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ON QUASI-POWER INCREASING SEQUENCES GENERAL
CONTRACTIVE CONDITION OF INTEGRAL TYPE

(COMMUNICATED BY MOHAMMAD SAL MOSLEHIAN )

W.T. SULAIMAN

ABSTRACT. A general result concerning absolute summability of infinite series
by quasi-power increasing sequence is proved. Our result gives three improve-
ments to the result of Sevli and Leindler [4].

1. INTRODUCTION

Let > a,, be an infinite series with partial sim (s,), A denote a lower triangular
matrix. The series Y a,, is said to be absolutely A-summable of order k > 1, if

an_l T, — T |* < o0, (1.1)
n=1

where

T, = zn:amsv. (1.2)

v=0
The series ) a, is summable |A|,, k > 1, if

an_l |T,, — Tn,1|’C < oo. (1.3)
n=1

Let t,, denote the nth (C,1) mean of the sequence (na,), ie.,

1 n
t, = . Zvav.

v=1

A positive sequence v = (,,) is said to be a quasi—f—power increasing sequence if
there exists a constant K = K(8,7) > 1 such that

KnPry, > mPy, (1.4)
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holds for all n > m > 1. It may be mentioned that every almost increasing sequence
is a quasi-J—power increasing sequence for any nonnegative 8, but the converse need
not be true.

A positive sequence v = (7, is said to be a quasi— f —power increasing sequence
if (see[5]) there exists a constant K = K (v, f) > 1 such that

holds for all n > m > 1. B .
Two lower triangular matrices A and A are associated with A as follows

Ty = Dy, M0 =0,1,..., (1.6)
r=v

Uny = Gny — Gn—1,0, N =1,2,...,  doo = Goo = a0o- (L.7)
Sevli and Leindler [4] proved the following result

Theorem 1.1. Let A be lower triangular matriz with nonnegative entries satisfying

an—1,v Z Qn v fOT’ n Z v+ ]-a (18)
an =1 n=0,1,..., (1.9)
nany, = 0(1), asn — oo, (1.10)
Z)\n =o(m), m — oo, (1.11)
n=1
Z |AN,| = o(m), m — oo. (1.12)
n=1
If (X,,) is a quasi-f—increasing sequence satisfying
m
> T ta]" = 0(Xm), m— oo, (1.13)
n=1
> nXn (B, 1) [A[AN]] < oo, (1.14)
n=1

then the series Y- an Xy, is summable |Al, , k > 1, where (f,) = (n” (logn)"), u >0,
0<8<1, and X, (B, 1) = max (nﬁ (logn)" X, log n) .We name the conditions

T 1

kE_ B1oeY
ta]” = O (m”log” mX,,), m — oo, 1.15)
— n(nflog” an)k71 | ( ) (

An — 0, as n — oo, (1.16)
Znﬂ+1log7an|A|A)\n|| < o0, (1.17)
n=1

n—1
Z Appln,y = O(ann), 1/nap, = O(1). (1.18)

v=1
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2. LEMMAS

Lemma 2.1. [1]. Let A be as defined in theorem 1.1, then

Gnpt1 < App forn >v+1, (2.1)
and
m+1
Z dn,v—i—l < 1, UZO,l,... . (22)
n=v+1

Lemma 2.2. Condition (1.15) is weaker than (1.13).

Proof. Suppose that (1.13) is satisfied. Since n”log” nX,, is non-decreasing, then

1
—in(nflog”nX,

while if (1.15) is satisfied, we have

m m

el =03 Ll = 0 (X,

n=1

= 1 k G k B 7 k—1
— |t = tol” (n” logh nX,,
nz::ln| | nz::ln nﬁlog nX, )k_l‘ a s )
m—1 n b1
= tlF ] A (nPlogh nX,)"
— (2 'Uﬁ log UXU)k’—l | | > ( g )
+> : = [t ]" (mPlogh mX,,) !

= n(nflogh nX,)"”

(n” log" an)k_l‘

= 0(1) z_: n
n=1

+0 (m?log” mX,,) (m” log" me)k_l

-1

= 0 ((m —1)%log” (m —1) Xm_l) <<(n + 1) logh (n + 1)Xn+1)k_1

3

3
Il

~ (108" nX,)" ) 4+ O (m” log" mX.)"
= O (m’log"mX,,) (m”log" me)kfl + O (m” log" me)k
= 0 (mPlog" mX,,)" #0(X,,).

Therefore (1.15) implies (1.13) but not conversely. O
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Lemma 2.3. Condition (1.16) and (1.17) imply

mPH logh mX,, |AN,| = O(1), m — oo

Z n”log" nX, |A\,| = O(1),

n=1
and
nlog" nX, |\.,| =O0(1), n— occ.

Proof. As A\, — 0, and n®log" nX, is non-decreasing, we have

oo
nlogh nX, |AN,| = n’TlloghnX, Z A AN,

v=n

= 0(1) ) v"logh vX, |A|AN,]]

v=n

= 0(1).

This proves (2.3). To prove (2.4), we observe that

oo (oo} oo
> nflogh nX, |AN.] = > nloghnX, Y A|AN,
n=1 v=n

n=1

IN

i A AN, i n” logh nX,
n=1

v=1

= 0(1) Y v" M log" vX, [A|AN|

v=1

= O(1), by (1.17).
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Finally

n’logh nX, |\, = nloghnX, Z ANy

v=n

IA

Z v? logh vX, |AN,|

v=n

= O(1), by (2.4).

3. MAIN RESULT

Theorem 3.1. Let A satisfies conditions (1.8)-(1.10) and (1.18), let (A\,) be a
sequence satisfies (1.16). If (X,,) is a quasi-f-power increasing sequence satisfying
(1.15) and (1.17), then the series Y anA, is summable |Al, , k > 1, where (f,) =
(nf (logn)"), n>0,0< B < 1.

Proof. Let x,, be the nth term of the A-transform of the series Y a,\,, . By defini-
tion, we have

n n
Ty = E AnySy = E anvAvavv
v=0 v=0

and hence

Ty =Ty — Tp1 = Zv_ldm)\vvav. (3.1)
v=0

Applying Abel’s transformation,

n—1 n—1 n—1
1
T =2t + 3 Avnudote + 3 anos1 ANt + 3 v g Aty
v=1 v=1 v=1
=1n1+ Tn2 + Tn3 + Tn4~ (32)

To complete the proof, by Minkowski’s inequality, it is sufficient to show that

an_l |Tnj|k < o0, j=1,2,3,4

n=1
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Applying Holder’s inequality, we have, in view of (2.5),

m m k
k-1 k k-1 |n+1

E n |Th1|” = E n - Annntn

n=1 n=1

n=1

1 k k
= O(l)ZEItnI |Anl

n=1

c 1 k B1oaH k=1
= 01 = tal® Al (JAn] 77 logh nX, )

‘0 (nflog" nX,)""

n=

i 1
= 0(1))_ — [tal" A

n (nflog" nX,)

n=1

m—

1
- A0
1

— vlvvﬁlg

k

k—1 | v
)

Dl S ¢ ltal®

= nBlog“ nX,)*"

m—1

= 0O(1) |AN,| n?logh nX, + O(1) |Apm| m® log" mX,,

3
Il
-
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As, (see[2]),

n—1 n—1
Z |Avdm)| = Z (an—l,v - an,v) =1—-14apnn = ann,
v=0 v=0

therefore, in view of (2.5),

m—+1 m—+1 k

S el = 3w
n=2 n=2

n—1
> Ayny Aty
v=1

m—+1

n—1 n—1 k-1
Z nk1 Z | Ayl |>‘v‘k |tv‘k (Z |Av&nv|>
n=2 v=1 v=1

IN

m—+1 n—1
= 0(1) Z (nann)]Fl Z | Aol |>‘v‘k ‘tv|k
n=2

v=1

= OIS 1A
v=1 n=v+1

= O Zavv |)‘v|k |tv|k
v=1

m

1
= 0(1) Z ; ‘/\U|k |tv|k

v=1

= O(1), as in the case of T);.
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In view of (2.4), (1.10), and (2.2),

m—+1 m—+1 n—1 k
E k—1 k § k—1 E ~

n |Tn3| = n an,v+1A>\vtv
n=2 n=2 v=1

m+1

. 1 k—1
ty
Z nk- IZ Qnvt1) |A)\ | 0] ) (ZA)\UMﬂ log“UXv>

(vPlogh vX,) o

IN

m+1

k
= an 12 inwa1)” [AN| ]

(vP log! vX,)" !

_ omimm L mf e Y TR Lo
p— (vPloghvX,)" " 5 '
oY jan ‘ mil =
2 v ( ﬂlog UXU 2 UHTL an Jo+1 ann)
m |t ‘k m+1 1
- 0(1);\AAU| 0 og” 0K nzvjﬂamﬂ (Napn)
m |tv‘k m+1
N O(I)E‘A)\Ul (v8logh vX,) ol nzv;rlan o
oW vjan] Wl
o v (vP logh vX)
Z 1

m—1
= A (v]AN])
Uzz:l ; r (rflog" rX,

k
\A/\m|z = It

ol vﬁlog“ vX,)

k
— t"|
k?1|
)

= Z\A)\ | vP logh vX, + O(1 Z|A|A)\ || 0?1 logh v X,

v=1 v=1

O(1) |AN,,| mP L logh mX,,

= O().
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m—+1 m—41 n—1 k
k—1 k k—1 —1x
E n" T | Thal” = g n E V7l p Aty
n=2 n=2 v=1

m-+1 n— k-1

1 n—1
- Z nk71 ((Uavv)ik avvdn,v |)\v|k ‘tv|k Z avvdn,v
1 1

n=2 v= v=

m-+1 n—1
= 0(1) Z (na,m)k_l Z (’Uavv)_l avvdn,v ‘)‘U|k |tv|k
n=2 v=1
m+1

= O(].) iauv |>\1J|k |tv|k Z dnﬂ)
v=1

n=v+1
k k
= O(l)zavv|>‘v| [to]
v=1

= O(1), as in the case of T);.
([l

Remark 3.2. As an applications to theorem 3.1, improvements to all corollaries
mentioned in [4] can also obtained via weaker conditions
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