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1. Introduction

In this article fine resolution of the sheaf of germs of complex projective
vector fields over the projectively flat manifold of lower n = 2 dimensional
case is given. General case is handled in article [12]. In order to illustrate
how the resolution and operators look like in lower dimesional case in this ar-
ticle more details are provided. Definition of main operators and motivation
are taken from [12] and are included for completness of purposes.
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Deformations of general I'- structures and almost I'- structures were an-
alyzed by Spencer [14], Kodaira [10], Kumpera [11], Griffiths [5] and their
followers. Such structures are given by a certain ”Maurer-Cartain” form
and its perturbation satisfying an integrability condition with a derivation D
which acts on a graded Lie algebra consisting of the sheaf of germs of smooth
Lie algebra-valued g-forms ¥* = @~ ¥9. The sheaf of germs of infinitesi-

mal transformations © of I' enjoys the exact sequence 0 — © — X9 Doy
Elements of H°(X, Y1) satisfying an integrability condition determine de-
formations.

Construction of a long exact sequence extending the given one, more
precisely, the constructions of fine resolutions of the Killing vector fields on
various types of manifolds is the subject of cited papers as well as of [2],
[3], [4], [5], [6]. The essential problems were related to solving overdetem-
ined systems of linear partial differencial equations established by Spencer,
Kodaira, Griffits, Kumpera, Calabi, Goldschmidt, Gasqui and many other
successors of this theory (cf. [1]).

Simplified and direct construction of the fine resolution of the sheaf of
germs of Killing vector fields in the real (analytic) case was treated in [8].
This and paper [12] were inspired by [8] (see also [9]). The goal was to
make a simple construction of the fine resolution of Killing vector fields in
the case of locally complex projective manifolds (existence of such resolution
can be derived from the general theory). This is done using the graded Lie
algebras on the basis of Dolbeault type theorems for cohomology in sheaves
of complex projective vector fields (cf. [6], p. 23-25, 44-46 for the notation).

Since the sheaf of holomprphic vector fields is not fine additional level of
complexity in the construction of operators had to be introduced comparing
to that given in [8].

The resulting fine resolution of the sheaf of germs of holomorphic pro-
jective vector fields for the 2 dimensional complex manifold Kppyq;(M 4) is
of the form

0 = Kpprog(M*) 5 Q0 28 Q) 2y @ D2 o3 Do g (1)
where Q(Lk) denotes the sheaf of germs associated to elements of Q(Lk) and
where the morphisms Dy, defined in the sequel, use operations derived from
ones introduced in [8].

One consequence of the result given in this article is that the deforma-
tions of the corresponding (one parameter) group of transformations (in the
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sense of [5]) is made by elements of H?(M*, Qg)’l) @QS—}’O)). Notation is given
below.

2. Fine Resolution

A locally complex projective manifold M? is by definition a complex
manifold which carries an atlas P with coordinate charts U (2", 22), U'(2'*, %),
such that, in overlapping neighborhoods (U N U’ # (), the transition func-
tions are complex projective transformations:

11 1
i1 Q.2 i a; ay a
i _ @1z +a32" +a 2 2 9
2= 103 o det| at a3 a” |#0.
aiz* +ayz*+a 0 0 .0
a; ay a

All work contained herein is expressed with respect to these local coordinate
charts.!

These local coordinate charts are not arbitrary — they are adapted to the
complex projective pseudo-group structure and cary therefore the geometry
of the structure. Using them one avoids any type of connection due to the
use of the projective pseudogroup structure , calculations are more direct
and straightforward and result is given in formulas that are ready to be
applied.

The main algebraic tool we need (see [8], [4]) is the bundle of graded
Lie-algebras over M*

L=T®EndT®T*=L_1®L® L,

where T = (TM*)9 is the bundle of complex tangent vectors of M?,
EndT is the bundle of endomorphisms of 7', and T™ is the bundle dual of
T. The Lie algebra law on L is given by

(v, hyw), (VW ,W")] = (h(')—=h(v) = (trh)v+ (trh)V,
hoh —hWNoh+v@w —v @uw,
'R (w) = th(W") — (trh)w’ + (tr h’)w) .
This article does not contain Lie algebra computation. Lie algebra L is used

in order to explain the geometric meaning of the different sheaves which
enter into the resolution.

"'We will assume that all the coordinate functions or coordinates of vector fields and
forms which appear in this paper are smooth functions.
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We consider projective differential forms on M?* i.e., smooth differential
forms on M* with values in L satisfying some restrictive conditions as fol-
lows. When decomposed in accordance with the grading of L and with the
classical type decomposition in the exterior algebra C*°(A(T'M%)*), a pro-
jective differential k-form w®) with smooth coefficients and values in L is
represented as a sum

(®) _w(Ok)+w(1 k71)+w§2,k72)’ 0<k<d @)

(As usual, if some super-index on the right hand side is less than 0 or
grater than 2 (complex dimension of manifold), the corresponding element
in the sum is equal to zero). Here, with respect to complex projective local
coordinates U (2!, 2?),

(0 0)

D 00 4 0 02

W@ — ¢ W D 4 20

wB = wé 2) + w?’l) w(4) = w§2’2)

Here, with respect to complex projective local coordinates U(z!, 2?),

=3 vf}dé"®£i, 0<k<2.

i,J,|J|=k

The above is a differential k-form of type (0, k) with values in T, e.g.,

0,0 0 0
O = 0(10,0)@ + 0(20,0)@7

0 1) 0 d 0 50
W' |U = v(lo)dz ®8 T —i—v(o 1)dz ®8 T (10)dz ®8 5 +v(2071)d22®@,
0,2 0 _ _ d
W )|U = U(1 1)(dz AdZ%) ® E + v%lvl)(dzl Adz%) ® 9.2

In formula (2)
w(()l’k_l) = > hZLMdz ®dzM ®d2 ® 95
i?j? L’ M7
Ll =1,|M|=k—1
e.g.
wi Py =

(h%(l,o)(o,o)dzl+h%(0,1)(0,0)dz2) ®ds' ® %"‘(héu,o)(o,o)dzl‘f'h%(o,n(o,o)dZZ) ®da? ® 3%1
‘*’(hf(l,o)(o,o)dzl‘f'h?(o,l)(o,o)dZQ) ®dz' ® 3%24’(’13(1,0)(0,0)dzl"'hg(o,n(o,o)dZQ) ®da? ® %
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Wiy =

(hi(1,01,0)82 ®dZ" + ] (5 1)(1.0)d2°DdZ" + hi (1 0y(0.1)d2 ®AZ> + i (g 1)(0.1)d2°®dZ")Rd2'® 521
+(h31,0) (1,002 ®dZ" +h g 19(1,0)d2°®dE" + Ry 6)0.1yd2" @dZ® + hy (g 1y(0.1)d2°®AZ)@dZ°® 521
+(hY 1,0y (1,002 ®dZ" +13 (0 1)(1,0)d2°®dE" + hi(1 0)0.1yd2' @dZ® + h3 (g 1)(0.1)d2°RAZ?)@dz' @ 525
+(h§(1,0)(1,0)d21®d21 ‘~‘h%(o,1)(1,0)dﬁ’«'z®dz1 + hg(l,o)(o,l)dzl®d52 + hg(o,l)(0,1)d22®d52)®d22®a%

_ _ 0
w61’2)|U = (h}(ly())(lyl)dzl + hi(oyl)(l’l)dZZ) ® (le N dzz) ® le ® ﬁ
0
+(ha,0y1,1yd%" ® +hao1y1,1)d2%) ® (d2' A dZ%) ® d2® ® P
_ _ 0
+(h%(1,0)(1,1)d21 + h%(o,l)(l,l)d'Z?) & (dzl A dzz) ® dz' ® 922
0
+(h5,0y1,1yd2" + Pa0,1y1,1yd2”) ® (d2' A dZ°) @ d2° ® 7.2
is a 1-form of type (1, 1), with values trace-less endomorphisms of T satisfying?
, ) P .
Z h;LMdZL A\ dZJ = 0, Z @ _‘ h;-LMdZL = 0, (3)
J,L i,L
ie.,

1:1727 OSIM’§2

9 i i
Z pye (102" + R0 1)a0d2%) = B oyar + Poo.yar = 0, (5)

j=12 0<|M|<2.
So from 3 it follows that

hyaor + Mo =0, Bjaon + Mo =0, (6)
i,j €{1,2}, 0<[M|<L2,

2 9

ox?

_| denotes inner product with the vector field

0
ox?
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and consequently that

wi Py =
(hi(l,o)(o,o)dz1 + h}(O,l)(O,O)d’Z2) ®dz' ® 3%1 - (hi(l,o)(o,o)d"v'1 + h}(o,l)(o,o)dzz) ®dz* ® 3%1
_(hi(l,o)(o,o)dz1 + h}(O,l)(O,O)dZ2) ®dz' ® ,9%2 + (hi(l,o)(o,o)dz1 + h}(O,l)(O,O)d’Z2) ®dz* ® ,9%2
= (h1(1,0)(0,0082" + hi(0.1)(0,0)87%) ® (dz' ® For —d2® ® 527 — d2' ® 3255 + d2° ® 32%)
= (hi(l,o)(o,o)dzl + hi(o,l)(o,o)dZQ) ® (dzl - dZQ) ® 3(21 - (dzl - dZQ) ® @22
= (h1(1,0)(0,0 92" + hio1)(0,0)d2%) ® (dz" — d2*) ® (5T — 5%)

W(()l’1>|U = (h}(lyom,o)dzl ® d21+h1(0’1>(1’0)dz2 ®ds' + hi<1,0)(0,1)dzl % d5?
+hiy0,1)d%° ® d2%) ® d2' © 52
+(h§<1,0)<1,0)d21 ® dzl+h%(071)(170>dzz @ ds! + h%u,())(o,l)dzl -
+hi01)0.1)d2° ® d2°) @ d2* ® 221
+(ha0a,0dz" @ A2 +hT 00 0.0d7° ® d2' + ki 000 dz" © d2°
83 0,1y(01)02° ® d2°) ® dz' ® 525
+H(h3,01,082" @ dZ' +h30.1) 1,047 ® dZ' + h3(1,0)0,1)d7" © d2°
Jrhg(o,l)(o,l)dz2 X d22) ®Rdz?>® %

- (h}(l’o)(l‘o)d21 ®dz' + hhoyl)(l,O)dzz ®dz' + }“‘}(1,0)(0,1)d'Zl ® dz?

+hio1y0,1)d7° © dz°) ® (dz" — d2*) ® (5 — 52)

Wiy =

(h}(l,o)(l,l)dzl + h}(o,l)(l,l)dZQ) ® (dz' Adz*) @ dz' © %
_(h%(l,o)(l,l)dzl + h%(o,l)(l,l)dZQ) ® (dz' AdZ*) ®d2* ® ,9%1
"’(’7«?(1,0)(1,1)5121 + h?(o,l)(l,l)d‘zz) ® (dz' AdZ*) @ dz' ® ,9%2
—(ha.oands" + hignands®) ® (dz2' Adz*) @ d2° @ 52
= (Maoands' +hignands?) ® (dz' Ad2*) @ dz' @ 3¢
)
)
%)

(dz* NdZ?) ® d2* ® ¢

~(hi.0y1.1)d2" + hio1)(1.1)d%” 51

®
—(haoandz" +hienands®) @ (d2' Adz*) @ dz' @ 52
+Hhioa,nd2' + hieaya,de®) ® (d2' N d2*) @ d2* © 5l

= (hi(l,o)(l,l)dzl + h%(o,l)(1,1)d22)
O N ) & (121 @ gl — d5° @ g — 21 oy + 20 )
(h%(l,o)(l,l)dzl + h%(o,l)(1,1)d22) & (dil A d22) & (dzl - dZQ) & (3(21 - aiz)
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For 2 <k <4,

w?’k_z)‘U = Z ijdzj @dz! Ad2? @ dzM
§,M,| M|=k—2

is a differential k-form of type (2, k — 2) with values in ((TM*)*)(10),

The space of projective differential forms on M?* is denoted ;. When
one puts in evidence the grading of L, or the degrees of its differential
forms, or their (complex, anti-complex) types, €7 admits several splittings:

4 4k
k i k—i
Op =0, &0, 00, =3 o) =3y o,
k=0 k=0i=0
A complex projective vector field v (infinitesimal complex projective trans-
formation) on a locally projective complex manifold M* is a field whose
local expression in projective coordinates in U(z!, 2?) is of the form
22 2 9
_ 7 i.r 7 r
vly = z(a —i—ZaTz +z Zarz )@ )
=1 r=1 r=1
where (o, aé, «;) are 8 arbitrary constants. We call them projective Killing
vector fields and denote Kpypyoj(M?) the sheaf of germs of holomorphic pro-
jective Killing vector fields.
. ~(07k“) ~(17k‘) 3 . 3 (ka)
The operator 7 : ;7" — Q) ™ is locally defined as follows: given w>;",
express it in local coordinates U(z', 2?) with

0.k e
w(,l )\U = Z vhdz! ®
i g J|=k

0
0z%

= .

Consider then the ”trace-less 0-hessian” of the associated vectorial form
with components

o = OO Oy 85 0% (7)
Jik T 9202k 3 — 02%02F 3 4~ 0250277
and define a local (1, k)-form with values in End’T using
=) (m); ®d @ aii’ (mv)i =Y vl pdF @dz’. (8)
i,j k,J

Proposition 1. Local (1,k)— forms defined through the formulae (7)
and (8) with respect to all projective coordinate charts match together into

an element of Q(Llo’k), denoted by mw_1(0,k). In other words, (8) is the local
expression of Tw.
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Operator T : Qf{)’m) — ng’m) is locally defined as follows. Express first an

element w{®™ in local projective coordinates as

. . 9
wy o=k @dd @ 55 =h
i,J

and define a local (1, m)-form with values in End’T through

i 0 i i Lo 9 s
Th—izj('fh)j®dz’®82i, (Th); = Ohj — 5dz A;%_\ahj. (9)
Proposition 2. The matriz-form ((Th);) , locally defined by (9), is in-

b )

dependent of the projective coordinate chart, and defines an element on(LlOm

denoted as Twéo’m).

Operator 0 o div : Q(Llom) — Q(Lzlm) is locally defined as follows. Again,

express first an element w™) in local projective coordinates as

w(()l,m)’U — Zh; ® de ® i h,

— 0zt
27‘7

where h;- are differential forms of type (n — 1, m), and define a local (n, m)-
form with values in 7™ using

. : ; : 0 s
do dlvh:%:(ﬁo divh); ® d2?, (0o divh); =0 (%:W_ahj> :

Proposition 3. The previous differential form is the local expression of
an element of ng) denoted (0 o div)(w(()lym))'

We define now the morphisms Dy which appear in sequence (1) as fol-
lows:

~(Ok) det | O+m, 0<k<?2
Dk,’|QL_1 - { T, k:2,

) d+0div, p=1, 0<k—p<2;
Dy QPF P L g, p=2 0<k—-p<2
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From previous definitions it follows that

(O+m)®0, k=0;

def | O+m) @ (0+0div), k=1;
T ) r®(0+0div)®0o, k=2;
adiv @0, k=3;

0, k=4

Theorem 1. Let (M*,P), be a locally projective two dimensional com-
plex manifold, and thmj(M‘l) be the sheaf of germs of holomorphic projec-
tive vector fields. The fine resolution of the sheaf throj(M4,73) is of the
form (1), where operators Dy, are defined by equation (10). The following
sequence of sheaves and homomorphisms is the fine resolution of the sheaf
Kpproj(M*,P) : Forn = 2,

0 Kngros (M%) - T(ar") 27, 00 g groy 2r00020dw)

r®(d+0div)ed adived

60D & 810 & A 619 & 0fE0 a2 L0

0

In order to more obviously represent ”rules” of how operators in given
resolutions look like we are giving another ”representation” of resolutions
on two dimensional manifold:

0
!
Khproj(M*)
!
(M)

~(0,1 ~ (1,0
oy ® Qg
~(0,2 ~(1,1 ~(2,0
o @ QY ® 2
™\ 0/ \, 0div /0

~(1,2 ~(2,1
af? o Qv
adiv \, /
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It is not difficult to prove the following lemmas.

Lemma 1. Projective differential (2,i)-forms, 0 < i < 2 satisfying con-
ditions (8) on M* are identically equal to zero.

The next three lemmas assertions are needed in the proof of previous
theorem:

Lemma 2. With appropriate domains of operators the following equal-
ities hold:

(i) Or = —70; (ii) OY =-"0; (isi) 0(ddiv) = —(0div)o;
where Ker denotes the kernel.

Lemma 3. With appropriate domains of operators the following equal-
ities hold:

(1) Im7m = Ker (ddiv); (i7) Im(ddiv) = Q(LQ,k);

where Im denotes the image and index i,j and k depend on the domain of
ddiv.

For the proof of this lemma we refer to [13]. Actually, we consider here
smooth vector fields and use the Dolbeault lemma 3 while in [13] is used the
Poincare lemma.

Lemma 4. With appropriate domains of operators the following equal-
ities hold:
Ker (Or) = {S+T|S € Kerd, T € Kerr}.

Lemma 5. Dy 10D, =0, 0<k <4.

3Generalization of the Dolbeault lemma is (see [7]): If on a neighborhood U C C™ of
20 C* (p, q)—form ¢, g > 1 satisfies p = 0, then there exists C*° (p,q—1)- form YT on W
with z9 € W C U (W open) such that ¢ = Y on W. ;From this Lemma it follows that
the same statement holds not just for the operator 9, but also for @ : If on a neighborhood
U C C" of z0 C* (p,q)—form ¢, p > 1 satisfies dp = 0, then there exists C*° (p — 1,q)
-form YT on W with zo € W C U (W open) such that ¢ = T on W. In the sequel we will
use the second version of the Dolbeault lemma.
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Lemma 5 can be proved using lemmas 2 and 3:

O+ 7m0+ 0nr+9divr =0, p=0, k=0;

_ _ 0 0
7r8+87r+8d;v7r:0, p=0,k=1;
__0 _0_

~ (pk—p) 00+ 0divo+00div =0, p=1, k=1,

Dyy10 Dy [QF 7 = 0
ddiver = 0, p=0, k=2
0

ddivo + 00div =0, p=1,k=2;
L 0
00 =0, p=2,k=2;

Since from the definition of operator Dy it follows that Ker Dy = Kppro; (M 4
proof of Theorem 1 consists of the proofs of

ImDi 1 =KerDg, 1<k<2n.

JFrom lemma 5 it follows that ImDy_1 C Ker Dy, 1<k < 2n, so it is
enough to prove that

ImDy_1 D KerDy,, 1<k<4. (11)

The proofs of (11) for various k, 1 < k < 4 can be grouped so that
calculations involved in them have some parts in common. We have done it
in the following way:

We will prove the exactness of the sequence of sheaves and homomor-
phisms for n = 2. It will follow from the proof of (11) for k = 1,2, 3, 4.

1. Proofof (11) fork = 1,e.g. Im (0 +7) 2 Ker ((0+m) @ (0 + ddiv)) :
Let A% € QY. 410 € 089 and (9 + ) @ (9 + 9 div))(A%, A0) =

(0,0,0), i.e.
A" = o,
TA% 49410 = 0,
(8div)(A'")

By lemma 3 from 9 div A = 0 it follows that there exists a smooth
vector field vy such that 7(v;) = A, By the Dolbeault lemma, from
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0AN = 0, it follows that there exists a smooth vector field vy such
that Qv = A%, We have

0 = 0AY 474"
57w1 + 7T5v2

87TU1 — 87“)2

= On(vy — v2)

By lemma 4 we have that v; —vy =S+ 7T, S € Kerd,T € Kerm. Let
vy =v1 — T and v4 = vy + S. Then vz = vy,

vy =m(vy — 1) —qvy —7T = AV —0= A"
and B B B )
Ovy = O(vy + S) = vy + S = A% +0 = A",

Vector field vz (v3 = v4) is such that fulfills (0 + 7)(v3) = (A%, A0).
Therefore the sequence

o+m  ~ ~ (O+med+adiv) .
z(t) =5 0 e 0f0 T ol

0

is exact.

. Proof of (11) for k = 2, e.g. Im ((0+ 7) @ (0 + 0div)) 2 Ker (7 @

(0+ 0div) @ 9) :
Let (A9, A, A%0) € Ker (n (9+8div) @) ¢ 7 0 QhV 0 0P
Then
TA” 1941 = o, (12)
ddiv A" 49420 = 0. (13)

We should find (B, B1) € Qg)’ll) ® Q(Llo’o) that satisfies

(0 +m) & (04 0div)) (B, B'?) = (A%, A", 4%),
i.e., the solution of the following system of equations:
HBO — A% (
7BY 4+ 5B — A, (
ddiv B0 = A%, (1

— =
S Ot
S—" N~
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Since operator ddiv is surjective (lemma 3 (iii)), there exists B0 €
Qg(;o) such that
0div B = A%.
By the Dolbeault lemma and 0A%2 = 0 it follows that there exists
B ¢ Q(Lolll) such that
JBO — 202

System (14), (16) has solution (B, B'0), but that is not necessarily
the solution of equation (15).
Let

A = B 4 5B,

If A" = AY then (B, B'%) = (B, B'%) is the solution of system
(14), (15), (16).
If A1 £ A™ then (B, B'0) is not the solution of equation (15). We

will find a projective matrix form C € Q(Llo’o) such that 0C = A1 — AN
and ddivC = 0. With this, we have

5301 — AO2
IC+ By +7B" = 9C +9BY 1A = A
-~ —
All_ A11 All
ddiv(C + B = 9divC+9divB!Y = A%
0 A20

and (B, B10) = (B!, C 4 B™) is the solution of system (14), (15)
and (16).

Proof of existence of C € Q(Llo’o) such that 9C = Al — Al and
0divC =0

Since

H(AM — Ay = AN §(HAL + nA)
—7 A" — 97 AM
<~
—md
— —7TA02 + 7'('1402
0,
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by the Dolbeault lemma it follows that there exists C' & QS—}O’O) such

that )
oC = A — AN £ 0. (17)

Since

ddiv (AM — AN = 9divAY —9div (9B + 7X)
N—_——

—HA20
= —9A% — 9divd B — 9divr XN
—dadiv 0
= —0A™ 1+ 99divBY (18)
==

= 0

and 8 div (A1 — A1) = §divdC = —dd div C it follows that 99 div C' =
0. Therefore coefficients of ddivC € Q%O) do not depend on z!,z2.
So ddivC # 0 implies that the coefficients of C' do not depend on
z!, 22 because the operator ddiv acts only on variables z!, z2. There-
fore 9C = 0 and this is in contradiction with (17). So it follows that
0divC = 0.

By this it is proved that the sequence

r®(8+0div)ed

- - (o+m@d+adiv) . - - - -
(0,1) (1,0) (0,2) (1,1) (2,0) (1,2) (2,1)
QL_1 69QLO i’ QL_1 EBQLO @QLl QLO @QLl

is exact.

. Proof of (11) for k = 3, e.g. Im (7®(0+09div)®09) D Ker (0 div ®J) :

Let (A2, A%1) € Ker (0div @ 0). Then
ddiv A2 +9A4* =0 (19)

We should find (B2, B!, B?0) ¢ Q(Loi) & Q(Ll’l) & Q(gl’o) so that

0
(r @ (0 + 0div) @ 9)(B*?, B, B) = (A2, 4%1),
i.e., the solution of the following system of equations:

7B + 9BY = A2 (20)
ddiv B! +9B* = A% (21)
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Lets take any B%? e QE—JOi) and define M as M = A'2 — 7B"2. Since

M € Q(LIO’Q) it follows that OM = 0 and by the Dolbeault lemma we
have that there exists B! € ng’l) such that 9B = M = A2 — 7 B2,

Let N = A% — 9div B!'. Then

ON = 0A* —00divB"
—9div A% + 9 divoB!
—ddiv (7B* + dB'") + 9 div OB
= —9divrB"2 =0
0

and therefore by the Dolbeault lemma we have that there exists B2 e
Q(Ii’o) such that B2 = N.

System (20), (21) has solution (B2, B, B20).

By this it is proved that the sequence

r®(6+0div)®d

adived -
(2,2)
= QL1

0P el o QR0 0 SR o)
is exact.

4. Proof of (11) for k = 4, e.g. We should prove that Im (9div @ 9) =
~(2,2)
Q@)
Let (A%?) € Q(LZ1’2). We should find (B%2, B%1) € Q(LlO’Q) EBQ(L21’1) so that

(0div @ 0)(B"?, B>!) = A%?]

i.e., the solution of the equation:

ddiv BM? + 9B*! = A%2, (22)

Since 9A%? = 0 by the Dolbeault lemma we have that there exists
B*! ¢ Q(Lzl’l) such that 0B%! = A22, Therefore (0, B>!) is the solution
of equation (22) and the following sequence is exact

~ ~ odived
Ol o 0L 0% o,

By this the proof of the main Theorem 1 is finished.
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P 1o o f of Lemma 4 for two dimensional complex manifold M*:
Let K; be the set of the functions of the form
2

ol = Cl —|' Z Zj + z ZQS(E)ZS (2 = (21’22))7

s=1

where a'(2), a ]( zZ), as(‘) are smooth functions of z and 1 <4,j,s < 2. In
general, smooth functions f with df = 0 are called antiholomorphic ones.
Let KC; be the set of the (0, l)fforms of the form

2

+Za 2)20 + 2 Zas(é)zs7

s=1

where a'(2),a ]( Z),as(Z) are (0,1)7f0rms whose coeflicients are antiholomor-
phic functions.

We will use the fact that Kerm = {ail + b%] a€ Ki,be Ky} (From

0 0
the definition of the operator 7 it follows that Ker7 = {a T+ b—] a€
]Cl, be ICQ} - - - -
Since by lemma 2 dr = —7d, it follows that Kerdr = Ker7d. Let v €
2
_ s - 0
~ 4 _ _
Kermo C X (M*?), wv —;vlﬁ. Then 0 = 70(v) <;8v ® 8z1>
and therefore
o' 5 0 1< i<9
7 - | = .
< 921" 7 Bz ==
_ . ~ ) i o 7
Since ov* € K;, 1 <11 < 2 it follows that %’ 5’727)2 ek, 1<i<2.
z17 0z
Therefore they can be written in the following way
8vi . _ ,
951 +Za )20 + 2 Zas Z=a" 1<i<2, o ek,
%—bz‘jLZbZ e Zb g, 1<i<?2, Bek;
552 = (2) 4j )2 + 2 )2 = <i<2, i
J
(23)
(From (23), for i = 1, it follows that
v —/ ol dz' + f1(Z2,2),
(24)

v —/ 8Lz + fo(2, ),
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where fi, resp., fo, resp. are smooth functions of variables z!, 2%, 22, resp.,

21,z 22 resp., considered as independent variables. Integrals in (24) are

elements of ;1 so
vl =my + f1(Z2,2) = ma + fo(Zh, 2), m1,ma € K. (25)

We have
2 ' 2
f1(22, z) — fg(il, z) =mg—my = tl(i) + Zt}(i)z] + 2t ZtS(Z)z
j=1 s=1

We shall prove that (26) implies
t'(z2) =p'(z") — ¢"(z%), tj(2) =pj(z") —qj(z), 1 <j <2,

ts(2) = ps(2') — qs(2%), 1 < s <2, 2z = (24, 2?), (27)
where on the right hand side appear appropriate antiholomorphic functions.

d 0
Applying 5,1 and then — on both sides of (26), we obtain that

0z
ts(2) = (;jl(fzs(f(z?,z) —g(z4,2)), 1 < s <3. (28)
This gives
2,0 0
fE R -2 -2 Y2 g p s (19 -0 0) - @9)
)
=t'(2) + ) _tj(2)7
=

Now apply % on both sides of (29). This implies (1 < j < 3)

th(z) = ;J (A1)~ fa(z,2) 122 8zlazs(f1(z 2)=Fa(2",2))),(30)

s=1

t'(2) = 12 2) - (2, 2)- 1Zka%&AﬁW&%h@&D (31)

209 2.0 0
_Z?(h('z 2)—fa(Z',2) 8222 91 9.0

7j=1

(1 (2 2)=f2(2",2)
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We have (1 < j,s < 2)

t'(z) = FY 3% 2) - FY(3',2),
ts(Z) = Fs(zz,z)—ﬁ}(zl,z),
ti(2) = F;j(2%2) - F}(z',2),

where Fy, Fy F1, F! and Fjl, Fjl are smooth functions on the left side of (28),
(30) and (31), of variables considered as independent ones.
This implies

FYZ2,2) — FY(Z', 2) = FY(Z2, 20) — FY (24, 20) = p*(Z}) — ¢4 (7?),
Fy(22,2) — Fy(Z', 2) = Fy(Z2, 20) — Fo(Z', 20) = ps(ZY) — qs(Z%),  (32)
F}(2%,2) — F} (2, 2) = F} (2%, 20) — F} (2", 20) = pj(2") — ¢j (%),
1<j,5<2.

This proves (27).
Decomposition (27) and (26) imply

2
h(E2) = fazh2) = p'(E) - (&) + X _(j(2) — ()2 +
j=1
2
21 Z(ps(zl) - QS<22)Z5) - m2(217 Z) - ’rNrLl(ZZ, z),
s=1

where mq,ms € K.
Equation (33) implies f1(22,2) + m1(22,2) = A1(2). It follows that A;
does not depend on z2. This gives fi(z2,2) = A1(z) —m(z2, 2) € Ker0+K;.
This completes the proof of lemma 4 for two dimensional complex man-
ifold.

Acknowledgements. The author is grateful to Professor Theodor
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