BULLETIN OF MATHEMATICAL ANALYSIS AND APPLICATIONS
ISSN: 1821-1291, URL: HTTP://WWW.BMATHAA.ORG
VOLUME 3 ISSUE 2(2011), PAGES 246-251.
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ABSTRACT. In this paper, we establish some fixed point theorems in connection
with sequences of operators in the Banach space setting for Mann and Ishikawa
iterative processes. Our results extend some of the results of Berinde, Bonsall,
Nadler and Rus from complete metric space to the Banach space setting.

1. INTRODUCTION

In this paper, we establish some fixed point theorems in connection with se-
quences of operators in the Banach space settings for Mann and Ishikawa iterative
processes. Our results extend some of the results of Berinde [II 2], Bonsall [3],
Nadler [6] and Rus [8, 9] from complete metric space to the Banach space setting.

Let (E,||.|]) be a Banach space and T : E — E a selfmap of E. Suppose that
Fr={peE|Tp=p}is the set of fixed points of T.

In the Banach space setting, we state the following well-known iterative processes
which have been employed to approximate the fixed points of various operators over
the years:

Define the sequence {x,} , by

Tpp1 =1 =Nap +XNTzp, n=0,1,---, g € E, (1)

where A € [0, 1]. Then, Eqn, (1) is called the Schaefer iterative process (see Schaefer
[10]).
For z( € E, the sequence {z,},-, defined by

Tn+1 = (1_an)xn+anTxn7 ’I’LZO,I,"' ; (2)

where {a,,},—, C [0,1], is called the Mann iteration process (see Mann [5]).
For zy € E, the sequence {z,}, -, defined by

Tne1 = (1 — ap)zn + Tz, _ o
Zn = (1 - ﬂn)xn + BnTSCn ’ =01 ’ (3)
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where {a,,},>, and {B,}.—, are sequences in [0, 1], is called the Ishikawa iteration
process (see Ishikawa [4]).
Remark 1.1: If A =1in (1), or, a;, = 1 in (2), then we obtain

Tpy1 =Txy, n=0,1,---, 29 € E, (4)

which is called the Picard iteration. See [I], 2] 8, 9] for Picard iteration.

Definition 1.1 [I 2, §]: (a) A function ¢: R — R™ is called a comparison

function if it satisfies the following conditions:

(i) ¢ is monotone increasing; (ii) nhﬁngo Y™ (t)) =0, Vi >0.

(b) A comparison function satisfying ¢ — ¢ (t) — oo as t — oo is called a strict

comparison function.

Remark 1.2: Every comparison function satisfies 1(0) = 0 and ¢ (t) < t, ¥t € RT.

We shall employ the following contractive conditons:

(i) For a selfmapping T: F — E, there exist real numbers L > 0 and a € [0,1),

such that

¢(|Jx — T'z[]) + aflz — y||
1+ Li|x — Tx||

where ¢: Rt — R™ is a monotone increasing function such that ¢(0) = 0.
(ii) For a selfmapping T: E — E, there exist a strict comparison function ¢»: R™ —
R™ and a monotone increasing function ¢: R™ — R™, with ¢(0) = 0, such that

1Tz — Tyl| < é(lla - Tell) + o(lle — yl), ¥, y € E. (6)

1Tz — Tyl <

, Vo, ye E, (5)

2. MAIN RESULTS

Theorem 2.1. Let (E, ||.||) be a Banach space and {T,},_, a sequence of operators
T, : E — E such that Fr, = {x}} for each n € IN. For zy € E, let {z,},, be
the Mann iterative process defined by (2), an € [0,1]. Suppose that the sequence
{T.},", converges uniformly to a mapping T : E — E satisfying (5), with Fr =
{x*}, where ¢ : RT — IR is a monotone increasing function such that ¢(0) = 0.
Then, z; — x* as n — oo.

Proof. Let € > 0 and choose a natural number N such that for n > N, we have
|| Thx — Tx|| < (1 — a)e, for all x € E. Then, for n > N we have

lz7, ==l < (1= an)|2}, — 2%[| + o ||T2™ — Toay||

)
< (1= an)|lzy — 2| + an[[|T2* = Ty || + || Ty, — Ty

* * *—Taz* + *— :L * *
< (1= a)||z, — a*|| + o (U T Dlle —onll s — )
< (1= ap)llag, — 2*]] + aan||z* — 2|+ an(1 = a)e,

from which we have ||z} — z*|| <,
Also, since € > 0 is arbitrary, then z} — z* as n — oo.
O

Proof. The proof of this result is more direct and similar to that of Theorem
2.1.
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Theorem 2.2. Let (E, ||.||) be a Banach space and {T,}._, a sequence of operators
T, : E — E such that Fr, = {z},} for each n € IN. For zg € E, let {z,} -, be
the Mann iterative process defined by (2), ay € [0,1]. Suppose that the sequence
{T,L}Zo:O converges uniformly to a mapping T : E — E satisfying (6), with Fp =
{x*}, where ¢ : R™ — IRY is a monotone increasing function such that ¢(0) = 0
and v : RY — R" is a strict comparison function. Then, xy, — x* as n — oo.

Proof. Let € > 0 and choose a natural number N such that for n > N, we have
|| Thx — Tx|| <e, for all x € E. Then, for n > N we have

lz7, = =|l < (1 = an)l|z5, = 2¥[| + o || T2™ = Tnay||
< (L= an)llzy, — 2™ + an[||[Te” = Taj[| + [Ty, — Toy ]
< (L= an)llzy, — 27| + anlp(||2* = Tz*|]) + (|l — 23 |]) + [T}, — Tz ]
< (L= an)lfzy, = 2*[| + antp([l2™ — 23 []) + ane,

from which we have ||z} — z*|| — ¥(||]z* — z5]]) <,

leading to ||z} — z*|| <€, Vn > N,

since 1 is a strict comparison function. Also, since € > 0 is arbitrary, then x} —
z* as n — oo.

O

Theorem 2.3. Let (E, ||.||) be a Banach space and {T,},_, a sequence of opera-
tors Ty, : E — E such that Fr, = {z%}, for each n € IN. For g € E, let {x,},,
be the Ishikawa iterative process defined by (3), an, Bn € [0,1]. Suppose that the
sequence {T,,},~, converges uniformly to a mapping T : E — E satisfying (6),
with Fp = {z*}, where ¢ : Ry — Ry is a sublinear, strict comparison function
and ¢ : RT — IR" is a monotone increasing function such that @(0) = 0. Then,
Ty — ¥ as n — 0o.

Proof. Let € > 0 and choose a natural number N such that for n > N, we have
[Tz — Tz|| < 35, Bn >0, forallx € E and [T,z — T2|| < §, forall z € E,
2= (1= Bp)z" + BnTa”, 2, = (1= By + BuTnay,.

Therefore, we have by using (6) and the fact that (t) < ¢V t € Ry that

llzy, —2*[| < (1 —an)llzy, —2*[| + an[[|Tz" = Tz + [Tz, — Tnzyl|]
< (X —an)llzy, — 2| + anfe(||2* = T2"|]) + (|2 — 23 |]) + [Tz, — Ty ]
(1 —an)llzy, — || + an(||z;, — 27|]) + ol T2, — Thzy|
< (L—an)l|lzy, — 2| + an(l = Bo)¥(||lz* — 27]])

FanBut? (7" — 2 |I) + anButb (T, — Tuzhll ) + anl| T2 — Tz

< (1 —ap)llzy, — 2| + an(l = Bp)y(l[z" — 2 |])

FanBub(||z* — 2y ) + anButp([| Ty, — Tozyl| ) + an|[T2y;, — Thzy ||

= (1 —an)llz;, — 2| + antp([|z}, — 2*(]) + anBn(|[T2}, — Thzyl])

+a,||Tz: — Tz

all

*

from which we have
anl [|lzy, — 2| = Y(||z;, — 2¥|]) | < anBup([| Ty, — Truzyl|) + anl| T2y, — Tuzyll,
so that

llz, =21 = (Il —2*ll) < Butp(|IT s = Taahll) + 1Tz = Tuzi|
< BullTay, — Toap || + 1Tz — Tz,
< Bz +5=¢
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1 being a strict comparison function leads to ||z} — z*|| <€, V n > N. Since € > 0
is arbitrary, then x} — z* as n — oc.
O

Theorem 2.4. Let (E, ||.||) be a Banach space and {T,} -, a sequence of opera-
tors T, : E — E such that Fr, ={a}}, for each n € IN. For xy € E, let {z,},_,
be the Ishikawa iterative process defined by (3), an, Bn € [0,1]. Suppose that the
sequence {T, }_, converges uniformly to a mapping T : E — E satisfying (5) with
Fr = {x*}, where ¢ : Rt — IRT is a monotone increasing function such that
¢$(0) = 0. Then, x} — z* as n — oo.

Proof. Let € > 0 and choose a natural number N such that for n > N, we have
|| Thx — Tx|| < %We, a>0, B, >0, forall x € E and ||T,,z — Tz|| <
%ﬂe forallzc E

= (1= 6p)x* + BnTa*, 25 = (1= Bp)xl + BnThzxr.

Therefore, we have by using (5) that

lz7, —2=|l < (1 = an)l|z}, = 2¥[| + o ||T2" = Tz |
(1 — an)lzy, — ¥+ an[|IT2" = T25[| + [Tz, — Tozy |

(1 —an)l|z, = 2*|| + anlp([[2" = Tz*|]) + al|z" = 23| + || Tz}, — Toai][]
(1 — an)llzy, — ™[] + aan|z; = 27| + an||T2; = Tozy|
< (1 —an +acy, —aoyBy)||lz” — 23 || + acn B[ (|[z* — T2™|])
Fallz* — 2| + (| T}, — Toag || | + anl[ Tz — Toz |
= (1 — ap + aay, — ac, B + a?a, Bn)||2* — 28|| + acn B || T2 — Tpk|
+a,||Tz: — Ty

alls

from which we have

an(1 = a)(1 + aBy)|leh, — 2| < aanBallTas, — Tuall| + anlI T2 — Tz

all;

leading to

|27, — 2]

IN

o tramy 1725, Txn||+m|\TZ — Tnzyl,

afn, (1—a)(1+apBn) (1— a)(1+aﬁn)
< (I—=a)(1+apBy) 2aBn €+ (1— a)(l—‘,—aﬂn
=5+5=¢

leading to ||z} —x*|| < €, Vn > N. Since € > 0 is arbitrary, then z} — z* asn — oc.
O

Remark 2.1: Theorem 2.1 - Theorem 2.4 are extensions of both Theorem 3.2
and Theorem 3.6 of Rus [9]. Theorem 3.2 of Rus [9] is itself Theorem 1 of Nadler
[6] and Theorem 7.8 of Berinde [T} 2].

We state the following results for pointwise convergence cases for the iterative
processes:

Theorem 2.5. Let (E, ||.||) be a Banach space and {T,},_, a sequence of opera-
tors Ty, : E — E such that Fr, = {«%}, for each n € IN. For o € E, let {x,},,
be the Ishikawa iterative process defined by (3), an, Bn € [0,1]. Suppose that the
sequence {T,,},_, converges pointwise to a mapping T : E — E satisfying (5) with
Fr = {x*}, where ¢ : R™ — IR' is a monotone increasing function such that
#(0) = 0. Then, x¥ — z* as n — oo.
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Proof. We shall use the contractive condition (5) and the pointwise convergence of
T, to T, where z* = (1 — B,)z* + B, Tx*, 2 = (1 — Bn)al + BnThzl.
Therefore we have
llz7, — 2|l < (1= an)|z}, — 2%[| + o ||T2" = Tz ||
< (L= an)llzy, — 2*[| + anle(l]z* = T2*[]) + al[* = z;3[| + (| Tz}, — Toayl]
= (1= o)z}, — ™| + acn||z; — 27|[ + an [Tz}, — Thz ||
< (1 = an + acy, — acyBy)||2* — 2k || + acn Bn] || Tx* — Tzl
Ty, = Toap |l 1+ on|| T2 = Tozy|
< (1= an + aoy — aanBn)l|z” — 2} || + aanBn| (2™ — T2*(])
Fallz* — i + (| T], — Toap|| |+ anl[Tz; — Tz
= (1 = ap + acy, — ac, B + @ Bo) ||z — 25| + acw, Ba||Txl — Thxk|
tan||Tz; — Tzl

from which we have

an(1—a)(1+aBn)l|x;, — 2| < acnBul|Ta;, — Tuay|| + anl[Tz;, — Tazyll,
leading to
[y, =" < [(1 = a)(1 + aB,)] " @Byl | Ty, —Towy ||+ T2;~Tpz; || ] = 0 asn — oo,

since T}, converges pointwise to T. Hence, we have that ||z} — 2*|| — 0 as n — oc.
(I

Theorem 2.6. Let (E, ||.||) be a Banach space and {T,,}.-_, a sequence of operators
T, : E — E such that Fr, = {z},} for each n € N. For zy € E, let {z,} -, be
the Mann iterative process defined by (2), ay € [0,1]. Suppose that the sequence
{T.}.2, converges pointwise to a mapping T : E — E satisfying (5), with Fr =
{x*}, where ¢ : RT — IR is a monotone increasing function such that ¢(0) = 0.
Then, x}, — =* as n — oo.

Proof. We shall use (2), the contractive condition (5) and the pointwise convergence
of T;, to T. Therefore we have that

[lzy — ™| < (1 —a)71|\T:£:L —Thz)]| = 0 as n— oo,

since T;, converges pointwise to T.
|

Theorem 2.7. Let (E,||.||) be a Banach space and {T,},—, a sequence of op-
erators T,, : E — E such that Fr, = {«}} for each n € N. For xy € E, let
{zn},2, be the Mann iterative process defined by (2), a, € [0,1]. Suppose that the
sequence {T, },_, converges pointwise to a mapping T : E — E satisfying (6), with
Fr ={z*}, where : RT — IR" is a strict comparison function and ¢ : RT — R™
is a monotone increasing function such that $(0) = 0. Then, z — ™ as n — 0.

Proof. By using (2), the contractive condition (6) and the pointwise convergence
of T,, to T, we have that

*

|7 — 2*[| = Py, — 2™[]) < ||Ta;, — Ty |l = 0 as n— oo,

since T}, converges pointwise to T It follows that ||z} — z*|| — 0 as n — oo, since
1) is a strict comparison function.

O
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Theorem 2.8. Let (E, ||.||) be a Banach space and {T,,}._, a sequence of operators
T, : E — E such that Fr, = {x},} for each n € N. For xy € E, let {z,},-, be the
Mann iterative process defined by (2), where o, € [0,1]. Suppose that the sequence
{T,L}Zo:O converges pointwise to a mapping T : E — E satisfying

T2 — Ty|| < Lile — Tal| +v(lle —yll), ¥ 2, y € B, L>0, (7)

with Fy = {z*}, where ¢ : RT — IR" is a strict comparison function. Then,
xy — ¥ as n — 0o.

Proof. The proof of this result is similar to that of Theorem 2.7.
O

Theorem 2.9. Let (E, ||.||) be a Banach space and {T,,}._, a sequence of operators
T, : E — E such that Fr, = {z}} for each n € N. For zg € E, let {z,},, be
the Ishikawa iterative process defined by (8), where cu,, B, € [0,1]. Suppose that
the sequence {Tn}zozo converges pointwise to a mapping T : E — E satisfying (6),
with Fr = {z*}, where ¢ : R" — R" is a sublinear, strict comparison function
and ¢ - RT — IRY is a monotone increasing function such that ¢(0) = 0. Then,
x) — ¥ as n — 00.

Proof. The proof of this result is similar to that of Theorem 2.7.
O

Remark 2.2: Theorem 2.5 - Theorem 2.9 extend a result of Bonsall [3] (which is
Theorem 3.1 of Rus [9]). Theorem 2.7 - Theorem 2.9 are also extensions of Theorem
7.2.1 of Rus [§] (which is Theorem 7.9 of Berinde [I 2]).

Remark 2.3: Corresponding results can also be deduced from our results for the
Schaefer’s iterative process defined in (1). See [7].
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