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A FIXED POINT RESULT INVOLVING A GENERALIZED
WEAKLY CONTRACTIVE CONDITION IN G-METRIC SPACES

(COMMUNICATED BY SIMEON RICH)

HASSEN AYDI

ABSTRACT. In this paper, we prove a fixed point result for a self-mapping on
a G-metric space satisfying (1, p)-weakly contractive conditions. Besides this,
a non-trivial example is presented.

1. INTRODUCTION

Some generalizations of the notion of a metric space have been proposed by some
authors. In 2006, Mustafa in collaboration with Sims introduced a new notion
of generalized metric space called G-metric space [12]. In fact, Mustafa et al.
studied many fixed point results for a self-mapping in G-metric space under certain
conditions, see [11, 12, 13, 14, 15]. For other results on G-metric spaces, see [1, 2,
3,4,5,16, 17, 18, 19].

In the present work, we study some fixed point results for a self-mapping in a
complete G-metric space X under weakly contractive conditions related to altering
distance functions.

Definition 1.1. (altering distance functions [9]) A mapping f : [0, +oo[— [0, +00[
is called an altering distance function if the following properties are satisfied:
(a) f is continuous and non-decreasing.
(b) f(t) =0<=t=0.
We present now the necessary definitions and results in G-metric spaces, which

will be useful for the rest.

Definition 1.2. [12] Let X be a nonempty set, and let G: X x X x X — R, be
a function satisfying the following properties:
(Gl) G(z,y,2) =0ifx =y = z,

(G2) G(z,x,y) >0 for all z,y € X, with x # y,

(G3) G(z,z,y) < G(z,y,2) for all z,y,z € X, with y # z,

(G4) G(z,y,2) = G(z,2,y) = G(y, z,z) = ..., (symmetry in all three variables),
(G5) G(z,y,2) < G(x,,a,a)+G(a,y, z), for all x,y, z,a € X, (rectangle inequality).
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Then the function G is called a generalized metric, or more specially a G-metric on
X, and the pair (X, G) is called a G-metric space.

Definition 1.3. [12] Let (X, G) be a G-metric space and let (z,,) be a sequence
of points of X, a point x € X is said to be the limit of the sequence (z,), if

lim G(z,z,,z,) =0, and we say that the sequence (z,,) is G-convergent to x
n,m—-+4o0o

or (x,) G-converges to .

Thus, z, — x in a G-metric space (X, G) if for any € > 0 there exists k € N
such that G(x, z,,xmy) < € for all m,n > k.

Proposition 1.4. [12] Let (X,G) be a G-metric space. Then, the following are
equivalent

(1) {zn} is G-convergent to x

(2) G(xn,zn,x) = 0 as n — 400

(3) G(zp,z,x) — 0 as n — oo

(4) G(xp, Tm, ) — 0 as n,m — +oo.

Definition 1.5. [12] Let (X, G) be a G-metric space. A sequence (z,,) is is called a
G-Cauchy sequence if for any £ > 0 there exists k € N such that G(z,,, T, x;) < &
for all m,n,l > k, that is G(xy, Tm, ;) — 0 as n,m,l — +oo.

Proposition 1.6. [13] Let (X,G) be a G-metric space. Then, the following are
equivalent:

(1) the sequence (z,) is is G-Cauchy

(2) for any € > 0 there exists k € N such that G(xy,, Tm, Tm) < € for all m,n > k.

Proposition 1.7. [12] Let (X,G) be a G-metric space. Then f : X — X is G-
continuous at x € X if and only if it is G-sequentially continuous at x, that is,
whenever (x,) is G-convergent to x, (f(xy)) is G-convergent to f(x).

Proposition 1.8. [12] Let (X, G) be a G-metric space. Then the function G(x,y, z)
is jointly continuous in all three of its variables.

Definition 1.9. [12] A G-metric space (X, Q) is called G-complete if every G-
Cauchy sequence is G-convergent in (X, G).

In [6], Alber and Guerre-Delabriere introduced the concept of weak contraction
in Hilbert spaces. After this, Dutta and Choudhuty [8] obtained on a complete
ordinary metric space a fixed point result for a self map involving a (¢, ¢)- weakly
contractive condition. It is the following

Theorem 1.10. [6] Let (X,d) be a complete metric space. Suppose the map f :
X — X satisfies for all z,y € X

(0 (d(fa:, fy)> < <d(x,y)) - w(d(w,y)) (1.1)

where 1 and ¢ are altering distance functions given in Definition 1.1. Then f has
a unique fixed point.

Motivated by the above result, we address the same question on G-metric spaces.
More precisely, taking a self-mapping on a complete G-metric space satisfying a
generalized weak contraction condition given by (2.1), we establish a fixed point
result. In the second part of the paper, an example is also presented.
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2. MAIN RESULTS
Our first main result is the following

Theorem 2.1. Let X be a complete G-metric space. Suppose the map T : X — X
satisfies for all x,y,z € X

1/) (G(T.’E, Tya TZ)) < "/J <G(‘T7 Y, Z)) - (G(.’E, Y, Z)) ’ (2'1)

where ¥ and @ are altering distance functions given in Definition 1.1. Then T has
a unique fized point (say u) and T is G-continuous at u.

Proof. Let xy be an arbitrary point in X, and let x,,41 = Tx,, for any n € N.
Assume x,, # x,—1. For n € N| we have thanks to (2.1) and definition of ¢

1/1 (G(Ivu Tn+1, 1'7L+1)> = 1/} (G(Txn—lv Ty, Txn))
< ¢<G(l‘n_1,$n,1‘n)> - @(G(xn—hxnaxn)) (22)

S w <G(xn—l7 Tn, J?n)) .

Since 1 is non-decreasing, we get that
G(xnaanrlaanLl) S G(xnflal'nwxn) (23)

If we take t, = G(Zpn,Zpi1, Tni1), then from (2.3), we get 0 < ¢, < t,,_1, so the
sequence (t,) is non-increasing, hence it converges to some r > 0. Letting this in
(2.2), then as n — 400

P(r) < o(r) —p(r),
using the continuity of ¢ and ¢. Then, we find ¢(r) = 0, hence by a property of
@, we have r = 0. We rewrite this as

lim G(J?n, Tn+1, LE7L+1) =0. (24)

n——+oo

Next, we prove that (z,) is a G-Cauchy sequence. We argue by contradiction.
Assume that (z,,) is not a G-Cauchy sequence. Then, following Proposition 1.6,
there exists € > 0 for which we can find subsequences (,,(x)) and (2, )) of (2,)
with n(k) > m(k) > k such that

G(Tr(k) Tk Tm(k)) = €- (2.5)

k) in such a way that it is the

Further, corresponding to m(k), we can choose n(k)
(2.5). Then

smallest integer with n(k) > m(k) and satisfying
G(mn(k)—la T (k) xm(k)) < E. (26)

We have, using (2.6) and the condition (G5), that

€ < G(Tni)s Tm(k)s Tmk)) < G(@n(k)> Tnk)—1> Tnk)—1) + G(Tnk)=15 Tm(k)> Tm(k))

< €4 G(Tnk) Tr(k)—15 Tn(k)—1)-
(2.7)
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In other words, from the conditions (G3)-(G4)

0 < G(Tn), Tnk)y—15 Tnk)—1) = G(Tpk)y—1: Tnk)=1> Tnk)) < G(Tnk)—15 Tn(k), Tn(k))-

Letting k — +o00, and using (2.4), we find G(2y k), Tn(k)=1, Tn(k)—1) — 0. We take
this in (2.7)

lim G(xn(k)v Tm(k)s xm(k)) =¢&. (28)

k—+oco
Moreover, we have thanks to condition (G4)
G(Zn(k)s Tk Tm(k)) <G (@n(k), Tnk)—15 Tnk)—1) + G(Tnk)y—1> Tm(k) =15 Tm(k)—1)
FG (Lo (k) =15 T (k) s T (k)

G(Tn()=1> Tm k) =15 Tm(k)—1) <G (Znk) =15 Tn(k)> Tnk)) T G(Tnk)s Tmk)s Tm(k))
FG (T (k) T (k) =15 Ton(k)—1)-
Letting k — 400 in the two above inequalities and using (2.4)-(2.8)

kll)riloo G(Tp(k)=1> Tm(k) =15 Tm(k)—1) = €. (2.9)

Setting = 2, (x)—1 and y = Yy, k)—1 in (2.1) and using (2.5), we obtain thanks to
the fact that 1) is increasing

Y(e) <Y(G(@n(r)s Tmk) Tmi))) = V(G(TTry—1, TTm(k)—15 T o) —1)
<Y(G(Tn(k)—1> Tm(k)—15 Tmk)—1) = P(G(Trk)—15 Tm(k)— 1, Trm(k)—1)-
Letting k& — 400, then using (2.9) and the continuity of ¢ and ¢, we get
P(e) < () — (o),

yielding that ¢(¢) = 0, which is a contradiction since e > 0. This shows that
() is a G-Cauchy sequence and since X is a G-complete space, hence (z,) is
G-convergent to some u € X, that is from Proposition 1.6

lim G(zp,zn,u) = G(Tn,u,u) =0. (2.10)

n—-+oo

We show now that v is a fixed point of the map 7. From (2.1),

) <G(Jcn+1, Tnt1, Tu)) =1 (G(Ta:n, Tx,, Tu))

<y (G(Cﬁmxn,u)> — cp(G(mn,xmu))

Thanks to (2.10) and the continuity of ¢ and ¢, we find
lim G(zp41,Tnt1,Tu) =0. (2.11)

n—-+oo
Again, using the conditions (G4) and (G5) given by Definition 1.2, one can write
G(u,u, Tu) < G(u,uy Tpy1) + G(Tpi1, Tng1, Tw).

Letting n — 400 in the above inequality and having in mind (2.10) and (2.11), one
finds G(u,u,Tu) = 0, and then Tu = u. Hence u is a fixed point of T'. Let us show
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its uniqueness. Let v be another fixed point of T, then

P (G(u, u, v)) =1 (G(Tu, Tu, Tv))
<t <G(u, u, v)) - <G(u, u, v)) .

It follows that <p<G(u,u, v) | = 0, and then G(u,u,v) = 0, yielding that v = v.

Following Proposition 1.7, to show that T is G-continuous at u, let (y,) be any
sequence in X such that (y,) is G-convergent to u. For n € N, we have

) (G(u, U, Tyn)> =1 (G(Tu, Tu, Tyn)>

Sl/) (G(U, u, yn)) — ¢ <G(’LL, u, yn)) .

Letting n — 400 and using again the continuity of ¥ and ¢, the right-hand side of
the above inequality tends to 0, then we obtain

lim G(u,u,Ty,) = 0.

n—-+oo

Hence (T'yy)n is G-convergent to u = Tu, so T is G-continuous at u.
O
As an application of Theorem 2.1, we have the following corollaries.

Corollary 2.2. Let X be a complete G-metric space. Suppose the map T : X — X
satisfies for m € N and x,y,z € X

(8 <G(Tm$,Tmy,TmZ)> < 1/)<G(35, Y, Z)) ¢ (G(x»y, Z)) ; (2.12)

where 1 and ¢ are altering distance functions given in Definition 1.1. Then T has
a unique fized point (say u), and T is G-continuous at u.

Proof. From Theorem 2.1, we conclude that 7™ has a unique fixed point say wu.
Since

Tu=T(T™u) =Ty =T™(Tu),
we have that Tu is also a fixed point to 7. By uniqueness of u, we get Tu = u.
0.

Corollary 2.3. Let X be a complete G-metric space. Suppose the map T : X — X
satisfies for all x,y,z € X

G(Tz, Ty, Tz) < kG(z,y, 2), (2.13)

where k € [0,1), then T has a unique fized point (say u), and T is G-continuous at
u.

Proof. It suffices to take in Theorem 2.1, (t) = ¢ and ¢(¢t) =1 — k for k € [0,1).
0.

Remark 2.4. Corollary 2.3 corresponds to Theorem 2.1 in [11].
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3. EXAMPLE

We give in this section an example illustrating Theorem 2.1.
Let X =[0,1]U{2,3,4,...} and

max{|z —y|, |y — 2[,|z —z[} if =z,y,2€]0,1]
and at least x#y or y#z or z#=x

G(z,y,z) = x+y+z ifatleat x or y or z¢l[0,1]
and at least z#y or y#z or z#«x
0 if z=y=-=2.

It is a simple exercise that (X, ) is a G-metric space. We claim that it is a G-
complete space. To do this, let {z,,} be a G-Cauchy sequence in X. By proposition
1.6, for any € > 0 there exists nyg € N such that for any n > ng and m > ng, we
have G(z,, T, m) < €. We distinguish two cases.

(1)

(2)

If 2, = 2.
Here G(Zpn, Tm, Tm) = 0 for any m,n > ng. In particular, G(z,, Zngy, Tn,) =
0, which gives that the sequence {x,,} G-converges to .

If &, # xp,.
The sequence {z,} is G-Cauchy, hence by definition of G, we have neces-
sarily x,, and z,, are in [0,1]. As a consequence,

[T — T | =: G(h, T, Tm) < €,

for any m,n > ng. We find that {z,} is a Cauchy sequence in [0, 1], which
is complete with respect to the metric | . |. Hence, there exists = € [0,1]
such that |z, — x| — 0 as n — +oo. There are two possibilities, that are
x =z, and then G(xy,,z,z) =0, or © # x, and so G(zy, z,z) = |z, — x|
Always, we obtain

nEIJIrloo G(zp,z,x) =0,

meaning that {z,} G-converges to z. In the two cases we have the com-
pleteness of (X, G).

Now, let ¢ : [0, +00[— [0, +00[ such that

tif 0<t<1
t) = - =
V(o) {t2 if t>1.

Again, we define ¢ : [0, +00[— [0, +00] such that

Loy > 1.

2 5 o0<t<1
w(t):{Q T
2

Moreover, let T': X — X be defined as

1 .
Tr — x—§x2 if 0<x<1
x—1 if ze€{2,3,4,..}

It is obvious that ¢ and ¢ verifies hypotheses of Theorem 2.1. Without loss of
generality, we assume that > y > z and discuss the following cases:
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Case 1: x € [0,1]
Here, necessarily y > z and y, z € [0, 1]. By definition of G, we have
G(xvyvz) = max{|x - y|7 |y - Z‘v |Z - .’E‘} =r—zc [07 1]
It follows that by definition of ¢ and ¢
1
¢(G($, Y, Z)) - QO(G(]}, Y, Z)) ZG(J?, Y, Z) - §G2(l‘, Y, Z)
1
=(x—2)— 5(56 —2)? (3.1)
1
>(x—2z) — 5(1'2 —2%).
Again, by definition of T, we get Tx, Ty, Tz € [0,1] and
L,

1 1
Tx:xfixz>Ty:yf§y2>Tz:zf§z,

and hence
1
G(Tzx,Ty,Tz) = max{|Tz—Ty|,|Ty—Tz|,|Tz—Tx|} = Ta—Tz = [(xfz)—g(x2722)] € [0,1].

It follows that

V(G(Tx, Ty, Tz)) =G(Tx, Ty, Tz) = (x — 2) — %(xz — %),

(3.1) gives us

Then the inequality (2.1) holds.

Case 2: x € {3,4,...}

Since x > y > z, hence y may be in {3,4,...} or in [0,1]. We start with the case
when y € {3,4,...}. Even here, we have two cases for z, indeed z € {3,4,...} or in
[0, 1].

elf z€{3,4,..}. Here, Te =2 —1>Ty=y—1=Tz=2—12>2. Then

GTx,Ty,Tz)=Tax+Ty+Tz=z+y+2z—-3>1.
We deduce then
V(G(Tx, Ty, T2)) = G*(Tx, Ty, Tz) = (x +y + z — 3)°. (3.2)
In other words, G(z,y,z) =x+y+ 2> 1, so

U(G(x,y,2) — p(G(z,y,2)) =G*(z,y,2) — % (3.3)

1
=(z+y+2)’ -3
Comparing (3.2) to (3.3) we find

1/J(G(Tx,Ty7TZ)) < w(G(xa y,Z)) - @(G(.’I},y, Z)),
meaning that (2.1) holds.
o If z € [0, 1]. Here, we have G(z,y,2) =z +y+ 2z > 1, then

V(G .2)) — plGly.2) =G(w9.2) - 5 (3.4

1
:(x+y+z)zf§.
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Again, since Tz = z — 222 € [0,1] and Tz = 2 — 1 # Ty = y — 1 > 1, then
GTz,Ty,Tz)=Tx+Ty+Tz=c+y+2z—2— %,22 > 1. Therefore,
1
V(G(Tx, Ty, Tz)) = G*(Tx, Ty, Tz) = (x +y+2—2— §z2)2. (3.5)

We compare (3.4) to (3.5) to get that (2.1) holds.
Let us now do the case where y € [0,1]. Here, y > z € [0,1]. The same strategy
yields that

B(G(T, Ty, T2)) = (G(m S y— iy 122))

2 2
1 1 .
=z +y+z—1--y*— =27 (3.6)
2 2
1 1
_ 11212
(z+y+z 59"~ 5%)

Moreover,
1
We deduce then

V(G(Tx, Ty, Tz)) < 9(G(x,y,2)) = p(G(2,9,2)),

that is the inequality (2.1).
Case 3: =2
In this case, since x > y > z, we have necessarily y, z € [0,1]. Here, we have

UG(Te, Ty, T2)) = <G<1, y— gz ;>>
=p(1- (- 57)
=1—(2— %zz)
Again,

PGy, 7)) — @Gy, 2) = 62 +y +2) — (2 4y +2) = 2y +2)7 — 5.

It is clear that (2.1) holds.
As a conclusion, the hypotheses of Theorem 2.1 are verified, and then we find that
u = 0 is the unique fixed point of 7" in X.
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