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ON ¢-INTEGRAL TRANSFORMS AND THEIR APPLICATIONS

(COMMUNICATED BY R.K. RAINA)

DURMUS ALBAYRAK, SUNIL DUTT PUROHIT AND FARUK UCAR

ABSTRACT. In this paper, we introduce a g-analogue of the P-Widder trans-
form and give a Parseval-Goldstein type theorem. Furthermore, we evaluate
the g-Laplace transform of a product of ¢-Bessel functions. Several special
cases of our results are also pointed out.

1. Introduction, Definitions and Preliminaries

In the classical analysis, a Parseval-Goldstein type theorem involving the Laplace
transform, the Fourier transform, the Stieltjes transform, the Glasser transform, the
Mellin transform, the Hankel transform, the Widder-Potential transform and their
applications are used widely in several branches of Engineering and applied Math-
ematics. Some integral transforms in the classical analysis have their g-analogues
in the theory of g-calculus. This has led various workers in the field of g-theory
for extending all the important results involving the classical analysis to their g-
analouges. With this objective in mind, this paper introduces g-analogue of the
P-Widder potential transform and establishes certain interesting properties for this
integral transform.

Throughout this paper, we will assume that ¢ satisfies the condition 0 < |g| < 1.
The g-derivative Dy f of an arbitrary function f is given by

f(z) = flgz)
(l1-qz
where x # 0. Clearly, if f is differentiable, then

(Dyf)(x) =

lim (D, f)(x) = L.

q—1- dx
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Before we continue, let us introduce some notation that is used in the remainder of
the paper. For any real number «,

In particular, if n € Z™, we denote
" -1
n| =
=4
Following usual notation are very useful in the theory of g-calculus:

=¢" "4 4g+1.

(a:q), = T1 (1—ad"), (a39) = kli) (1-aq"),

k=0

(a;9)
(a;9)r = =
(aq'; q)
It is well known that in the literature there are two types of the g-Laplace transform

and studied in details by many authors. Hahn [4] defined g-analogues of the well-
known classical Laplace transform

os) = / T exp(—st) f(dt (R(s) > 0), (1)

by means of the following g-integrals:

(teR).

—1

1 S

Ly{f (s} = A1 0} = 1 |

Eq(gst) f(t)dgt  (R(s) >0),  (2)
and
£ {F0ss} = L AfOY = = | el=snidt (R0 @

where the g-analogues of the classical exponential functions are defined by

eq<t>=z(t" - L <), (4)

= (Ga)n (Bd)s

and
OO (_1)nqn(n—1)/2tn

O S L] ®)
By virtue of the g-integral (see [6l 1T [3])
| =0 3 ) (©
k=—o00

the ¢-Laplace operator can be expressed as

LAFOY = ——— 3 ¢ (=sia)k £(d"). (7)

(=81 @)o kEZ

Throughout this paper, we will use £, instead of ;L.
The improper integral (see [§] and [6]) is defined by

oo /A k k
| r@ae=a-0% L. (5)

keZ
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The g-analogue of the integration theorem by a change of variable can be started
when u (z) = az®,a € C and 3 > 0, as follows:

/ " wyd u-/ £ (u(@)) Dyisu (2) dgyssa. )

(a)
As a special cases of the formula @D one has the following reciprocity relations:

[ s x—/oo/A TGz,

/A 00+ A 1 1
/0 f(@)dyr = / Ty (10)

22
Furthermore, the g-hypergeometric functions and Well—known g-special functions
are defined by (see [9] and [7]):

a5 T e = e [ ]

bi b2 -+ bs n=0 (&), (b1;9), - (bs;q),
a1 az -+ ap S| = = (a17 )n (CLT ) —1\)" (g) s_rzn
r%[ by by .- bs s :| nzz_oo (b1, )n (s,CI) |:< 1) 7 :|
and
1/(1—q)
Iy (a)= /0 xaflEq (g(l—q)z)dgz (a>0), (11)

o00/A(1-q)
T () = K (4i0) [ ey (~(1-q)2)de (a>0),  (12)

B, () = W (t,s €R), (13)

where last two representations are based on the following remarkable function (see
[, p.15])
K(A;t) :Atfl (_Q/A ;Q)oo (_A_a Q)oo
(=¢'/A50) o (=A¢' " 5q)
Recently Ugar and Albayrak [12] introduced g-analogues of the Ls-transfom in
terms of the following g-integrals:

(teR). (14)

1
1—¢q

1/s
Lo {f(B)5s) = — / tEp (@SR [(dt (R(s)>0),  (15)

and
qﬁz{f(t);s}:ﬁ / Lep(—sP)f(dt  (R(s)>0).  (16)

In the same article [I2], the author established an interesting relation between 4L
and L, transforms, namely

Lo (F 0):8h = gl {F (177) 152} (17)

The paper is organized in the following manner. In the next two sections we intro-
duce a g-analogue of the P-Widder potential transform and establish a Parseval-
Goldstein type theorem and its corollaries involving g-analogue of the P-Widder
and Ly-Laplace transforms. Whereas in Section 4, we evaluate the g-Laplace trans-
form of a product of basic analogue of the Bessel functions. Several special cases
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and examples of our results are also pointed out in the concluding section.

2. g-Analogue of The P-Widder Transform
Widder [I3] has presented a theory of the integral transform

o [T af(2)
Pl @ = [
in the real domain which is formally equivalent to the iterated Ly transform.

7

Definition [2] A function f is g-integrable on [0, 00) if the series ), ¢" f (¢")
converges absolutely.
We write L} (R,) for the set of all functions that are absolutely g-integrable on
[0, 00), where R, is the set
R,={¢":neZ},
that is

Ly (Rg) := {f DI AAUDIRS OO}

neEZ

{1t [T i@l <o

Now we introduce the following g-integral transform, which may be regarded as
g-extension of the P-Widder potential transform.

Definition 2.1. A g-analogue of P-Widder potential transform will be denoted P,
and defined by the following q-integral:

1 o0
P @)ish= 1= | mramel @de (RG>0 (8)
In view of (@, @ can be expressed as
1 q2n N
Palf @i} =7 2 sy ! @) (19)

Now we prove the following theorem that provide the existence and convergence
for the P, -transform:

Theorem 2.1. If f € L}I (Ry), then the improper g-integral defined by @ 18
well-defined.

Proof. From , we have

1
Palf @)}l < 10 D

nez

q2n

82 + q2+2n

|f(g")].

n

Since # :n € Z p is bounded, then there exists a K € RT such that
s2 4+ q +2n

n

q

m < K. Thus, we have
s q

K n n
[Py {f (2);s}| < m%q If (¢")].
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On the other hand, since f € L; (R,), there is a M € R such that

1 /°°
—_— f(x)|dsx = q"|f (@™ = M < 0.
T Jy V@l =317 @)
Hence we have
MK
[Py {f (z);8} < m < 00.
This completes to proof. ([

3. Main Theorems and Applications
Proposition 3.1. For A,t € R, we have
lim K (A;t) =1.

q—1-
Proof. Multiplying numerator and denominator of K (A4;t) by (1+1/A), we get
(1+1/4) (=0/A0) s (—450)
(1+1/4) (¢ /A1 Q) o (0" A50)
_ gt VA (maAig)
(=0"/A; Q) (=" A5 0)

and then using the formula as ¢ — 17 (see [3, p. 9, 1.3.18])

K (A;t) = A1

(aq"; q) o
(a59)

into last expression, we obtain

= 100 (¢"5—3¢,a) = 1Fy(t;—a) = (1—a)™", |a| <1,treal

. . -1/A5q9), (—q4;9)
lim K (A;t) = lim At( o0 0
q—1- (4:) —1- (=¢"/A;q) . (—q' 7t A5q)

= lim A! 1 1
q—=1= 160 (¢ —5q,—1/A) 190 (¢4 —; ¢, —qA)

1\’ N
_ At t
—A (1+A> (1+A)
:1_

This completes to proof. ([

Theorem 3.1. The P,-Widder transform can be regarded as iterated (Lo-Laplace
transforms as under:

qbu@ﬁwﬁﬂﬂ:éfﬁﬂ@ﬂ, (20)

provided that the q-integrals involved converge absolutely.

Proof. On using the definition of the ,£,-Laplace transform the left-hand side
of (say I) reduces to

I= (1_1(]2)2 /Ooo segr (—£257) (/Ooo vege (—5°2%) f () dqx> dys.  (21)
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Interchanging the order of the g¢-integration in , which is permissible by the
absolute convergence of g-integrals, we obtain

I= (11(12)2 /OOO zf () (/Ooo seq (— (£ + ¢?a®) s%) dq5> dgz.

In view of the definition , we obtain

1
1—¢2

I= L2 {1; (£ + q2x2)1/2} xf (x)dgx

On setting f(z) = 1 and s = (t2 + q2m2)1/2 in ) and then using the formula
1

L{1;5} = =, we get the desired result
s

S /OO of ()

1= Jo P
=GP ls @)1},
O
Corollary 3.1. If —2 < a < 0 then the following formula holds:
Py {a ) — 1 1 Bpe (14+a/2;—-a/2) " (22)

21— K (1;1+ o/2) K (1/t2;—a/2)
where K(A;t) is given by (14).

Proof. On setting f(x) = x® and make use of the known result due to Ugar and
Albayrak [12], namely

1 Tp(+a2) (1-¢)°
2] K (1/521 +aj2)  sot2

the identity of Theorem 3.1 give rise to

1 Tp(l+a/2) (1-¢2)%°
Pq{xa;t}zp]{cg{” (1/£2j1L+/a;2)( Saq+2 ;t}}

) S—oz—?
:F¢U+aﬂﬂl_ff/qQ{K%U§ﬂ+@ﬁV*'

Using the series representation of the ,Lo-transform, we obtain

L2 {x% s} =

(-2 < a<0),

aiz 11 " (¢") " (%4

Pala®ith =Tg (1+0/2) (1- 2 iz KA/a1+0/2)

Following Kac and Sole [7] the function of z, K(z;t) is a g-constant, that is,
K(q"z;t) = K(z;t) for every integer n. Hence

«, _ qu (1+O[/2) (1_q2)0‘/2 1 2n n —a—2 2, 2
Pa{at) = K (L;1+a/2) 2] t2,q ,%q 50,
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Again, on using the series representation of the ¢Lo-transform, we get

T (14 a/2) (1—¢2)*?
'Pq {l‘a;t} =2 ( ;(1;/1)+(a/2()] ) q£2 {S—a—z;t}
T (ta/2) (1-¢3)"" 1 D (—0/2) (1 ¢?)
T Kl+a/2) 2 KA/ —a/2)te

1 1 Tp(l+a/2) Tp(-a/2)
21— K (1;1+a/2) K (1/t2 —a/2)
11 Bg (1+a/2;—a/2)

2]1-¢> K (1;1+ «/2) K (1/t%;—a/2)

(0

(0%

O

In the following theorem, we establish a Parseval-Goldstein type theorem that
involving g-analogue of the P-Widder and Ls-Laplace transforms:

Theorem 3.2. If P, and ;Lo denote g-analogues of the P-Widder and Lo-Laplace
transforms, then the following result holds true:

oo 1 o0
| wiearwiat slato@istae = [ ur ) Pa )i (29)

0 0
provided that the q-integrals involved converge absolutely.
Proof. Using the definition of the ,Lo-transform 7 the left-hand side of
(say J) yields to

1 o0 o0
J = 2 /o z La{g(2);x} {/0 yegr (—2°y?) f (y) dqy} dqz.

Changing the order of the g-integration, which is permissible by the hypothesis, we
find that

J ! /OOO yf () {/Ooo zeg (—*y°z?) (L2{g(2);x} dqx} dgy.

In view of the definition and the result (20) of Theorem 3.1, the above relation
reduces to the desired right-hand side of (23)). O

Corollary 3.2. We have
/0 th (2) oLz {(f (0) 2} dgt = / U ) oL {0 () aybdgy,  (24)

provided that the q-integrals involved converge absolutely.

Proof. The identity follows immediately after letting h (z) = ;L2 {g(2);z} in
the relation . O

Corollary 3.3. With due regards to convergence, we have

Py {eL2{g(w);a};q?2} = La{Py{g(w);ay};qz}. (25)
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Proof. To prove , we set f (y) = eg2 (—y?2?) , then we get
1 oo
L2 {f (v);a} = 5 q2/ yeqr (—2%y%) ez (—¢*2°y%) dyy
= Jo
1 1

== 26
[2] 22 + ¢222 (26)
Substituting into the identity of Theorem 3.2, we obtain
o0 T o0
/ oz eLelg(wiahder = / yeg (—a°2%y?) Po{g (u);ay} dgy
0 x +q 0

Py {oLafg(w);z};q®2} = (L2 {Py{g(u);qy};qz}.

2,2

Similarly, if we set f(y) = Ei/q in Theorem 3.2 and using the well-

s
known g-exponential identity eq2(¢?z) = Ei /42 () we find that
2,2
yz 2.2 2 1 1
Lo E —— )z = 4L = ————
q2{ 1/q2( qz)’x} oL2{eq (—a°2*y?) s} 2] 22 + 222 (27)
Substituting into we obtain
oo T o0
/ 5 k2 {g(U);w}dqx:/ YE g2 (—2%y%) Pydg (u) ;ay} dgy
0o TT+q°z 0
and finally we have
0*Py {aL2{g (u);2}; 6%} :/ yeg (—a°2%y?) P{g (u)1qy} dgy
0
= ¢L2{Pg{g(v);qy};qz}.

Theorem 3.3. We have
> 2 _2\1/2 .
/ mqﬁg{h( ); (x +q z) } L2{g(2);x}dyx
0
1—¢?

= o ¢L2{h(y) Py{g(2);qy};qz} (28)

provided that the q-integrals involved converge absolutely.

Proof. Let f (y) = eg (—y?2?) h(y). Using the definition of the ,L;-transform we
obtain

Lo feg (P2 hw)in} =
_ qﬁg{h( )i (22 + q222) 7 } (29)
Substituting into , we find that
/ x Lg{ (y); (:E2+q2z2)1/2} La{g(2);x}dgx

/ (—=*2*y*) b (y) Py {g ()5 qu} dgy

1 (oo}

yegz (— (2° + ¢°2%) y*) h (y) dyy

e
1o

[2] L2 {h(y) Pylg(2);qy}iaz}
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(]

It is interesting to observe that, if we set h (y) = 1 and make use of the Theorem
3.3, one can easily deduced Corollary 3.3.

Corollary 3.4. The following result holds true:

1 1 1
a{ e {r@itfit) = P @, (30)
provided that the q-integrals involved converge absolutely.

Proof. In view of the definition of the ,Lo-transform, the left-hand side of (say
L) yields to

1 [~1 L1\ 1 1
L = 1_7q2/0 ;equ (-t 32> ? q£2 {f(x),s}dqs
1 > ] , 1 > 1,
= (1—(]2)2/0 36 (—t 52> (/0 Teq (—82:13 )f(x) dqx) dgs
1 e 1 51 1,
= (1_(]2)2/0 xzf (x) </0 36 <—t 52> eq2 (—8290 ) dqs> dqz.
On making use of the identity into the right-hand side, we obtain
1 oo o0
L= 72/ xf (z) (/ seq (— (t2 + q2x2) 82) dqs> dgx
(1-¢*)"Jo 0
1 > (42 2 2\1/2
17(]2/0 xf (x) qﬁg{l,(t + ¢*z?) }dqa?
R1-CJy Bt
1

=g Palf (@)t}

4. g-Laplace Image of a Product of ¢g-Bessel functions

Recently, Purohit and Kalla [10] evaluated the g-Laplace image under the L,
operator for a product of basic analogue of the Bessel functions. In this section,
we propose to add one more dimension to this study by introducing a theorem
which give rise to ¢-Laplace image under the £, operator for a product of ¢-
Bessel functions. The third ¢-Bessel function is defined by Jackson and in some
literature it is called Hahn-Exton ¢-Bessel function. For further details see [5].

v+1.
¢"*';q) 0
T (tq) = Ciisl) R [ v ;q,th] 31
( ) (q’ q)oo q +1 ( )
0o (—1)"* g(n=1)/2 (42 n
s D (at®)
n=0 (q) q)y+7L (qv Q)n
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Theorem 4.1. Let J2(i)] (va;t;q), 7 =1,2,...,n be n different q-Bessel functions.
Then, q-Laplace transform of their product is as follow

L =MD (v M) abatnsTvM
Lol 038} = § 2 ) T, 2 + 1) K (10 5 M)
i (¢"t™54q),, (—ay/s)™ ... (—an/s)™

(@5Y0) 0, - (G 150), (@50, o (45D, ™02

(32)

mi,...,mMy=0
where f(t) = tv'~lgm J2(i)1 ( qv+M—1a1t;q) ...q#n']éil (m7 q) M =
p1 4+ i, Re(s) >0, Re(v+ M) > 0.

Proof. To prove the above theorem we put
F(t)=t""tgm ) ( qvtM—layt; q) gt I ( q”M*lant;q) ;

M=+ i
into @ and make use of , to obtain

S (-s9), (¢0)"

AT 05 =

> je7,
2p1+1. 2pn+1.
(q 7q)oo v+ M i M1 (q 7q)oo v+ M J Hn
x e (M gy gl)" L e (M g g
{ T ) (4:9) s ( 7)
i gmimi=1)/2 (7qv+Ma1qj)m1 gmn(mn—1)/2 (7qv+Manqj)m"
"
o e (@), (450, (@ *5) , (45,

On interchanging the order of summations, which is valid under the conditions
given with theorem, we obtain

1 (q2p1+1;q) (q2,un+1.

’q)oo M1

M
LoAf(@);s}= x .. alt ... qhn (gvtM
o AF(0)5s) (—=50)0  (G0)s @) " (@)
i qml(ml—l)/Q (_qv-HVIal)ml qmn(mn—l)/Q (_qv+Man)m"
X e
e =0 (@*1715.9),,, (450, (*7159),, (6D,

« Z (—s;q) qj(U+M1+"'+Mn+m1+"'+mn)
J
JEZ
By using the well-known ¢-gamma function
(45 9) o
(¢59) (1 —q

and then summing the inner series with the help of the bilateral summation formula
(see [3, p. 126, 5.2.1]), namely

3 (b;9),, , _ (g,¢/b,bz,q/bz;q)
191 (biei g, 2) = (¢q),” (c,q/b,z,¢/bz;q) (le/bl < |2 < 1),

)t*l ’
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we have
1 (1—gq M
‘C t78 - a'u'l...a/—Ln
O = T G D Ty G D)
S o)™ a)™
i o (@59),, (60),,, (@), (69,
(q, 0, ,SqU+M+m1+---+mn’ ,qlf(v+M+m1+~~+mn)/5; q)oo
(07_Q/S7qv+M+ml+m+mnaO;Q)Oo ’
We may rewrite this series
L {f(@t);s)= (1- Q)72M alt abn (qurM)M
LA NG TR B UG R
§ i g (mi=1)/2 (7qv+Ma1)m1 gmn (mn=1)/2 (quMan)m"
o (@50),, (659),,, () (6D,
(6:9)s (507 ™5q)  (Cg" 7 siq) (33)
(@M  (=80)s (—4/59)w ’
where m =mq +---+m,. Setting A=sandt=v+ M +m in ,Weget
v+M+m
s (=s1q) (=1/s;9)
K (1/s; M = - e oo
(1/s;v+ M +m) <s) 145 (g

U-HW-FTH:S; q)oo (_ql—(v-‘rM-‘rm)/S; q)oo

_ (1>”+M+m (=519)o (—4/51 0o

s (—quHM+ms; gy (_ql_(u+M+m)/s; q)

G
Substituting relation into , we obtain
Lo{f(8):s} = (=g = attape ()"
L (21 +1)--Tg (2pun +1)
y i qml(mlfl)/2 (7qv+Ma1)m1 N qmn(mnfl)/Q (7qv+Man)mn
o (@54, (659),,, (@ tq),, (44),,,
(¢ 0) o 1 1

(qv+M+m; q)oo K (1/5; v+ M+ m) TgutM4m”
Finally, on considering the following remarkable identity
(¢'39) o

t+m.
(" 4) (a%59),,

K (t;s) =¢" 'K (t;s = 1)

(m € N),

we have

)’U—M—l G,,i”

g (1-q - ahr Ty (v + M)
Lo{f(t);s}= T, (2 + 1) Ty (2ptn + 1) K (1/5;0 + M) sv+M
Ly (¢"*59),, o (a/s)™ o (—an/s)"

e (P (@) (@), (6 ), D
This completes the proof.

o

O
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5. Special Cases

In this section, we briefly consider some consequences and special cases of the
results derived in the preceding sections. If we take n = 1, u3 = v, v = p and

a1 = a in , we obtain
L, {t“ 1q”J(?’)( q”‘*‘f‘—lat;q) ;s}
HEOYT (4 ) (1 — )7t ntv a
_ (@) T (u+v) ( fz) T A (35)
svtel 2+ 1) K (1/s; 4+ v) q

s
where Re (14 v) > 0 and Re (s) > 0.
Again, if we write § + 1 and 3 instead of y and v in , respectively, we obtain

v/2 ,—v—1,v(v+1)/2
v/2 33) ( fovag ) gL o &S 4 _
L, {(qt) IS (Vg at; q) ,s} K (/5051 eq(—a/s) (36)
Now, setting v =1 in we obtain
L, {(qt)l/2 J1(3) (Vqat; q) ;3} = a'/?572%e, (—a/s) (Re(s) > 0). (37)
Similarly, if we set v = 0 in , then we have
L, {Jé?’) (\/E; q) ;s} =s1e,(—a/s) (Re(s) > 0). (38)
In we write v = 0 and then a = 0, we find that
R A
Lo {thlish =2 . 39
A" v KO/ (39
If we let ¢ — 17—, and make use of the limit formulae
lim Ty (¢t) =T (¢), lim K (A;t) =
q—1— q—1—

and .

tim LD _ ()

a—1- (1 —q) "
where (a) =a(a+1)..(a+n—1), we observe that the identity (28| of Theorem
3.3 and of Corollary 3.3 provide, respectively, the g-extensions of the known
related results due to Yirekli [T4, p. 97, Theorem 1 and Corollary 1]. Also, the

results , , , and provide, respectively, the g-extensions of the
following known results given in Erdélyi, Magnus, Oberhettinger and Tricomi [I]

pp. 182-187]:
L {tU 1‘]2#1 (2\/&1 ) J2N2 (2\/ a9 ) JQH” (2\/ant) }
_ Lo+ M)
ST (2ui+1)---T (2u, +1)  svtM

WhereM:ul—l—...—l—un,Re()>OandRe(v+M)>0
+v)a W4+ v
o () 5 -
{ T (2V/at st ( 2U—|—1) Y 2v+ afs|

{tU/QJ ( ) }_av/Z —v—1 e—a/s)



ON ¢-INTEGRAL TRANSFORMS AND THEIR APPLICATIONS 115

and
L {Jo (2@) ;5} — 5 lemo/s,
where Re (s) > 0 and Re (u + v) > 0.
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