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ON SUMMABILITY FACTORS FOR |R,p,|k

(COMMUNICATED BY HUSEYIN BOR)

W. T. SULAIMAN

ABSTRACT. Necessary and sufficient conditions are obtained for 3 an A, to be
|T|,, —summable, k > 1, whenever }_ a is (N, p, ¢)-bounded.

1. INTRODUCTION

Let T be a lower triangular matrix, (s,) a sequence, then

n
T, = Ztm,sv. (1.1)
v=0
A series ) a,, is said to be |T'|,, —summable, k > 1, if

> kAT, | < 00, (AT =Ty — Th). (1.2)
n=1

Given any lower triangular matrix 7" one can associate the matrices 7' and T\, with
entries defined by

n

E’rw :Ztn'w n,t=0,1,2,..., Zn'u :Env_gnfl,v

i=v

n
respectively. With s, = > a;\;,
i=0

n n v n n n
t, = Ztnvsv - Z tho Z a;N; = Z i\ Ztnv = Z fmal)\l (13)
v=0 =0 i=0 v=1 i=0

v=0

n n—1 n
Y, =t, —th1 = Zim’ai)\i - an—l,iai)\z’ = aniai/\i as ty,_1, =0. (1.4)
i=0 i=0 i=0
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We call T' a triangle if T is lower triangular and ¢,, # 0 for all n. A triangle A
is called factorable if its nonzero entries a,,, can be written in the form b,,c,, for
each m and n. We assume that (p,,) is a positive sequences of numbers such that

P,=po+pi+...+p, — 00, asn — 00,

The series ) a,, is said to be summable |R,p,|, , (or }N,pn|k ) k>1,if
an_l T, — Tn,1|k < oo,
n=1
where
1 n
To =5 > puse. (1.5)

™ »=0

Let (¢,) be a sequence of the (N, p, q) —mean of the sequence (s,,) is defined by

1 n
t, = Ri anvavsv (pfl =q-1= Rfl = 0) (16)
" v=0

The sequence of constants (c;,) is formally defined by the identity

n -1 o)
(anx”> = chx”, c_; =0, j>1 (L.7)
v=0 n=0

By M, we denote the set of sequences (p,,) satisfying

Pn+1 < Pn+2 S 17

< ppn >0, n=0,1,... . (1.8)
Pn Pn+1

The series Y ay, is said to be (IV, p, q) bounded or > a, = O(1)(N,p, q) if
an—'t)QUSU = O(Rn) as n — 00. (19)
v=1

The sequence (A,,) is said to belong to the class [X, Y], where X and Y are two
methods of summability if > a, A, is Y —summable whenever Y a,, is X —summable.

Das , in 1966, proved the following result

Theorem 1.1. [3]. Let (pn) € M, gn > 0. Then if 3 ay is |N,p,q| —summable it
i ‘N,qn’ —summable.

Recently Singh and Sharma proved the following theorem

Theorem 1.2. [4]. Let (p,) € M, ¢, > 0 and let (g,) be a monotonic non-
decreasing sequence forn > 0. The necessary and sufficient condition that | an A,
is |N,qn| —summable whenever

Zan = O(1)(N,p,q),

3 I < oo,
= Qn
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00
Z |[AN,| < oo,
n=0
0o
Z Oni1 |A%N,| < oo,
n=0 dn+1

is that

— ¢
Z Q—" [$n] [An] < 0.
n=1 n

Very recently Rhoades and Savas generalized the above result by proving the
following

Theorem 1.3. [1]. Let (pn) € M, g, > 0 and let (¢,) be a monotonic non-
decreasing sequence and ng, = O0(Qn). A necessary and sufficient condition that
A€ (\N,p,q\k , |N,qn|k) whenever

(i) Yan=0(1) [NJ),Q}/“

@) > Imn,F < oo,

n=0 ¥Yn

o k-1
(iid) X;C%) AN, " < o0,

n=0 n
. S Qn+1AQn>k (Qn)k_l k
2 _ —_— AN, |Y < oo,
( ) nZ::O ( dndn+1 Gn ‘ I
o k k—1
(1}) Z (Qﬂ+1> (Qn> ’A2>\n}k < o0,
n=0 dn+1 dn
is that
k
. S dn k k
(vi) . nk 1(@) [sn]” | An]" < oco.
n=1 n
2. REsSuULTS

We prove the following result

Theorem 2.1. Let (p,) € M, g, > 0, (g,) be a monotonic non-increasing se-
quence. Let
n—1 .
(a) > ’Avtn,v+1’ = O (|tnnl)
=0
Uerl

(0) > ()™

n=v+1

n—1
(€) 22 [too |t”av+1| = O ([tanl),
v=0

tnwi1| = O [tw)F1, asm — oo .

m+41

M)Z(M%M%M$WM:O@FWMQ,Mm%M.
n=v+1



ON SUMMABILITY FACTORS FOR |R, pn |k 217

n—1
e) Z |A12;tm)| = O (|Atpnl),

() 5 b Aty A3, | = 0 (041 1At])")

n=v-+

Then the necessary and sufficient conditions that X € (|N,p,ql, ,|T|,) whenever

(1) X2 an = O (1) [N, p, ]

(i) 35 - e P S M@ o
voo v ,
(iii) 3 o*~ Ut y]* A(q) " Q= o0(1)
(i) S k1 o IO g o)
v=0 qv+1
@ 52 o1 an Mo — o)

’L)

k-1

A (ql) AN EQE = 0(1)

e LAy F = o)
qv+1

Il
imimz :
< <

(vit)
s that
(viii) z 1 [t ™ Isn]™ 12| < o0

3. LEMMAS

Lemma 3.1. [2]|. Let p, € M.Then
(Z) c>0,¢,<0,n=12 ...,
o0

(i) Z cnx™ is absolutely convergent for |z| < 1, and

OO

(wi) > en > 0, except when Z Pn = 00, in which case

n 0 =

(iv) Z cn = 0.
n=0
Lemma 3.2. [3]. If

1 n
= Ri anquus'u s
" v=0

then
1 n
= Z Cnva'utv
dn v—0

Lemma 3.3. [3]. We have

enluRy = Qn

’I’L

where c%l) =c+ecit+ ...+,
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4. PROOF OF THEOREM 2.1.

Let T,, denote the nth term of A-transform of the series > a, A, then

Yo =T, -Ty 1 = Z afvfnv/\v
v=0

M1

S’UA’U (EnvAv) + t’l’L’ﬂA’I’LSTl

v=0
n—1 R R

- Z (Avtnv)\v + tn,erlA)\v) Sy + tnn>\nsn
v=0

= Yn1+ Yn2 + Yn3~

In order to prove the theorem, by Minkowski’s inequality, it is sufficient to show
that

anil |an|k <oo, r=1,2,3.

n=1
We have

n—1 R

Ynl - Z Avtnv/\vsv
v=0
n—1 R 1 v

= Z AvtnvAvi Z CU—/LR/Lt/L

v=0 v ;=0

Mo

v

n—1 n—1 R
= Z Rl»btll Z Cvfp‘Avtnv
p=0 v=p

n—1 n—1 R >\v R 1 R A)\v
= 3 Rut, <Z P, (Agtm + Al A <> Ao + Al ot )
pn=0 v=p v Qv qu+1

An
+ll 8,2 )

dn

= Yo+ Yo + Yoz + Yo

Applying Holder’s inequality
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00 b1 n—1 n—1 (1) 9 )\v
o T XD Rty 3 ¢yl Aty —
n=1 1=0 v=p Qv

3

n—1 R |>\v‘k n—1 A k—1
0o(1) z_:lnk:ﬂ 2_:0 |A2E,,| o QF (Z—:o |A3tmy>

Pk

00 n—1 R
O1) 3 (1 [Atwn)" ™" X A

n=0

o] )\ k [e%e] . R k

o) 3 ok 5 0 At |8
v=0 v n=v+1
0(1) 3 v ol 2L g
v=0 v
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18

3
Il
_

nk=1 |Yn12|k
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-1 -1 1 k
E nk—l Z Rutu Z CEJQMAvfn,U-l-lA () /\v
n=1 pn=0 V= Qv

-1 -1 1 b
55 ket ( Ruty Y e |Avtnra||A () ’ |)\U|>
n=1 pn=0 V=L Qv

v

1\ |* v g
Al=) S e R
()] el 52 )
& k
1
Qv
2(5)
Qv
25
Qv

oo k oo
o) 3 A(l) M QE 5 (nltanl)* " [Abnond]

Qv n=v+1

[ee) n—1 R
0(1) 21 nk-1 (20 | Autn,oit

[e%e) n—1 R
o(1) 21 nk-1 ( ) | Aty i1

V=

00 n—1
0(1) Z nkil Z |Avtn,v+1|

n=1 v=0

k n—1 k—1
|/\v|kQ5 <Z |Avtn,v+1|>
v=0

o] n—1 ~ k
o(1) 21 (n |tnn|)k_1 ZO |Avtn,v+1| |>‘v|k Qﬁ

v=

o 3= | (1)] et (o )

Qv
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k
n—1 n—1 R AN
1
Zo Ruty 3 CgL—)/L—lA'Utn;UJFl -
n= v=p

00
E nk—l

n=1

_ k
P Y,05)
quv+1

n=0 qu+1

k
; |A/\U|>
U n v+1‘

IA
M8

/\
M7
=
M

k
00 n—1 R A)\
= 0(1) 3 n*! (Z |Avtn 1| —= 2] 5 > VR )
v=0

Gu+1 p=0

00 n—1 R A)\v k
- 0<1>2n“<z|Avtn,v+l|q Qv)
v+1

v=0

S AN, el .
= 0(1) X nt 12|Aw+1|' . 5<20|Avtn,u+1|)

v+

< k—1 .
k v E (n |t’ﬂ7l|) ‘Avtn,v—&-l’
v n=v+1

k

n—1 by
S Rt At 2
n=0 q

n—p—1 n

k o0
nF Y|t = Y ek
n=

8

IN

k
An
0(1) 21 k ! |A tnn|k | q| (Z R# S)u 1>

n

8

A
= 0() 3wt A, t,m|’“|q| ko

n

= 0.
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n—1
KLQ = Z tn,v+1A>\vsv
v=0

= Z tn v-&—lAA - Z Cy— uR t

v=0 Qv =0
n—1 n—1 AN
7 v
= X Rty > Co—pln,v+1
pn=0 v=p Qv

n—1 n—1 R A)\v . 1 ~ A2)\v A)\n
= Z R/Jtp« <Z Cq(;lju (Avtn,erl q +tn,v+2A (q> A)‘v +tn,v+2 > + 511)11 1tn,n+1 q )

u=0 v=p v qu+1 n
= Ypo1 + Ypoo + Yooz + Yiou
o] _ k ) _ n—1 n—1 1 R A)\
S Vo = X nF Y Rty 3 el Agty g =
n=1 n=1 n=0 V=L Qv

IN
18
S

k
n—1 n—1 R A)\v
- (z Ryt 3 e, |A ] ')
=0 V=L q

v

k
— 0() S n (2 pa— |Ai oy ) VR >

— o) nk <Z|A nv+1|‘A/\‘ v)k

0o n—1 N |A)‘U|k n—1 A k—1
= 0(1) Z le_l Z:() |Avtn,v+1| qk Qﬁ <EO |Avtn,’u+1|>

S — AN [F
= O S () S (A | 12N

n=1 v=0 V41

Qk

R k=1 A 7
Q Z (TL |tnn|) ‘Avtn,v+1’

n=v+1
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f:kl

n=1

ZRt ZCUMnU+2A

pn=0

>n (ZRt chu|tm,+2|
n=1 pn=0

(o) n—1 R ]_
0(1);1 nk-1 <§) [En,os2| |A (q)
0(1) io: <Z ‘t n v+2|

n=1 ‘tvv

oo ]_ k
om 3wt s A()

n=1 |tm,| Qv
O) 5t 5 L2l |

n=1 v=0 |t'uv|
| 1\|*
o 2, oo A(%)

o0 ]_ k
0(1) 52 w1 A(q) INWLEe,

v=0 v

>(&)

AN QE S (0 ftanl)*
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k

() 2
(@)

k
Noa
A Y ci)uRu>

k
AN Qu>

1 k
NESTIS
Qu

k Ak n—1 . k-1
AN [F QF (z o |tn,u+2|)
v=0

AN [* QF

ol

n v+2‘
n=v+1
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I
18
:R‘

_ k
nF = Y,03]

18

1 R 1
1(,1_)Mtn,v+2 ;AQAv

3
Il
_
3
Il
-

IA
(18
S

k
o =g 1 2
> Rty 30 ¢y |tn,v+2| P ’A )‘v’
pn=0 v=p QU+1

k
[ee] n—1
- osz(z bl 8% £ 0,7 )
0

0 —1 £ ) 1 n—1 R k—1
= o) Y nk—1 D | m;—_21| - |A2)\v|k Qllf (ZO [ty] |tn,v+2’)

n=1 v=0 |tvv| qv+1

o0 n—1
= 0(1) Y (nltwa)*™ ' 2 |t"”+2|q|A2A| Qk

n=1 v=0 |t'uv| v+1

> 1 1 9 k k &0 k—1 ¢
= O X —g 7 1A% Q5 X (nftan))" |fnos2]
v=0 |tvv| qv+1 n=v+1

= 0O() > vkl ‘AQ)\ ‘ Qk
v=0 qv—i—l
= O(1).
AN ;
&, — k &, n
n:1nk ' Ynoa|" = n; Z Ryt Cn p—1tnnt1 -
k
SR k |A/\ " e
< 0(1) zln |tn,n+1‘ Z R# n—p—1
& K [AN*

= O() X n* 1ty nsl - -
n=1 an

= 0(1).
The proof is complete.
Acknowledgment:The author is so grateful to the referee who corrected many
typing mistakes in the paper.
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