} U{A, B} with :

NA(A) = N*(2)\{bi}; N (A) = N~ (a)\((Y nS) U {b1});

NX(B) = NT(by)\(X nS)U{ar}); N5 (B) = N~ (y)\{as };

for z ¢ {A, B}, N{(2) = N*(2)\{z,y,a1,b:} U{B} if (zy) € E(D),

Ni(z) = N*(2)\{z,y,a1,b1} U{A} if (za1) € E(D),

Nix(z) = N~ (2)\{z,y,a1,b1} U{A} if (zz) € E(D),

Ni(z) = N~ (2)\{z,y,a1,b:} U{B} if (biy) € E(D).

—~

Then df(A) = d*(x) — 1, dx(A) > d (a1) — (B + 1), that implies
d5(A) > k=1, da(A) > k-1,

di(B) > d*(b))—(B+1), dx(B) = d~(y)—1, that implies d{ (B) > k—1,

Vz € V(AN\{A, B}, df(2) > d*(2) — 1, dx(2) > d~(2) — 1, then

Vo € V(A), df(z) > k-1, dx(z) >k — 1.

The digraph A is a balanced bipartite digraph of order 2(n — 1).

The set S\{z,y} U{A, B} is a balanced independent set of cardinality
23 in A.

Hence A € D(n — 1,8,k — 1) and |E(A)| > G(n, ) —d ™ (z) —d* (y) —
dt(a1)—d=(by)+n—n'—2B+2, withn = 1if (a1b1) € E,n=0if (a1b1) € F,
and 0’ =11if (bya1) € E, ' =01if (ba1) € E.

Then |E(A)| > G(n,3) —4n+2 = F(n —1,0).

By the induction hypothesis 5.1, A is hamiltonian, and from a hamil-
tonian cycle in A, we can deduce two disjoint paths P, from = to y, and P,
from by to a; with V(P) UV (P) = V(D).

Let |V(P1)| = 2ny and |V (P)| = 2na.

As dt(a1)+d (b1) > 2n— B+ k+ 2 the following inequality is satisfied:
df (a1) +dp (b)) >2n— B+ k+2—2ny =20y — B+ k+2.

It dj;1 (a1) +dp (b1) > ny + 1, let v € V(P1) N N~ (by) such that vt €
N*(a1);
(z, P,v,b1, Py,ar,vt, Pp,y) is a hamiltonian path from z to y.
It d‘};l(al) +dp, (b1) < ny, then ny <3 —Fk —2, and ny >+ 2k + 2;
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If 4y~ is the predecessor of y on P; and =T is the successor of z on P,
by Claim 5.8:
dt(y ) +d (at)>2n—B+k+2;
dﬁl(y_) +dp, (z7) <2ny = d;%(y_) +dp, (xt)>2ns — B+ k+2>ny+ 1.
Let a € N, (z1) such that a™ € Nf, (y7);
(x,b1, Po,c,x™, Pr,y~, at, Py, ay,y) is a hamiltonian path from z to y.
Proposition 5.2 is proved. U

5.4 Proof of Proposition 5.3

Proposition 5.3 Under the induction hypothesis 5.1, if D € D(n,(3,k)
satisfies |E| > F(n,3), D is hamiltonian.

Let D € D(n, B, k) satisfy |E| > F(n,(). If we assume that D is not
hamiltonian, for any arc (z,y) € E(D) there is no hamiltonian path in D
from y to x; as |E| > F(n,B) = G(n,B3) — B, we can apply Lemma 5.5 with
p = (3 and obtain the following Claim:

Claim 5.9. If D € D(n,(,k) satisfying |E| > F(n,() is not hamiltonian,
then for any arc (zy) € E:
(i)IfreS,ygS,oraxgS,yeS,dr(z)+d (y) >2n—28+1,
(i) Ifx g S,ygsS,dt(z)+d (y) >2n—F+1,
(iii) Vo € S, dT(x) > k+1,d (z) > k+1,
(iv)Vx & S,d"(x) > B+ k+1,d (z) > B+ k+1.

5.4.1 Preliminary Lemma

Lemma 5.10. If D € D(n, 8, k) satistving |E| > F(n,3) is not hamiltonian,
there exists in D a cycle C' of length 23 which saturates X NS or Y N S.

The proof is based on the following Claim:

Claim 5.11. If D € D(n,8,k), and if |E| > F(n,(), there exists a perfect
matching of X NS into Y N (D\S), and a perfect matching of Y N S into
X N (D\S)

Proof:
We use the HALL-KONIG Theorem (see [7] p 128) to prove Claim 5.11:
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Theorem 5.12. (HaLL-KoniG) Let G = (U, V, E) be a bipartite digraph
with partite sets U and V; if for any subset A C U, [NT(A)| > |A|, then
there exists a perfect matching of U into V.

We assume there exists A C X NS, such that if B = N*(A4), |B| < |4];
the condition d¥(x) > k for any x € A implies the inequality:
F<|Bl<|A-1<8-1
and at least |A|(S+k—|B]) arcs are missing between X NS and Y N(D\S);
let ¢t = |B|.
|A|(B+k—|B|) > (t+1)(B+k—t), withk<t<p3—1.

>
AIB+k=|B) = _min ((t+ (3 +k—0) = Blk+ 1)

Then at least S(k + 1) arcs are missing between X NS and Y N (D\S5),
then
|E(D)| < 2n? —28% — B(k + 1) < F(n,), a contradiction with the
condition |E(D)| > F(n, ().
Claim 5.11 is proved. O

Proof of Lemma 5.10:
Set I =min(k, | 5 ]); we consider the two following cases:
Case 1. There exists a vertex xg ¢ S with |E(xzo,S)| < 8+,
Case 2. For any vertex = € S, |FE(z,S)| > 3+ 1.

Case 1: W.lo.g. we can assume |E(xg, S)| < S+1 for a vertex zyg € X\S.
Let (z;v:), 1 <i < 8, be a matching from X N S into Y N (D\S).
For 1 <i < (let D} = D\({z;,y:} U E(x0,S5)); D, € D(n—1,6,k—1)
and :
|E(Dj)| > F(n,B) — d(x;) — d(y;) + 1 4+ € — |E(x0,95)|, with ¢, = 1 if
(yi.’L‘i> eEF ¢=0 if (yzl‘z) € E.

Case 1-1: di,1 < i < 3 such that:
d(wi) +d(yi) — 1 — € + | Blzo, S)] < F(n, ) — F(n—1,5) = 4n — 2 — 6.
Then |E(D})| > F(n — 1, ) and by the induction hypothesis 5.1 D} is
hamiltonian.
If d=(z;) + d* (y;) > n + 2¢;, by Lemma 3.3, D is hamiltonian.
If d=(z;) + d*(y;) < n—1+ 2¢;, by Claim 5.9, the arc (y;2;) € E(D),
then ¢; = 0.
As dt(z;) +d (y;) < 2n — 3, then d(z;) +dy;) <3n—1— 4.
B(D)| > F(n,f)—(3n—1-B)- A1 > F(n. B)- (3n+k—2) = Gln—1, B);
then D} is hamiltonian-biconnected.
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Let b € N~ (z;), a € N*(y;) and let P be a hamiltonian path in D; from
a to b; the cycle (a, P, b, z;,y;,a) is a hamiltonian cycle in D.

Case 1-2: Vi, 1 <i<g:
d(z;) +d(yi;) — 1 — €+ [E(x0,5)| > F(n,8) = F(n—1,8) =4n—2— 3.
Then d(z;)+d(y;) > 4n—28—1—1+¢;; the conditions d(y;) < 2n—1+¢;
and d(x;) < 2n —28 — 1+ ¢; imply d(z;) > 2n — 28 — 1l and d(y;) > 2n — L.
Asd™(z;) <n—8,d (z;) <n-—p0,d (y;)) <n,d (y;) <n, then we
have :
d*(z) >n—B-12B+k—| 3 [id @) >n—p-12B+k—| 5 ;
dt(yi)) >n—-1>n—| g lid () >n—1>n—| g |.
Let H be the subgraph induced by {x;,y;,1 <i < 8};
Vi, 1 <1 < 3, the following inequalities are satisfied:
dh@)>p+k—15 ) —k=1 2 ) > 1 L )

+1 - +1
dily) >n— 15 1= 8-k= 25 [z > | 551 ).
By Theorem 1.4, H is hamiltonian, and a hamiltonian cycle of H is a
cycle of length 23 that saturates X N S.

Case 2 : Vz € S, |E(z,S)| >+ with [ = min(k, \_gj)

As in Definition 3.2, let D; (resp. Ds) denote the subgraph induced by
the set of vertices (X N S)U (Y N (D\S)), (resp. (X N(D\S)U (Y NS)).

As |[E(D1)|+|E(D2)| = F(n, f)—2(n—pB)* = 28(n—pB)+B(n—26+1)+1,
w.0.l.g. we may assume |E(D;)| > 28(n — 3)— % Bn—26+1)+ %

Case 2-1 : 8 >2k+1,thenl =k, and Yy € V(D) NY, d;l(y) >
I+1=k+1,dp (y) > k+1; by Claim 5.9, Vo € V(D1)N S, dgl(x) >k+1,
dp, () > k+1 and

[E(D1)| > 28(n—B)— & B(n—26+1)+ § > 28(n—B)—(k+1)(B—k)+1; by
Theorem 1.3, D7 has a cycle of length 23, hence a cycle that saturates X N.S.

Case 2-2 : < 2k, then I = | § |, and ¥y € V(D1) NY, by the
assumption of case 2,

db, () > B+1-8>1 51, dp () > 5 | and by Claim 5.9,

Vo e V(D) NS, df (@) 2 k+1> | 5 |+1,dp @) >[5 ]+1.

By Theorem 1.4, D; has a cycle of length 23 that saturates X N S.
Lemma 5.10 is proved.[]

Divulgaciones Matemadticas Vol. 14 No. 1(2006), pp. 11-29



Hamiltonian Cycles and Hamiltonian-biconnectedness in Digraphs 27

5.4.2 Proof of Proposition 5.3

Claim 5.13. Under the assumption of Lemma 5.10, let C' be a cycle of length
23 in D that saturates X N.S or Y NS and let I' be the subgraph of D induced
by V(D)\V(C), then T' is hamiltonian.

Proof:

The subgraph T satisfies: |V(I')| = 2(n — 8), |E(T")| > |E(D)| — 20n.

By Claim 5.9, Vz € S, d"(z) > k+ 1, d(z) > k + 1 then

Vee V(ID)NS, df(x) > k+1,dp (v) > k+1,
andVr ¢ S, dT(z) >B+k+1,d (z)>B+k+1=

Vo € V()N (D\S), df(z) > k+1, dp () > k+ 1.

Moreover |E(T)| > 2(n—3)2 = B(n—28+1)+1=2(n—-B)2%— (k+

(n—p—Fk)+ 1.
By Theorem 1.3 I' is hamiltonian.[]

Proof of Proposition 5.3 :

If D € D(n,B,k) satisfying |E| > F(n,() is not hamiltonian, by
Lemma 5.10 there exists in D a cycle C' of length 20 which saturates X NS or
Y NS; by Claim 5.13 the subgraph I' of D induced by V(D)\V(C) is hamil-
tonian. As |V(T')| = 2(n — ) > 208 = |S|, then on a hamiltonian cycle of T,
there exist arcs with both ends in D\S; by Claim 5.9, if (xy) is such an arc,
d*(z) +d (y) > 2n — B+ 1, then df (z) + dy (y) > B+ 1; by Lemma 3.3, D
is hamiltonian.

Proposition 5.3 is proved.[]

Remark 5.14. For 8 > k + 1, Theorem 2.3 is best possible in some sense
because of the following examples :

Example 1 :

Let D = (X,Y,E) where X = X; UX,5, YV = Y, UY; UY; with
|X1|=M1|=8,|Xa| =B+Fk, |Yo| =k+1, V3| =81

In D, there exist all the arcs between X5 and Y, between X; and Y3
and all the arcs from Y5 to X7 (no arc from X; to Yy ); D € D(n, [, k),
|E| = F(n,8) — 1 and D is not hamiltonian (there is no perfect matching

from X; into Y).

Example 2 :
Same definition than example 1, with |Ya| = k, |Y3| = §; then |E| =
G(n,B) — 1 and if z € X1, y € Y3, there is no hamiltonian path from x to y.
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