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APPROXIMATION OF FUNCTION f(z,y) BELONGING TO
GENERALIZED LIPSCHITZ CLASS BY (N, pm,q,) METHOD OF
THE DOUBLE FOURIER SERIES

(COMMUNICATED BY HUSEYIN BOR)

SHYAM LAL AND ABHISHEK MISHRA

ABSTRACT. In this paper, a new estimate for the degree of approximation
of a function f(z,y) belonging to generalized Lipschitz class Lip(§1,£2) by
(N, pm, gn) summability method of its double Fourier series has been deter-
mined.

1. INTRODUCTION

Alexits [I] proved:
Theorem A If periodic function f € Lipa, 0 < a < 1, then its degree of approzi-
mation by (C,8)-means ol (f) of its Fourier series is

Hf—Ug(f)chO(nla) for 0<a<d<l1

and
Inn

Hf_gi(f)HC:O( ) for 0<a<di<l1.

nOé

Generalizing the result of Alexits [I], the degree of approximation by Voronoi-
Nérlund means of a single variable function f € Lipa is estimated by Siddiqi [10],
Chandra [3] and Qureshi [8]. The similar problems, in particular, for one variable
functions, are considered by Dzjadyk [2], Korneichuk [7], Stepantes [14],[I3] and
others. Working in slight different direction for function of two and several variables,
Stepantes [12], P.V. Zaderei, N. M. Zaderei and others ( see also [2], [I4] ) discussed
the degree of approximation for the class of functions that are defined by using the
Lipschitz condition and indicated the procedure to get estimates for two variables
functions from corresponding estimates for one variable functions. As regards the
first arithmetic means of Fourier series in the one-dimensional case, Yoshimitsu [6]
generalized Theorem A in the two-dimensional case as follows:
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Theorem B If a continuous function f(x,y) of period 2w with respect to each x
and y belongs to Lip(«a, ), where 0 < a < 1 and 0 < 8 < 1, then

O (@) — fla,y)| = O (m™ +nF)

uniformly in (z,y) as m and n tend to infinity independently of each other. If
a=p=1, then

|om.n(z,y) — flz,y)| = O(m_1 logm +n~*log n)

uniformly in (x,y) as m and n tend to infinity independently of each other.

Motivated by such results, in this paper, a new estimate for the degree of approx-
imation a function f(z,y) belonging to the class Lip(&1,&2) by (N, pm, ¢») method
of the double Fourier series has been determined.

2. DEFINITIONS AND NOTATIONS

Let f(z,y) be a Lebesgue integrable function of period 27 with respect to each
variable z and y and summable in the fundamental square @ : (—m,7) X (—7, 7).
The double Fourier series of f(z,y) is given by

oo oo

flz,y) ~ Z Z Amn [Gm.,n COSMT COSTY + by, SID T COS Y

m=0n=0

(2.1)
+Cm,n COSMT sinny + dm,n sin mx cos ny]
with (m,n)t" partial sums s, ,(f; (,y)) where

1/4, form=n=0
Amn = 1/2, form >0, n=0and m =0, n>0
1 , form>0, n>0.

w2 // f(z,y) cosma cos nydxdy
Q

Am,n

and similar expressions for by, r, Cm,n and dum, p.
Let p., and ¢, be two sequence of real constants and let

m
Prn=po+pi+p2ttpm=» pj#0, Pri=p1=0, po>0

=0
and
Qn=q+a+@+ +a= a#0, Q1=q1=0, g >0.
k=0
The double series Z Z Um,n, With the sequence of the partial sum
m=0n=0

m n
Sm,n = § E Uy,

pn=0rv=0

is said to be summable by double Norlund method or summable (N, py,, g,) if t%\{ )

tends to a limit s as m — oo, n — oo where the (N, py,, ¢,) mean t%\’,{ is defined
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1 m n
N
tm,r)z = P,.0n Z mefManusu,u

pn=0rv=0

1 m n
= P Q Z Zp/LQVSm—/L,n—y-
min

pn=0rv=0

The necessary and sufficient condition for the regularity of (N, py,, ¢,) method
of summability are
Pmdn = O(Pan)

and
m

S puty = O(1Pnl|@ul), as (m,n) — oo
pn=0rv=0
There are two important particular cases of (N, p,, ¢,,) summability method:
(1) (C,1,1) summability [] if p,, =1 Vm and ¢, =1 Vn.

(2) (C,61,02) summability if p,, = (m;rl‘s_ll_l), 01 > 0and g, = ("}'263;1), 09 > 0.

A function f : R? — R of two variables  and y is said to belong to Lip(c, 3) class
[6] if
f+uy+v)— f(zy) =0(u*+v]’), 0<a<1, 0<B<1.
flz,y) € Lip(&1,&) class if
fl@+uy+v) = flz,y) =0 (&) + &)

If & (u) = u® and &(v) =08 , 0 < a <1, 0 < B < 1then Lip(&;, &) class coincides
to Lip(a, B) class.
If capital order ‘O’ is replaced by little ‘0’ in the above definition then f(z,y) is
said to belong to lip(«, 8) and lip(&1, &2).

The degree of approximation of a function f : R?> — R by a trigonometric
polynomial
tmn(T,y) = Z Z Am,n @k cos ma cos ny + bj i, sinma cos ny
§=0 k=0

+c; k cosmz sinny + d; x sin mx cos ny|

of order (m + n) is defined by

||tm7n - f”oo = sup{|tm7n(x,y) - f(xay)| Ty € R} .

We write,
Apr, = pr—prs1, k>0,
o(u,v) = (/D (x+u,y+v)+ flz+u,y—v)
+f(x—wy+v)+ flz —uy—v)—4f(z,y)]
1 & sin(m—j+3)u
(N) _ 2
My (w) 2P, j;opm sin § ’

n—k—i—%)v

1 < sin(
(N) _
K (W) 21Q, kz::() n sin §
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3. STATEMENT OF THE RESULT

The purpose of present paper is to extend Theorem B to establish a new esti-
mate for the degree of approximation of a function f(z,y) € Lip(&1,&2) class by
(N, P, gn) summability method of its double Fourier series in the following form:
Theorem Let (N, p,, ¢,) be a regular double Norlund method defined by positive
sequences {p,} and {g,} such that

m—1 Pm
;0 |Ap;| = O <m+1> (m+ 1)pm = O(Pp). (3.1)
> aal = 0(+245). (e va, = 0@ 2)

k=0
If f(x,y) is a 27 periodic function with respect to each variable = and y, Lebesgue
integrable in (—m,7) x (—m,7) and belongs to Lip(&1,&2) class then the degree of
approximation of f(x,y) by (N, pm,qn) summability means

Z ZpJQkSm —7n—k

=0 k=0

v

= an

of double Fourier series satisfies
Ht%v,)l — fHoo =0 (51 (ﬁ) log(m + 1)m + & (ﬁ) log(n + 1)7r)

form=20,1,2,... ;n=0,1,2, ...

provided that & and & are positive monotonic non-decreasing functions such that

<51(u)> , <£2v(v)) are monotonic decreasing (3.3)

u

and &; (m+1) log(m + 1) — 0 as m — 00, & (nH)log(nJrl)W% 0 as n — oc.

4. LEMMAS
For the proof of our theorem, following lemmas are required:

Lemma 4.1. The estimates

M7(nN)(u) = Om+1) for0<u<(m+1)""!
and KM (v) = Om+1), for0<v<(n+1)7"

hold true.

Proof. For 0 < u < 1/(m+ 1), sinmu < mu and Jordan’s lemma, we have

1 & sin(m—j+31)u
‘anN)(u)’ - 27 P, me ( sin § 2)
_J+ )
< 27TP me
(m—|—1)
< 2P, Pm
7=0
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Similarly, K™ (v) = O(n + 1), for 0 < v < (n+ 1)~
Lemma 4.2. The estimates

MM () = O<(1>,f0r(m+1)_1<u<7r

m+ 1)u?
and K;N)("U) = O <(’[’L—‘,—11)’02> fOT’ (Tl —+ 1)71 <v S s

hold true.

Proof. For (m + 1)7! < u < 7, using Jordan’s lemma and Abel’s lemma, we
get

2n P, sin %
]:

1 & sinm—j+LHu
‘My(nN)(U)‘ _ ij—2
=0

[

1 e I sin (m —v+ l) U
21 Py, Z ;= pi-1) Z;J sin & )
7=0 v=

IN

"sin(m—j+3)u

3 u
sin 5
=0 2

_Hpm‘

1
2n P,

zj:sin(m—u—i—%)u

in &
Sln2

IN

m—1
A .
ZO\ pil + [Pml Jax

m—1
1

1
Api| + 1pm] $ [ ——

IN

1 P,

()

Similarly, KV (v) = O (

m), for(n+1)"' <v <7

Lemma 4.3. If f(z,y) € Lip(&1,&2) then ¢(x,y) € Lip(&1, &) and

[6(2,y)| = O(&1(u) + &2(v)).
Proof. Clearly,

lo(z +u,y +0v) — d(z,y)] < |fE+z+uv,w+y+v)—(E+x,w+y)
+ft—z—uwwt+y+v) = ft —z,w+y)|
+ft+z+uw—y—v)— ft+z,w—y)|
+ft—z—uw—y—v)— ft —z,w—y)|
= O(&i(u) + &2(v)).
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Then f(fE, y) € sz(£17£2) = d)(ZE, y) € sz(£17§2)

By = 1wy o)+ f oy =)+ =y o)
=y — ) = 4f (@)

< 107 +uy+o) — FE )|+ 1wy — o)~ )
@ = ) = )| + 1@ = uy =) = )]

= 06w + &) + 06 () + &)
06+ &(0)) + O (W) + &)

= 061(u) + &),

5. PROOF OF THEOREM

(4, k)" partial sum of the double Fourier series (2.1) is given by

1 smy—i— Dyusin(k + L)v
sik(fi(z,y)) — 7//925 ( U2) dudv.
0 0

472 sin g sin §

Denoting (N, pm, ¢n) transform of s; 1 (f; (x,y)) by t%\g(w, y), we get

Zzmen Sm—j,n— k(f; (xvy))_f(xvy))

j=o0 k=0

sin(m — j + Husin(n — k + L)v
Q Zzmen{4 2//¢) ~2)u . (v 2) dudv p .

an

S 5 SIN 5
j=0 k=0 2 2

to(z,y) — f(x,y)
- sin(m — j + F)usin(n — k + 3)v

471'2Pan //¢ Y Z sin 4 sin g

Jj=0 k=0

dudv

=//WMWW®MMW@MM
00
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Using Lemma [£.1] and Lemma [£.3] we have

|11

0
= O|(m+1)(n+1)
s [ e
ol L & ()
= (m+1)(n+1) /51(u)du+ ——] /dv
i 0 0
_ O_(m+1)(n+1) gl(”‘“) + 52("%& )]

1
m+1

o(u, U)M&N) (u)K,(LN) (v)dudv

O\‘i"“

(m+1n+1) (m+1)(n+1)

- oo () -5 ()

By Lemma Lemma [4.2] and Lemma we observe that

| 12|

—

-

‘“\:

(m+1)
(51(”)+§2(U))Wd d”]

3
+
o

Q
o\i

51

/ 520(2” ) dudv) ]

3|3
+1+
[l =
N———

@)
IAII/—\
3|3

+|+
N
\

+(n+1)¢ (nil) / idudv)] by condition (3.3)

(m . 1) ((" L (mTJ " S (m) log(n + 1)”)]

n+1 (m+1) (m+1)

ofe (i) ve (i

O\s

0

) log(n + 1)7r> (5.3)
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Similarly,

e

(n+1)

———dud
(m+1)u? uaw

(51( ) +&(v))

Ll = o /

1

_ (51( ! >log(m+1)7r+§2 (L)) (5.4)

Also, using Lemma [4.2) and Lemma [4.3] we get

1
s = //£1+£2 +1)u2<n+1) 5 dudv

n+1 n+1

= 0 <§1 (mi) log(m + 1)7 + & ( i ) log(n + 1) ) (5.5)

Combining equations (5.1]) to , we have
1
Ht fH =0 <§1 <+1> log(m + 1)m + & ( T ) log(n + 1)m )

This completes the proof of the main Theorem.

o

6. COROLLARIES

Following corollaries can be derived from the main theorem:

Corollary 6.1. If p,, = 1Vj and g, = 1Vk, then the degree of apprommatzon of

1
f(z,y) € Lip(&1,&2) by (C,1,1) means tsg% = m Z Z sk of double
=1k=1

Fourier series is given by

”t;g;_f“w:()(gl (m+> 1og(m+1)7r+§z< Jlr >log(n+ 1) )

form=0,1,2,... ;n=0,1,2,... .
Corollary 6.2. If we take & (u) = @ foro<y<a<l 0<u<mand
&(v) = ﬁ, for0 < d < B <1,0<wv<m, then the estimate of the main
og T

theorem becomes

2 1 =0 (st Y o (s e ).

Corollary 6.3. If f(x,y) is a 27 periodic function with respect to each variable x

and y, Lebesgue integrable in (—m, ) x (—m,7) and belongs to Lip(c, B) class then

the degree of approximation of f(x,y) by (N,pm,qn) summability means t%\]% of

double Fourier series , such that conditions and holds, satisfies

O(m+1)"+(n+1)%) 0<a<l, 0<pB<1
) O ((m+ 1) “’g;"ﬁ))”) L, 0<a<l1, =1
Ht fHoo: O (f8niIT 4 (n 1)~ ) . a=10<B8<1

log(m+41)7 log(n+1)m
0 g(§n+1)) + g(gz-&-l)) ) ) a=p=1
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Corollary 6.4. If f(x,y) is a 27 periodic function with respect to each variable x

and y, Lebesgue integrable in (—m, ) x (—7, ) and is belonging to Lip(a, 5), 0 <

a <1 0< B <1, class then the degree of approzimation of f(x,y) by (C,1,1)
1 m n

m;kzﬂsﬁk of double Fourier series

summability means tﬁg% =
, satisfies

O(m+1)"+(n+1)77) 0<a<l, 0<pf<1
0 (m+1)*a+w) L 0<a<1, 8=1

5-4]. -
mn ~ 1O %Hvﬁl)*ﬁ , a=1,0<pB<1
0O logézaj-ll))w + logégln:-ll))w) ’ o= 6 -1

form=0,1,2,... ;n=0,1,2,... .
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