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ON (¢)-TRANS-SASAKIAN MANIFOLDS

(COMMUNICATED BY UDAY CHAND DE)

RAJENDRA PRASAD! AND JAI PRAKASH?

ABSTRACT. In this paper we study (€)—trans-Sasakian manifolds and show
their existence by an example. Some basic results regarding to such manifolds
have been obtained in this context. Conformally flat and quasi-conformally flat
(€)—trans-Sasakian manifolds are also studied. It is proved that in a confor-
mally flat (¢) —trans-Sasakian manifold, £ is an eigen vector of Ricci operator Q.
We also obtain some expressions, lemmas and theorems for (¢)—trans-Sasakian
manifolds. Amang the lemmas of section 3, it is proved that Conformally flat
and quasi-conformally flat (¢)—trans-Sasakian manifolds are n—Einstein.

1. INTRODUCTION

It is well known that the intrinsic properties of a manifold depends on the na-
ture of metric defined on it and the geometric properties of the manifold does not
depend on the choice of local co-ordinates defined on it.In Riemannian geometry,we
study manifolds with metric which is positive definite.Since manifolds with indefi-
nite metric have significant use in Physics, it is interesting to study such manifolds
equipped with different structures.In [1], A.Benjancu and K.L. Duggal introduced
the notion of (€)-Sasakian manifolds with indefinite metric. In [20], Xu Xufeng and
Chao Xixaoli proved that (e)-Sasakian manifold is a hypersurface of an indifinite
Kahlerian manifold. Further in [10] R. Kumar, R. Rani and R. Nagaich studied (e)-
Sasakian manifolds. Since Sasakian manifolds with indifinite metric play significant
role in Physics [9], so it is important to study them. Recently, in 2009, U.C. De and
Avijit Sarkar [5] introduced and studied the notion of (¢)-Kenmotsu manifolds with
indefinite metric. Oubina [13] studied a new class of almost contact metric man-
ifolds known as trans-Sasakian manifolds which generalizes both a—Sasakian and
[S—Kenmotsu manifolds. Sasakian, a—Sasakian, Kenmotsu, f—Kenmotsu mani-
folds are particular cases of trans-Sasakian manifolds of type («, 8).Nearly trans-
Sasakian manifolds was introduced by C.Gherghe [4]. In [15], Prasad, Shukla and
Tripathi have studied some special type of trans-Sasakian manifolds.
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A quasi-Conformal curvature tensor was introduced by Yano and Sawaki [21].
A (2n + 1)—dimensional Riemannian manifold (M, g) is quasi-Conformally flat if

C =0 ,where C is the quasi-Conformal curvature tensor, defined as

(1.1)

C(X.Y)Z = aR(X,Y)Z+blg(Y,Z2)QX — g(X,Z)QY + S(Y, Z)X — S(X, Z)Y]

r a
—m{% +2b}g(Y, Z)X — g(X, Z)Y]

where a, b are constants and R, S, Q and r are the Riemannian curvature tensor,
the Ricci-tensor, the Ricci operator and the scalar curvature tensor of the manifold
respectively. If a =1 and b = —Tl_l, then C' becomes a conformal curvature C,
given by

(1.2)

C(X,Y)Z = R(X,Y)Z- [9(Y, 2)QX — g(X, 2)QY — S(Y, Z)X + S(X, Z)Y]

(2n—1)
r
— gV, 2)X — g(X,2)Y
*on@n 1)[9( L Z)X — g9(X, Z)Y]
If M is conformally flat and of dimension 2n 4+ 1, n > 1 then C = 0 and we have
from (1.2)
(1.3)
1
RX,)Y)Z = m[Q(K 2)QX —9(X, 2)QY — S(Y,Z2)X + S(X, Z)Y]
r
—m[g(ya Z)X —g(X,2)Y]

for all vector fields X,Y, Z on M.

In this paper, we study (€)—trans-Sasakian manifolds with indefinite metric,
which appear as a natural generalization of both (¢)—Sasakian and (¢)—Kenmostsu
manifolds.This paper is organised as follows:

Section 1,is introductry. Section 2 contains necessary details about (¢)—trans-
Sasakian manifold. Further in section 2, existance of (¢)—trans-Sasakian manifold
is shown by an example. Some basic results regarding to such type of manifolds are
also given in section 2 .In Section 3, we introduce the conformally flat and quasi-
conformally flat (¢)—trans-Sasakian manifolds and show that in a conformally flat
(e)—trans-Sasakian manifold, £ is an eigen vector of Ricci operator Q. We also
obtained some expressions, lemmas and theorems for (¢)—trans-Sasakian manifolds
in section 3. Amang the lemmas of section 3, it is proved that Conformally flat and
quasi-conformally flat (¢)—trans-Sasakian manifolds are n—Einstein.

2. PRELIMINARIES

Let M be a (2n + 1)-dimensional almost contact metric manifold equipped with
almost contact metric struture (¢, &, 7, g), where ¢ is (1,1) tensor field, £ is a vector
field , n is 1-form and g is indefinite metric such that

(2.1)

¢*=—I+n@&EnE) =1,66=0
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(2.2)
g(faé)zev n(X):Eg(Xag)
(2.3)
9(0X,¢Y) = g(X,Y) — en(X)n(Y)
for all vector fields X,Y on M ,where € is 1 or -1 according as £ is space like or
light like vector fields and rank ¢ is 2n . if

2.4

24 dn(X,Y) =g(X,¢Y), forall XY e T(TM),
then M (¢, £, 7, g) is called an (e)-almost contact metric manifold. An (€)-almost

cantact metric manifold is called an (e)-trans-Sasakian manifold if
(2.5)
(Vx@)Y = a{g(X, V)¢ —en(Y)X} + 5{g(¢X,Y)§ — en(Y)o X}
for any X,Y € T'(TM), where V is Levi-Civita connection of semi-Riemannian

metric g and « and f are smooth functions on M.
From equations (2.1), (2.2), (2.3) and (2.5), we have

(2.6)
Vx&=e{—apX + (X —n(X)E)}
(2.7)
(Vxn)Y = —ag(¢X,Y) + B{g(X,Y) — en(X)n(Y)}
(2.8)

Vep=0
Let us define the tensor h by 2h = £¢¢, where £ is the Lie differentiation
operator.
Further, on such a(e)—trans Sasakian manifold M of dimension (2n + 1) with
structure (¢, &, 7, g) the following relations holds

(2.9)
RX,Y)E = (o =) {n(Y)X —n(X)Y} +2a8{n(Y)oX —n(X)¢Y}
+e{(Ya)pX — (X)oY + (Y B)§° X — (XB)6°Y'}
(2.10)
REY)X = (o® = B){eg(X,Y)E = n(X)Y} + 2a8{eg(¢X, V)¢ + n(X)oY '} + e(X )Y
+eg(¢X,Y)(grad o) — eg(¢X, ¢Y)(grad B) + e(XB){Y — n(Y)¢}
(2.11)

R Y)E = {a® — 52 — e(¢BH~Y +n(Y)E} + {208 + e(6) }(9Y)

(2.12)
208 +€(fa) =0
(2.13)
S(X,€) = {2n(a® — 5%) — e(£8)In(X) — e(¢X)a — e(2n — 1)(X )
(2.14)

Q¢ = e[{2n(a® — B%) — e£B}E + d(grad @) — (2n — 1)(grad B)]
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If
(2n —1)(grad ) — ¢(grad o) = (2n — 1)(£8)€
then (2.13)and (2.14) respectively reduce to
(2.15)
S(X,€) = {2n(a® = %) — e(€)}n(X)
(2.16)
Q¢ = 2ne{(a® = 5%) — e(€B)}¢

Now we shall give an example of (¢)-trans-Sasakian manifold.

Example (2.1) Let us consider a 3-dimensinal manifold M = {(x,y.2) € R3 :
z # 0},where (z,y, z) are the standard co-ordinates in R?

Let e; = (eza% + y%) ey = eza% and e3 = %, which are linearly independent

vector fields at each point of M. Define a semi-Riemannian metric g on M as

g(e1,e3) = g(ez,e3) = gle1,e2) =0 , g(er,e1) = g(ez, e2) = g(es, e3) =,

where € = £1

Let n be the 1-form defined by n(Z) = eg(Z, es3) , for any Ze I'(T M) Let ¢ be
a tensor field of type (1,1) defined by ¢e; =ea, @es = —eq, ¢pez = 0. Then by
using linearity of ¢ and g , we have

nles) =1, ¢°Z=—Z+n(Z)es , g(¢6Z,¢U) = g(Z,U)—en(Z)n(U) for any Z,U € I'(TM)

If we take es =& |, (6,&,7,9g,¢) defines an (¢)—almost contact metric structure
on M.

Let V be the Levi-Citvita connection with respect to g and R be the curvature
tensor of type (1,3), then we have

le1, 2] = €(ye®es — €*%es) ,[e1, e2] = —eeq , [e1,e3] = €ea

By using Koszul,s formula for the Levi-Civita connection with respect to g ,we
obtain

1 1
2 2
Ve, €3 = —€e1 + 566 Feg \Ve,e3 = —€eg — 566 “e1 ,Vezez =0
1 2z z 1 2z
Ve, €2 = —566 €3 ,Ve,e2 = €e3 + eye®er, Ve,e0 = —566 el ,
1 1
2 2
Ve, €1 =€es, Ve,e1 = —eyees + 566 Fes Ve,€1 = 566 “eq

Now for £ = es, above results satisfy

Vx§ = e{—agpX + (X —n(X)§)},
2z

with a = %e and f = —1 Consequently M(¢,&,7,9g,¢) is a 3-dimensional
(e)-trans-Sasakian manifold.
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3. CONFORMALLY FLAT AND QUASI-CONFORMALLY FLAT
(¢)-TRANS-SASAKIAN MANIFOLDS

Definition: A semi-Riemannian manifold M with semi-Riemannian metric g is
called quasi-conformally flat if C' = 0,where C' is quasi-conformal curvature tensor
defined as

(3.1)

C(X.Y)Z = aR(X,Y)Z+blg(Y,Z2)QX — g(X,Z)QY + S(Y, Z)X — S(X, Z)Y]

r a

where a,b are costants R,S,Q and r are the curvature tensor,the Ricci-tensor, the
Ricci operator and the scalar curvature tensor of the semi-Riemannian manifold
respectively. If a =1 and b = —Tl_l, then C' becomes a conformal curvature C,
given by

(3.1a)

C(X,Y)Z = R(X,Y)Z- [9(Y, 2)QX — g(X, 2)QY — S(Y, Z)X + S(X, Z)Y]

(2n—1)

+m[9(y7 2)X —9(X,2)Y]

Let M be a (2n+ 1)-dimnsonal quasi-conformally flat manifold, then from equa-
tion (3.1),we have
(3.2)

aR(X,Y)Z = bl—g(Y,2)QX +g(X,Z)QY — S(Y, Z)X + 5(X, Z)Y]

a1y (g + 2HI 2)X — g(X, 2)Y]
(3.3)
ag(R(X,Y)Z,W) = bl-g(Y,2)g(QX, W)+ g(X,Z)g(QY,W) — S(Y, Z)g(X,W) + S(X, Z)g(Y,W)]
+ﬁ{% +2b}g(Y, Z)g(X, W) — g(X, Z)g(Y,W)]

Let {e1, e, ..., €an, €2n4+1 = &} is orthonormal base field.
Putting Y = Z = ¢; in equation (3.3) we get
(3.4)

r
2n + 1

S(X,W): g(X,W)

if a+@2n—-1)b#0

Hence we have the following lemma.

Lemma 3.1: A (2n + 1)—dimensional quasi-conformally flat semi-Riemannian
manifold M is an Einstein manifold if a + (2n — 1)b # 0.

if a + (2n — 1)b = 0, then form equation (3.1) and (3.1a), we have

(3.5)

C(X,Y)Z = a(C(X,Y)Z)
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if a=1,b=—515 then a+ (2n+1)b=14 (2n - 1)(—5=) =0
So condition a + (2n — 1) = 0 is satisfied for conformal curvature tensor of

semi-Riemannin manifold

From equation (3.5) we have following Lemma.

Lemma 3.2: A(2n + 1)-dimensional quasi-conformally flat semi-Riemannian
manifold M is conformally flat if a + (2n — 1)b = 0 and a # 0.

from equation (3.3), (3.4),we have

(3.6)

(1 + 4nb)

a

R(X,Y)Z = i)

ifa#0,a+2n+1)b#0

Hence we have following theorem

Theorem 3.3: A quasi-conformally flat manifold is a manifold of constant

4nb

curvature % if a#0,a+ (2n—1)b #£ 0.

Lemma 3.4: A quasi-conformally flat (¢)—trans-Sasakian manifold is of con-
stant curvature (a2 — 8% — €(£8)), if a # 0,a + (2n — 1)b # 0.

Lemma 3.5: In a (¢)—trans-Sasakian manifold, h = 0 [15]

Proof: Using definition of h

(3.7)
ho= %ﬁgqb
WX = %[,,egqs]x
= JI£(6X) — 6(£eX)]
= 5 {6.0X] - 9le, X}
1

= 5{VedX = Vox{ = 6(VeX - Vx£)}

- %{(VEQS)X — Vx€ = o(VeX — Vx&)}
- %{(VEQS)X — Voxé — ¢(VeX) + (Vx€)}
_ %{(v@)x — Vox€+ (VxE)}

using equations (2.1), (2.2) and (2.6),we have

KX = 0 VX
h o= 0
So hé¢ = oh

Lemma:3.6 In a (€)-trans-Sasakian manifold M?"*1, the following relation
holds.
(3.8)
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R(X,Y)¢Z — $R(X,Y)Z = (a®—B*)elg(X,2)¢Y — g(Y. Z)0X + g(¢X, 2)Y — g(¢Y, Z)X

+2eaﬁ[9( Z)X —g(X, 2)Y — g(¢X, Z)¢Y — g(¢Y, Z)¢X]
+(X)g(Y, 2)€ — en(2)Y] = (Ya)lg(X, Z2)§ — en(Z) X]
+(XB)g(8Y, 2)§ — en(2)¢Y] = (Y B)lg(6X, Z)§ — en(Z) 9 X]

for all vector fields X,Y and Z on M.
Proof: we know that
(3.9)

R(X,Y)$pZ — ¢R(X,Y)Z = (VxVyd)Z — (VyVxd)Z — (Vixy)0)Z
(3.10)

(VxVy9)Z = (Xa)[g(Y,2)§ —en(Z2)Y] + (XB)[g(¢Y, Z)§ — en(Z)$Y]
+ag(Y, Z)[e{ —apX + B(X —n(X)E}] — eaX{n(Z2)}Y —ean(Z)(VxY)
+alg(VxY, Z) + g(Y,Vx Z2)|§ + Bg(8Y, Z)[e{ —ap X + B(X — n(X)E)}]
—eBX(n(2))pY — eBn(Z)(Vx(9Y)) + B{g(Vx oY, Z) + g(¢Y, Vx Z) }{]
—afg(Y,Vx2){ —en(Vx Z)Y] = Blg(¢Y,Vx Z)§ — en(Vx Z)pY ]

(3.11)
(VyVxd)Z = (Y)[g(X,2)§ —en(Z2)X] + (YB)[9(¢X, Z)§ — en(Z) 9 X]
+ag(X, Z)[e{ —adY + B(Y —n(Y)E)}] — eaY{n(Z2)} X — ean(Z)(Vy X)
+alg(Vy X, Z) + (X, Vy Z)|§ + Bg(9 X, Z)[e{ —agY + B(Y —n(Y)E)}]
—eBY (n(2))pX — eBn(Z)(Vy (6X)) + B[{g(Vy X, Z) + g(¢ X, Vy Z) }¢]
—alg(X,Vy Z) —en(Vy Z)X] - Blg(¢X, Vy Z)E — en(Vy Z)pX]
(3.12)

(V[X,Y]¢)Z =a{g([X,Y],Z2)§ —en(Z)[X, Y]} + B{g(¢[X, Y], Z2)§ — en(Z) [ X, Y]}
From the equations (2.1), (2.2), (2.5), (2.6), (3.9), (3.10), (3.11) and (3.12), we lemma
(3.6).
Putting X = ¢ in equation (3.8), we get
(3.13)

R(§,Y)0Z = 6R(E,Y)Z = —{c(a® = 5°) = (£8)[g(Y, 2)¢ — en(Z)9Y]
Let{e1, €2, ..., €an, €2n+1 = &}be orthonormal basis. Putting ¥ = Z = ¢; in
equation(3.16) and taking summation , we get.
(3.14)

2n+1 2n+1 2n+1

Y R(Ge)pei— > R(E ei)er = —{e(@®=B%)—(€8) Y [g(des, ei)s—enle:)dei]
i=1 =1

i=1
(3.15)

]
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2n+1 2n+1
Z R(&, ei)pe; — Z OR(E,e;)e; =0
=1 i=1
(3.16)
2n+1

> R(E ei)ber = Q¢
i=1
If the manifold is conformally flat , C(X,Y)Z =0

Then

(3.17)

RX,Y)Z = ﬁ[g(x 2)QX — g(X,2)QY — S(Y, 2)X + S(X, Z)Y]
+m{% +2b}[g(Y, Z)X — g(X, Z)Y]

Putting X = £,Y = €;,Z = ¢e; in equation (3.17) and taking summation , we
get

(3.18)
2n+1 1 2n+1
Z R(& ei)pe; = @2n-1) Z [g(ei, pe)QE — g(&, de;)Qe; — Slei, de;)€ + S(€, pes)es]
=1 i=1
r a 2n+1
Fon@n 1) b2 T 2 ; [9(ei; pei)€ — g(E, pei)ei]
(3.19)
2n+1 1 2n1
Z R@, €i)¢€z' = m Z [S(ei, gbez)f + S(é“’ ¢€7)€7]
i=1 i=1

using equation(3.16) and (3.19), we get

0Q€ = 5 {(rQo)E + 6Q¢)

if n > 1 then trQ¢ = 0, therefore pQ¢ = 0 which implies that Q¢ = (trl)E.
Hence we have a Theorem.

Theorem:3.7 In a conformally flat (¢)—trans-Sasakian manifold £ is an eigen
vector of Ricci operator Q.

For conformally flat manifolds

(3.20)
RX,Y)Z = ﬁ[g(Y, Z2)QX —g9(X,2)QY — S(Y,Z)X + S(X,2)Y]
—m[Q(Kz)X—Q(K 2)Y]

Putting Y = Z = ¢, and using the hypothesis Q& = (trl)¢, C(X,Y)Z=0
(3.21)
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1

R(X,§)¢ = m[g(f,ﬁ)QX —9(X, Q¢ — S(& )X + S(X, §)¢]

r

—m[g(faf)X - 9(X, §)¢]

From equations (2.1), (2.2), (2.9), (2.11), (2.12), (2.15) and (2.16) we get
(3.22)

(2n - D{(0* = ) — cEHHX — (X)) = QX — en(X)QE — 2n{(a” — ) — (B} X
+{2n(a® - 8 - €(€8)}n(X)E — (X )ag
—e(2n — D(XB)E + 5-[eX — en(X)¢]
(3.23)

QX = (= — (0 = B* — c(¢BNIX + (2n+ D{e(a® = B° — e(8)) — 3= }n(X)¢

Hence we have a lemma.
Lemma:3.8 A conformally flat (e)—trans-Sasakian manifold is n—Einstein.
Note:- In a n—Einstein manifold the condition ¢Q = Q¢ always

satisfied.
Proof:
If manifold is quasi-conformally flat, C(X,Y)Z = 0
(3.24)
RXV)Z = —1g(V, 2)QX —g(X. 2)QY + SV, Z)X ~ S(X, Z)Y]

r a
———{—+2b Y, Z)X —g(X,2)Y
Putting X =¢,Y =e;, Z = Qe; in equation (3.24) and taking summation

2n+1 2n+1

S R(€ Qe = ——Z (e1, 66:)QE — g(€, Qen)@es — S(es, Qené + S(E, Qer)ed
- 2n+1
D) +2b}Z gles Qei)E + (€, Qee]
(3.25)
2n+1 b2n+1
> REe)Qe = —= 3 [(rQo)E + 6Q¢
i=1 i=1
trQyp = 0
(a+0)pQ¢ = 0

Q¢ = 0, if (a+b)#0

dQE = 0= ¢ isan eigen vector of Ricci operator Q.
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Hence we have following lemma.

Lemma :3.9 If an (¢)-trans-Sasakian manifold is quasi-conformally flat, then &
is an eigen vector of Ricci operator @, if (a +0) # 0

Puting Y =¢, Z = ¢ in equation (3.24)

(3.26)
RX.O6 = (e, QX — (X, Q6 + S(€OX — S(X, )]
Gy g + 2 OX —g(X.0)8),

From equation (2.2), (2.9), (2.13), (2.14), (2.15), (2.16) and (3.26), we get
(3.27)

2@ —n(X){(2n(0® — %) — e€B)e
+¢(grada) — (2n — 1)(grad §)}
+2n{(a® — 6%) — e(¢8)} X

—{2n(0” — 8% — e£B)In(X)E
+e(9X)a€ + e(2n — 1)(XB)E]

o (5o 4 20) {eX — en(X)¢)

{(a® = 8%) —e(¢HHX —n(X)¢} =

2n—1) \2n
(3.28)
lagx = (a2 ) - len) (14 20) 4 5T (g m))x

(02— ) - eep) (1- 20— T ) - 22 g
+2{6(grada) — (2 — 1)(grad §)1n(X)
~Lef{(6X)a& + (2n— 1)(XH)E}

(3.29)

X = (- ) - e (14220 4 T (e + )
2nbe r a

e 20— ) a0

(o2 = ) - ee9) (1
Hence we have
Lemma :3.10 A quasi-conformally flat(e)—trans-Sasakian manifold is n—Einstein.
Lemma :3.11 In a three-dimensional, (€)—trans-Sasakian manifold, the Ricci-

operator is given by

re

QX = 6[% — (2n = 1){(a” = 5%) — e(£BY]X + eldn(a® — 5%) — e(£B) — 5 In(X)¢

+e{d(grada) — (2n — 1)(grad B)}n(X) — {(¢X)a — (2n — 1)(XB)}¢
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Proof: We know that Weyl conformal curvature tensor C of type (1,3) vanishes
in three- dimensional manifold (M, g) is defined by
(3.30)

R(X,Y)Z = g(Y, 2)QX —g(X, Z)QY+S5(Y, Z) X =5(X, Z)Y—g{g(Y, Z)X—g(X,Z)Y}

Put Z = £ in equation (3.30)
(3.31)

R(X,Y)E = g(Y,§)QX —g(X, QY +5(Y, ) X -5(X, £)Y—g{g(Y, X —g(X, Y}

from equations (2.2),(2.9),(2.12),(2.13) and (3.31) we get
(3.32)

(0 = B (V)X = n(X)Y} + 2a8{n(Y)dX —n(X)$Y'}
+e{(Ya)pX — (Xa)gY + (YF)¢*X — (XB)p°Y'}
= en(Y)QX —en(X)QY
+[{2n(a® = %) — e(€B)}n(Y) — e(¢Y )a — e(2n — 1)(Y B)]X
—[{2n(0® = B?) — e(¢8)}In(X) — e(pX)a — e(2n — 1)(XB)]Y
—S{en(¥)X — en(X)Y}
Putting Y = ¢ in equation (3.32) and using equation (2.1), we get
(3.33)
(@® = B2{X = n(X)E} +208(¢X) + e{ (Ea)pX + (£8)9°X
= QX —en(X)QE + [{2n(a® — 5%) — e(£8)} — e(2n — 1)(£B)]X
—[{2n(a” = 8%) = e(¢8)In(X) — (¢ X)a — €(2n — 1)(XB))¢
—S{eX —en(X)¢)

From equations (2.1), (2.14) and (3.33), we get
(3.34)

(02 = B{X — n(X)&} +20B(X) + e{(E)pX + (£B)6° X

= QX —n(X)[{2n(a® — B*) — e£B} + p(grad ) — (2n — 1)(grad B)]
+{2n(a® = B%) — €(68)} — e(2n — 1)(£B)]X
—[{2n(a® — %) — e(€8)}n(X) — e(¢X ) — e(2n — 1)(X B))¢
—S{eX —en(xX)¢)

(
(

m oIn

€

(3.35)

QX = 5 —@n—1){(a® = §) — c(¢BYX + eldn(a® = 5) — e(¢8) — SIn(X)¢

+e{p(grad @) — (2n — 1)(grad ) }n(X) — {(¢X)a — (2n — 1)(XP)}¢
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