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ASYMPTOTIC DEVELOPMENT OF KAZHIKHOV-SMAGULOV
EQUATIONS

TIMACK NGOM, AROUNA OUEDRAOGO, MOHAMED DAHI

ABSTRACT. We consider a flow governed by the Kazhikhov-Smagulov equa-
tions and which takes place in a thin domain. This permits us to introduce a
parameter €, equal to the ratio between the charateristic depth and charateris-
tic length of the domain, assumed to be small. Then we do a formal asymptotic
expansion and an averaging to respect the vertical component. We prove the
existence of solutions of the obtained model.

1. INTRODUCTION

In this paper we are concerned with a shallow depth analysis of the Kazhikhov-
Smagulov equations which model the behavior of a viscous and incompressible
fluid formed by two miscible and homogeneous components each one of them; for
example fresh water and salt water, inside a subset domain Q of R3, during a time
interval |0, T'[, considering a mass scattering effect that obeys Fick’s law.

We denote by p1(t, x,y, 2) and pa(t, x,y, z) the respective densities of component
1 and component 2 in the mixture at time ¢ and at the coordinate point (z,y, 2),
Wi(t,z,y, z) and Wa(t, x,y, z) the respective speeds of component 1 and component
2 in the mix at time ¢ and at the point of coordinates (z,y, z).

Let ¢(t, z,y, z) and d(¢,z,y, z) be the respective mass and volume concentrations
of the first component, and p(t,x,y, z) the average density of the mixture.
The mass-volume relation gives

We show that
p=dp1+ (1 —d)ps.
Define W as the barycentric speed or the average masse speed, and V' as the average
volume speed of the mixture, we show that (see [2I], p 24-26):

W=cWi+(1—cWs, V=dWi+(1—d)W;, and div(V)=0.
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The conservation laws of mass and moments lead to the following partial differential
equations defined in Qr

Op + div(pW) = 0,

(1.1)
p(OW + W.NW) — pAW + Vp — (u+ /) Vdiv(W) = pf.

Where p, is the pressure, f = —ng, g is the gravitational force and k= £(0,0,1),
w and p' are assumed to be constant such that g > 0 and 2u + 3’ > 0. The
condition of incompressibility is reflected in div(V) = 0. We denote Q1 =]0, T[x2
with 7' > 0 and  an open subset of R3.

We show, as in ([21I], p 24-26), that W obeys Fick’s law:
A
W=V - ;V,o, (1.2)

where A > 0, is the mass diffusion coefficient and V' = (u, v, w).

(1.2) allows us to eliminate W in (|1.1)) and to obtain

op+V.Np=AAp,
p(OV + (V.V)V) — pAV — A(Vp.V)V — A(V.V)Vp r
EN(Vp(E) = Lo (vp)) VP =pf, (Y

div(V) =0,

where P, the pressure, is a new unknown.
When A is small, there is validity of a model in which the terms of (1.3) are
depreciated in A2, that is (1.3]) becomes

O+ V.Vp = AAp,
p(OV +V.VV) — uAV — X(Vp.V)V = ANV.V)Vp+ VP = pf, (1.4)
div(V) = 0.

An equivalent formulation of (1.4)) in conservative form is:

Orp + div(pV) = AAp,
O (pV) +div(pV @ V) = Adiv]Vp @V + V @ Vp] — uAV + VP = pf, (1.5)
div(V) = 0.

At least, formally, the preceding problems approach, when A tends to 0, to the
problem of Navier-Stokes with a variable density:

O (pV) +div(pV @ V) — uAV 4+ Vp = pf, (1.6)
div(V) = 0.
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To the system (1.4), we add the limits conditions:

w=0 at z=1,

(c(V)ng)r =0 at z=1,

P
— =Vp-Vng=0 on Xp=]0,T[x09,

on =011 (1.7)
w =

0 at z=0,

(e(V)mg)r =0 at z=0,

Plt=0 = PO, O<m§P0§M7 ‘/|t:0:% in Qa

where py and Vj, the initial density and velocity are data, [ is a capillarity coeffi-
cient, k is the average curvature of the free surface and py the atmospheric pressure
at the free surface, n, is the unit normal outside the free surface, ny is the unitary
outer normal at the bottom.

(0(V).ng)r = o(V).ng — ((0(V).ng).ns)ns and ng = *(0,0,1)

(c(V)mg)r =a(V)ng — ((0(V)ng)nyg)ng and ny = (0,0, —1)

where [ is the identity matrix 3 x 3 and H the free surface.
Then, for 3 = 0 and knowing that P|,_; = po, (1.7) can be rewritten

w=0 at z=1landat 2z=0,

0, U=0at z=1landat 2z=0,
(1.8)
O,p=0at z=1landat z=0,

Plt=0 = PO, 0<m§ﬂ0 SMa Wt:O:W) in Q7

where U = *(u,v).

Geophysical fluid dynamics is a crucial field for understanding the behavior of the
atmosphere and the ocean. However, when it comes to analyzing and simulating the
complex flows in these systems, using the complete hydrodynamical and thermody-
namical equations is mathemati- cally and numerically challenging. To overcome
this, scientists have introduced the Navier-Stokes equations in shallow water in
geophysical fluid dynamics (see [3, 4, [5l [0 T4} 15, 17, [I8]). These equations were
numerically studied, for instance in [7} [8, 10} [IT], 12} 13| 18] and mathemat ically for
viscous version (i.e., viscous Saint-Venant for the hydrodynamic part), for instance
in [22 24] using the well-known results [T, 2 8], [4 5], 14] 16, 17]. The aim of this
paper is to prove existence of weak solution of a system derived from a viscous and
incompressible fluid formed by two miscible and homogeneous components each
one of them. The key issue in our proof is to construct the approximate solutions
satisfying boundedness of the density and Bresch-Desjardins entropy. We will first
face a new difficulty on how to estimate the pression. In order to overcome this
difficulty, we represent the pression as a function of the density via asymptotic de-
velopment and averaging. Therefore, we use the Faedo-Galerkin method and the
classical theory of ordinary equations to prove the existence of the approximate
solutions.
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The rest of the paper is organized as follows. In section 2, we make an adimension-
alization in order to simplify the model and obtain mathematical equations whose
data are unitless. In Section 3, we make an asymptotic development in order to
neglect the terms of the order of €2. Next, in Section 4 the asymptotic model is
vertically averaged to obtain a reduced two-dimensional model where the pressure
is expressed as a function of the density. In section 5, we use the Faedo-Galerkin
method and the classical theory of ordinary equations to prove the existence of
weak solution to the asymptotic model. Finally, in the last section we give some
ideas of possible extensions and generalizations.

2. ADIMENSIONNALISATION
We need the following maximum principle result.

Lemma 2.1 (Maximum principle). Let p be defined in |0,T[xS, such that

Op + div(pV') = M p with div(V) =0, p(0)=pg, 0<m < py <M.
Then,
m < p(t,z,y,z) < M.

Proof. Set p~ = max(0,m — p) and p* = min(0, M — p). One has
(M — p)Oip + (M — p)div(pV) = A(M — p)Ap.

Integrating over €2 we get

/Q(M o+ /Q(M — p)div(pV) = /\/Q(M —p)Ap.

So
—5 [ or o) -5 [ vo(r— o) = - [ v
Then,
1d 2 9
~pup Q1= =2 [ (Vs —p))

which becomes p

dt/(M >+2A/<V<M—p>>2=o

and then,
d
2
T St )x/ Vph)

d
a”f”%z(m +2X|Vpt |72y = 0
Integrating from 0 to ¢ €]0, T we have

Finaly,

16711320y (1) = 16T (O)]1320 + 22 J3 VP[220 = O-
We know that pT(0) = min(0, M — pg) = 0, then

t
16+ 12200 + 20 / IV |2agqy = 0,
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which implies p™ =0 and 0 < M — p.
Therefore,
p < M.
We do the same for the lower bound m to obtain
m < p.
O

Now, let U = *(u,v) be the horizontal speed, (z,y) the couple of horizontal
variables and z the vertical variable. We also define the characteristic quantities:
L the length of the canal, £ the height of the canal, T' the times, p the density,
U= % the horizontal speed, W = % the vertical speed and P = EUZ the pressure.
The following new dimensionless variables are introduced:

ftvt~p~u~v~w~x~y~zﬁp
= P U=m= V== W==, T= 7, Y=+, 2= 5, E—
T i U W L L L 0"
Introduce these new dimensionless variables in the system (1.4]) and evaluate one
by one its three equations.

The first gives, by setting U = (@, v):

.~ pU ~ﬁW~~Ap p~
T
Multiplying equation (2.1)) by %, we obtain
0+ divs5(U) + 0=(p) = };A P 52 (2.2)
Ap pUL . ; £
where c= —, Re = £ TR the Reynolds number and the quantity € = 12 << 1.
1
The third equation of (1.4) gives
Ozu + 8@5 + 0z;w = 0. (2.3)

With regard to the second equation of (1.4]), we start by spliting it into horizontal
and vertical parts to obtain :
p(O:U + (UN 4 ) U + w0 U) — g U — p02U — N(V4yp.V oy )U
=000, U — ANUNg )V yp — A0, Vyyp+ VP =0,

(2.4)
p(Ow + (U.Vyp)w + wdw) — ply yw — 07w — NV yp. Ve y)w
~A0.p0.w — NU.Vy))0:p — MwdZp + 0, P = —gp*.
Introducing the new variables into the equation (2.4]), we obtain
U U’ AL U pU"
—_— =7 =7 =7 ~ 2 =
pp(fa;U + T(U.Vgﬂ)U + T’w8~ ) ,uLZ Az yU £2 alij + 7 —Vz 7P
N (V55 Vag)U — A2 055050 — )\'0 (U V5.4)Vaih - >\ - 00:. V5P =
— —_— —2 — —
UW ~ - W w ’U ~
( O + ———(U.Vzg)@ + 7 —wozw) — npzle g = LLEQ 82 ozP

L
T U
~NEF (V355.V3.5)0 — N 0250510 — /\E(U-V 7)0zp — )\ﬁw@w = —gp’p".
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T
Multiplying the horizontal and vertical parts of the above system by i and
D

respectively, we obtain :

(a5 ~ ~ =~ 1 ~
p(a;U + (U.V; ;;)U + ’wazU) — EAEJU
1 52 ~ ~ c —
U— —(Vz3p.Vz5)U — —03p0:U
CR N (V ,yp ,y) ER@ p "
U Vi y)Vx g0 — Re@ag.vigﬁ-‘r VzgP =0,
1 ~
p(0:0 + (U.V3 5 + 90z — EAg,gw
1 c - ~ c —n ~
Re %w— Re (Vrvgp.vig)w ﬁa‘gpagw
c = C 9~ ~ 1
— — w03 -0;P=—p~.
eRe( 2.9)% sRewaZ'o - eaz eF? P
where F) is the Froude’s number given by F, = Z? = .
We also have
m . M
— < 1% < —.
p P

By introducing dimensionless variables into (1.8]) we get

w=0 at z=1and at 2z =0,
o:U =0 at z=1andat 2z=0,
Ozp=0 at z=1and at 2z =0,
Pico=po Vieo=Vo in Q.
Omitting the tilde in equations (2.2), and and setting
Vay =V, divy, = div,

the dimensionless version of the system (1.4)) is written :

. & C
Op + div(pU) + 9. (pw) = EAP + %3307

p(OuU + (UV)U + wd.U) — RiAU +VP

e
_é((VPV)U + (UV)Vp+ wazvp) 511%682[] - ERea pazU = 07

1 c 2
p(Oyw + (UV)w + wd.w) — 7 —Aw— E(Vp V)w — 53
FL0.P — o (0.p0.w + (UN)0.p 4+ wilp) = e,

divU+0,w=0

(2.7)
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and (2.6 becomes
w =70 at z=1landat 2z=0,
%@UZO at z=1landat 2z=0,
%(Lp:O at z=1landat z=0,
Pli=0 =po Vii—o=Vo in €,
with
m M
—<p< —.
P p

3. ASYMPTOTIC DEVELOPMENT
For any function f, we set
f=1"+eft

We introduce the asymptotic development in (2.7)) and (2.8]).
To order ¢! :

e We get from ([2.7)
920" =0,
22U° 4 c0.p°0,U" = 0,
1
——0*uw® + 0. P" — < . p2 0w’ — i(UO.V)@Z/)O — Lwo(‘??po
Re e e

R R
~ ()

)

e Using boundary conditions in (2.8)), we get

2.p° =0 at z =0,
8,U% =0 at z = 0.

41

(2.8)

(3.2)

From the system (3.1)), one has ngo = 0, which implies that 9,p° is independent

of z.

From the system (3.2)), we have 9,p° = 0 at z = 0, so 9.p° = 0, from where p° is

independent of z.
Similarly, U° is independent of z.

To the main order £°, taking into account the fact that 9,p° = 0 and 9,U" = 0:

e From ([2.7) we get:

c

621
Rez i

Oup” + div(pU°) + 0. (p*w’) = 7=Ap° +

1
PO + (U N)U?) = - AU + VP
€
— £ (V. W)U £ (U0.V)Vp0) — L 20t =0,

div (U%) 4+ 9,w° = 0.
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e From (2.8) we have
0,p' =0 at z=1landat z=0,
wl=0 at z=1landat 2z=0,
(3.4)
0. U =0 at z=1andat z=0,
P\Otzo =g V|g=0 =V in Q.

We also have

IN

P’ +ep' <

SlE

M
7 )

which implies

SIE

o _ M
<p <=
P

4. AVERAGING

Integrating the first equation of (3.3]) from 0 to 1 with respect to z, we obtain:

0 « (0770 0,0 0,0 _ € 0 ¢ 1 c 1

Op” +div(p”U”) + p Wip=1 =P W)= = ﬁAP + Eazp/zzl - Eazp/z:O'

Knowing that éazp}zzl - T Zp}z:() =0 and w(/)z:1 = w?zzo =0, one has
c
—Ap°. 4.1
P (4.1)
Integrating the second equation of (3.3 from 0 to 1 with respect to z, we get:

0 (p°) + div(p°U°) =

c

P’ (0 U° + (U W)U — RN (V. W)U° + (U°.V)Vp°)

vy e (4.2)
P'"——0,U, _,+—=0.U; _,=0.
+/0 v Re =1t Re /2=0
From ({3.1)), and using the fact that 9,p° = 0 and 0,U° = 0, we have:
1

aZPO = 7F77"2(p0)2

Integrating this quantity from z to 1, one has:

(1)~ P(z) = g ()21~ 2)

— P() = Py + 25 (0°)2(1 — 2)

— VP(e) = 2 V(")) (1 - 2)

1
1
= [ VPz) = —5p"Vp’.
/0 (2) = 2P VP

Therefore, knowing that 8ZU/1Z:0 =0 and 8ZU/1Z:1 = 0, equation (4.2]) becomes

1
PO+ (UOV)U°) = AU — = ((Vp"-V)U° + (U°.9) V")
1

+
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5. EXISTENCE OF WEAK SOLUTION

Dropping the power 0, (4.1) and (4.3]) form the system
9 (p) +div(pU) = 5 Ap,

p(OU + (UNV)U) — £AU — £ ((Vp.V)U + (UV)Vp) (5.1)
+va'0 =0.
To the above system are added the following conditions:
% =0 on Xr, where X = [0,7T] x 0Q,
U=0  onXq, (5.2)

pii=0 =po Up=o=Up in @,

where Q is an open bounded subset of R2.
The usual spaces are introduced with boundary conditions of the Dirichlet type:

H={U, UeL*Q)?* Un=0o0n0dQ}

and
V={U, UcHY(Q)? U=0o0n0Q}.

On the other hand, we consider the analog space

10 = {pe (@ £ =om o0, | ott.ayas= [ la)is).

with H3/(Q) = po + HY ,(Q) where pg = 77"%2(@ Jo po(z)dz and
HJQVO = {p IS H2(Q) : % =0 on 8@7/ p(t,z)dx = 0}_
' on 0

We prove that HJQ\K0 is a closed subspace of H? where the norms 1ol 2(q) and
[[Apl|r2(q) are equivalent.

Definition 5.1. (Weak solution of the asymptotic model)
Given pg € HY(Q) N L>(Q),Uy € H we say that the couple (U, p) is a solution of

the asymptotic model (5.1)-(5.2) in Q, if:

p € L*(0,T; HY(Q)) N L=(Qr) N L>(0, T; Hy (Q)) (5.3)
U e L*0,T;V), pU € L®(0,T; L*(Q)?) (5.4)
and satisfies
~ [ 100+ U = 5-90) - Vel = [ pou(0.,9) dady, 0 € D@1). (55)
T € Q
—/T [pUdw + (pU @ U — éVU— é(Vp@U—!—U@Vp)) -V

1 . c .
g @)+ [ )V

= / pOUO@(Oaxa y) dl’dy, Vw € D(QT)7
Q
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where Qr = [0,T] X Q.

c
The presence of the diffusion term ——Ap, gives to p good regularity properties

of type (5.3). In this fact, (5.3))-(5.4) aned (5.5), imply the first equation of (5.1)

almost everywhere in Q7.

5.1. Linearization of approximated problem. As V is a subspace of H!(Q)
(Hilbert space separable), we have (see Theorem IX.31 and Remark 29 in [6], P
192-193) a Hilbert base in V, (wl,...,w™, ...), such that w™ € C(Q)?, for all m > 1,
and (w', w?) 2y = 0if i # j;i,7 > 1.

We denote by V™ the subspace of V generated by (w!,...,w™) converging to-
wards V. In these conditions we say that the couple (p™,U™) is an approximate

solution of (5.1))-(5.2) if p™ € CY(Q7) ; U™ € C1([0,T]; V™) and satisfies:

/Q [P (U™ + (U™ NV)U™) — é((me.V)Um + (U V)V -G

e Jo PV G A 5 [oVUTVGE =0, (5.6)
Uiy = Ug" in ,
for all G € C*([0,7]; V™) and

Opp™ +div(p"U™) — £ Ap™ =0 ae. in Qr,
ap 1 (5.7)

%:O on X, pr::O:po—l—EmQ.

In (5.6), we suppose that U® is the m!" term of a sequence (UJ"),>1 with the
following properties:

U e V™ and U" — Uy in H.

Moreover in (5.7)
pg € CHQ), pg* — po in L(Q) weakly *.

5.2. Faedo-Galerkin approximation for the weak formulation of the den-
sity. Given w™ € C([0,T], V™), we have to solve the problem: find p™ € C'(Q7)
such that:
Opp™ + div(p"w™) = £ Ap™ in Qr,
Vp™-n=0on X, (5.8)
pr?:() = po + % n Q.
According to [23], we have the existence and uniqueness of a solution for (5.8)) to
respect to w™. The solution of (5.8)) satisfies

o€ CHQ), r1 < p™(t,x) < 7o with rp = igf Plizgs T2 = sgp Plizo-  (5.9)

5.3. Faedo-Galerkin approximation for the weak formulation of the mo-
mentum. Knowing w™ and p™ we solve the linearized problem U™ € C([0,T],V™)
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such that
/Q [P (U™ + (W™ V)U™) — —((Vp VU™ + (U™ V)Vp™)] - G™
+%/ PV - G™ + é /Q VU"VG™ =0, (5.10)
ULy =Ug" in Q.
We set
£ =3 oyt (x). (5.11)
j=1

We replace in (5.10) U™ by its expression given by (5.11]), and we obtain:
/ 5t Z wJ (w™ V Z¢J wg el
Q
c m m ) m , N N .
/Q[‘Re (‘W VI di(w) + (X é5(t)w) - V) Vp )+F VG
Jj=1 j=1

1 s .
T Re J, (j;¢j(t)w]) VG = 0.

Therefore,

Z/ at¢g (t)yw? +¢j(t)(wm.V)wj)} -G™
1
7"Vl e

1 [ & |
- X J . m o _
+ & /Q ;:1 $;(HVw! - VG™ =0

Z/ (V™ V)w? + ¢; (1) (w? . V)Vp™) +

We take G™ = w’ to get,

Z dj/Qp wlw! +Z (bJ/Q < w 'v)iji_é ((me.V)iji + (wj.V)mewz‘))
+%/ mvpme_i_iquj/ YVl Vit = 0.
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We set
oy = [ prwted € (. 1) (5.12)
Q
bij = / ((wm.V)iji—];e((me.V)iji—l—(wj.V)mewi))
Q
1 o
— V' V't 1
+ /Q ViV (5.13)
1 ,
. = _— g Mt T . 14
A = o /Q Vo' € C([0,T)) (5.14)

We say that U™ is a solution of (5.10) if and only if (¢;)i<j<m € C([0,T]) and
satisfies the ordinary differential problem:

m d ) m }
> az‘j(t)fij + ) bh(t)g; — di(t) =0, (5.15)
Jj=1 j=1

(¢7(0))1<j<m = components of UJ".
The matrix A = (a;;)1<i,j<m is symmetrical because a;; = fQ prwtw? .

m
Let’s z € R™, z # Og= and compute ‘zAz. We have Az = Z x; / prwlwd
Q

j=1
then,

m m
lrAe = E E ik

(Y4 (Y4
NERANGE
=

© 5
S~ &
=

o

> Y @l 2 0,

because / (w'w?) = (w*, w’)p2(q) = 0 if i # j.
Q
So, A is definite positive.
A being symmetric and definite positive, so A is invertible and (5.15) becomes

% =A"'B®+ A7'D in [0,T),
®(0) € R™,

where @ is the column vector formed from ¢;, B = (b;;) and D = d,.
So, the classical theory of ordinary equation equations is applicable and it leads to
the existence and uniqueness of a solution (p™,U™) for (5.10).
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Naturally, (p™,U™) also verifies the conservative form:
1
—/ [ = 00u(pU) + (pU @ U — ——VU — —(Vp@ U + U ® Vp)) - V]
Qr Re Re

1 2 g c . c
_QFTQ/QTP dlv(l/))—Re/TU-Vpdlv(d))—kRe QTvp.v(Uq/,)

=0vy e V™ (5.16)

N m m c m
Op™ — div(p™mU™) = EAp . (5.17)

5.4. Main result.

Theorem 5.2. Let’s ug € H,py € H*(Q) N L>=(Q). Suppose that py > 0 almost
everywhere in Q and 0 < X\ < {47
Then, there is at least one weak solution (p,U) of the asymptotic model of mass

diffusion (5.1) in Qr.
Proof. We make the proof of Theorem [5.2]in three steps.

Step 1: A priori estimates

e First estimates
We have r; < p™ < ry. In particular

p™ is bounded in L>(Qr). (5.18)
According to (5.6, taking G = U™ we get:

3 oo o)+ [ vu s gt [ v

2
:—7/ pm|div (U™)2 — 25 [ prUmvdiv (Um)——/ myy™ g™
Re Q

2
< e /P’"IdiV o™ R—Ce /medeiv (Um)‘+c'/ pmVUmtVUm‘
Q
2cM
—pRe /'d1 ™)l pCR /—ldiv ™)+ fRe /VU””VU?"’

2cM
/|d1 o2+ % /\dl U™+ /\VU’”F

4 M
<= /|VU’"‘|2. (5.19)
pRe Q

From inequality (5.19)), we obtain:

d m 1 m ﬁ_4CM m
3 ("0 ) + PR [ v

c m|2
+— VK) < 0. 2
Re Fr? /(?| | o (5 O)
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A
As A< — M then p — 4cM > 0 (we recall that ¢ = —p)
W

So,
™Y2(U™) is bounded in L=(0,T; L*(Q)?) as well as (p™U™). (5.21)
Indeed,

/(pm)2(Um)2 S 7‘2/ pm(Um)Q S C,

Q Q

VU™ is bounded in L?(0,T; L*(Q)*) (5.22)
and

Vp™ is bounded in LQ(O,T; LQ(Q)Z). (5.23)

Thanks to Sobolev’s injection of H}(Q) into L5(Q), we have U™ is bounded
in L2(0,T; L%(Q)?), so

p™U™ is bounded in L?(0,T; L%(Q)?). (5.24)
The regularity of U™ allows from to get
U™ is bounded in L*(0,T;V). (5.25)
From where,
U™ is bounded in L*(0,T;V) and L?(0,T; L%(Q)?). (5.26)

Lemma 5.3. More generally, we have: (p™)*U™ is bounded in L7 (0, T; L?(Q)?)

if and only if ||(pm)"“Um||Z5(Q)2 is bounded in L*([0,T)).

Proof. | = Suppose that (p™)*U™ is bounded in L7(0,T; L?(Q)?), so

l / Y /Q |<pm>“UM|6>7/ﬂ] e

which implies that

T
Lm0 g < €

0
Therefore, [[(p™)*U™|| 14 ¢)> is bounded in LY(0,7).

</ Suppose that ||(,0’”)"‘Um||Zﬂ(Q)2 is bounded inL!(0, 7).

So

T
L1607 g < €,

which implies that
T 1/v
[/0 ||(pm)aUm||Zﬁ(Q)2] < Ol/’yv

[[(p™)*U ||LW(0TL/* )2) <C 1,
Therefore, (p™)*U™ is bounded in L(0,T; L?(Q)?). O

ie.,
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We also have
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H(pm)aUmHzﬂ(Qy _ (/Q |(,0 Um|ﬂ> (/ | I/QUW‘QBalUm‘B(l 2a)>

If Ba + M = 1, then according to Holder inequality,

. m m a m 12«
™) U™ e < 16™ MU B U™ 15032,

H(pm)l/QUmHiZ?Q)g is bounded in L*°(0,T) thanks to (5.21)).

According to (5.26)), HUmHZﬁl(Q§3) is bounded in L*(0,T) if v(1 — 2a) = 2,

SO

[\
Q
\_/
=
[\

p™)*U™ is bounded in L7(0,T; L?(Q)?) if By + @ =1and (1 —

If5=4, a=1/8, v =8/3, we have ﬁ'y—i-ﬁ(%%’) =1 and v(1—2a) = 2.

So (p™)'/8U™ is bounded in L%/3(0,T; L*(Q)?).

On the other hand,
/ ‘(pm)l/QUm|4 _ / ‘ 3/8 1/8Um|4 < M/ | 1/8Um|4
Q
< Cllp )1/8U ||L8/3 (0,T;L4(Q)?)"
Then,
(™) 2U™ | sra0,ms28(@)2) < CN(P™) U™ Lssa 0,704 (0)2)

ie.,

(p"™)2U™ is bounded in L¥3(0,T; L*(Q)?).
Now we will estimate p"U™ @ U™ from (5.27)) :

1/2
om0 & U = ( [ om0 s U’”F)

/Ip
= 13 1
1/2
</ | 1/2Um| ‘( )1/2Um|2>

=l(p )I/QUm”m(Q)%

1/2

then
myrm m4/3 m m118/3
o™ U™ @ U™ ([ it oy0 = (0™ 2U™ [
which implies that
p™U™ @ Um||L4/3(0,T;L2(Q)4) = |\(Pm)l/QUm|\L8/3(0,T;L4(Q)2)~
According to (5.27)), we deduce that
p"U™ @ U™ is bounded in L*/3(0,T; L*(Q)*).

(5.27)

(5.28)
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e Better estimates of p™.
According to (5.7) we have,

Vol 4+ V(U™ V™) + V(p™div(U™)) — évmm = 0.
Multiplying this equality by Vp™ and integrating on @ one has:

/Vpl"-me—l—/ V(Um-me)~me+V(pmdiv(Um))-me—i/ VAp™-Vp™ = 0.
Q Q Re Jq

Green’s formula applied on the last three terms gives:

]. . m c m
5 [ = [ apm v )+ £ [ @2 =0,
Q Q €JQ

Integrating from 0 to ¢ and multiplying by 2 we obtain:
m\2 2c ! m\2 ! m m m m q; m 2
(Vo™ )" () + 5 (Ap™)" =2 Ap™ (U™ NVp"+p"div(U™))+[[Vpollz2(q)-
Q €Jo JQ 0o J@
According to (|21], page 35), we have
m m m m ] m C m
|/QAp O™V A (U)] < 18 g + €
then,

t
m 2 c mi|2
197" s + 55 [ 180" ) < K-

By applying Gronwall’s lemma and the equivalence of norms in H ]%,O(Q),

we obtain
m c m
max |[Vp™ |72 (g + TP 122(0,7:12(q)) < Cste, (5.29)
SO
p™ is bounded in L?(0,T; H*(Q)) N L*>°(0,T; H*(Q)). (5.30)

e Estimates of derivatives in time and compactness
According to ([5.7]), we have
op™ c
7:7Am_Um. mo md' m.
5 = RelP Vp" — p"div(U™)
Using (5.29), we deduce that Vp™ is bounded in L?*(Q) a.e. in ]0,T[ and
div(U™) is bounded in L?(Q) a.e. in ]0, T (see (5.22))).
U™ is bounded in L°(Q) a.e. in ]0,7T| according to (5.26) and p™ is
bounded in L%(Q) a.e. in ]0, 7.
Vo™ € L?(Q) = Vp™ € L¥/2(Q) (since meas(Q) < o),
ap™

3/2
50— € L°74(Q).
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Indeed,

ap”” C o m m m 3 m
HWHLW?(Q) < EHAP HL3/2(Q) +[U™Vp HL3/2(Q) + [|p"div(U )HL3/2(Q)
<O+ U™ s @ IVe™ [[22@) + 0™ || L (@)l |div(U™) || L2 ()

< Cy,

S0
m
||6Lt||L2(O,T;L3/2(Q)) < TC3,
ie.,
ap™
ot
Furthermore
p™ is bounded in L*°(0,T;Q), so we have the compactness of p™ in
C(0,T; H(Q)).
p™ — p stongly in C(0,T; H'(Q)),

is bounded in L2(0,T; L*?(Q)). (5.31)

so p™(0) — p(0) strongly in H'(Q),

p™(0) = po, since p™(0) = po + 1/m, then p(0) = py (uniqueness of the
limit).

According to (5.16)),

1
/Q?/f&t(pU)/Q[(pU@)UReVUI;(Vp®U+U®Vp)).V¢]

1
2Fr2

2 . C . c
/Qp v )~ g, [ U Vo ) - g [ 9p-vwe),

S0,
, I
[ o umye) < (lo0m © U™ = VU i) 9o
1 m 4c m m
+ (gl @ + g Ve i@z U™ @) IVl p2(@)s
&
+ 2 Ve 4@z VU™ [ 2@ ¥l 1 (@2

However, the use of the inequalities of Gagliardo-Nuremberg, Poincaré and
the injection of H} into L* provides

1
[ um| < (1m0 & U = 2500 IVl

1
2Fr?
which implies

5c
+ ( IVe™|lL2(q) + EHPmHH?(Q)z||VUmHL2(Q)4>Hvd’HL?(Q)‘*,

d

i [ | < IVl (532
Q
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where

1 m 1 m
e VU 2@ + 555 IV 202

5C |\ m m
+§||P Il 2(Q)2[IVU™ (| L2(q)+-

With the estimates obtained so far, we can pass to the limit in the conser-
vative formula(—)7 except in p™U™ @ U™; for this one, we prove
a compactness of p™ U™, which is a consequence of some fractional time es-
timates for p™U™. Obtaining these estimates is the most technical part of
the proof. It’s about delimiting p™U™(t + h) — pU™(t), with 0 < h < T,
into an adequate norm by a fractional power of h.

e Fractional estimation in time

As in [I9] we note for a given function g, 7,g(¢t) = g(t + h).
We will show that there is a positive constant C' such that

HTh(mem) - memHLZ(O,Tfh;LQ(Q)Q) S Ch1/4.

i) we show that there is a positive constant C; such that:

T—h
I = / / (T (p™U™)(t) = (p"U™)(t)) - (U™ () — U™ (t)) < C1hM2,
0 Q

Indeed, let’s ¢ € V™, we have
S S t+h g S
[ e = ooy = [ G [ o),
Using we obtain
t+h
[ @t umio - rom@)e < ([ a9l
Q t

with g™ € L'(0,T), because the terms that compose its expression are at
least in L*/3(0,T).
We take ) = 7, U™(t) — U™(t) € V™ and we integrate with respect to
t, from 0 to T — h:
t+h

I < /0 [V (U™ (t) — Um(t))||L2(Q)4(/t gm(s)ds).

We set s =t + h, and we apply Fubini’s theorem to get:

T S*
Ils/o (/( V(U™ (8) = U™ ()] 22()+) 9™,

s—h)x
where
0 if s<0,
Sk = s if 0<s<t—h,
t—h if s>t—h.
We apply the Holder inequality in the integral in sx and we obtain:

T S* S
1/2 m m 172 m
B[ R V@mUn e - U ) ) o
0 (s—h)x (s—h)*
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Using (5.22), we get
T
1/2 1/2
n < Kn' \|VUm\|L2(0,T;L2(Q)4/ g" < Cih'?,
0

where K and C; are positive constants.
Then,

I, < CyhY2.

ii) We show that there is a positive constant Cy such that

T—h
I, = /0 /Q (Thp™(t) — p™ () U™ () - (T U™ (t) — U™ (t)) < C1hY2,

For t € [0, T — h], we multiply the equation
c

Op™ = —div(p"U )—i—Re

Ap™

by w to obtain:

/atpmw:—/ div(mem)w—i—i/ Ap™w,
Q Q Re Jq

which gives

/atpmw:/meme—i/ Vp"Vuw.
Q Q Re Jq

By integrating this last equality between ¢t and t + h we obtain:

/Q(Thp’"(t) —p" () w = /fh (/Q (pmU™ — éme) V).

Taking w = U™ (t).(rp,U™(t) — U™ (1)), we get
/Q (g™ (t) — o OYU™ (1) - (U™ (1) — U™ (1)) =

t+h
/ / (o™ — éme(t)) U™ () - V(maU™(t) — U™ (1))
t Q

+/t /Q (pmum™ — EV,@ ) - (mU™(t) —=U™(t)) - VU™,

Using Holder’s inequality we obtain
/Q (g™ () — P ()T (1) - (U™ (1) — U™ (1)) <

t+h
m m C m m m m
/ om0 — T (@ U™ )|z 19 (U™ () = U™ (1) 12
t

t+h
m m C m m m m
+/ " U™ = =N p"™)|[La@y= [T U™ (t) = U™ ()|l 122 [ VU™ ()| L2(q)4-
t

Re

53



54 T. NGOM, A. OUEDRAOGO, M. DAHI

Using the previous estimates we have

/Q (mp™ (1) — p™(B)U™(2) - (U™ () — U™(8)) <

t+h
Kl/t IV (20 () = U™ ) | 2goys + Ko ;T IVU™ (0] 120y

By taking the integral between 0 and T'— h and applying again Hoélder’s
inequality we get

T t+h 1/2 t+h 9 1/2
2 m m
|12\§K1/0 (/t ) (/t 19 (U™ (5) = U™ (1) 2210
T t+h 1/2 t+h 1/2
+K/ / 12 / VU™ ()||220004 ) -
() )T () IV @l)

We use (5.22)) to obtain
L] < KL'V2(|VU™||20,m02(q)%) < Cah/?.
We see that

LI = / . /Q ™ () (T U™ () — U™ (1))2,

Knowing that —I, < Coh'/?, we have I} — I < (C1+ 02)h1/2,
SO

T—h
/ / g () (U™ () — U™(8))2 < Cah/2.
0 Q
As p™ is bounded in L (Q)(p™ < r2), we obtain
T—h
/ / 7™ (6) (TR U™ (8) — U™ (t))|? < MCsh!/2, (5.33)
t Q

We want to have an estimate similar to (5.33)) for (5,p™(t) — p™(t)).U™(t).
We have the following identity:
TR (U™ = U™) + (mpp™ — p™). U™ = 1, (p"U™) — pU™. (5.34)
On the other hand, for ¢ €]0,T — h[ we have
(™ =m0 = [

¢
For all v € L*(Q) we have

t+h ¢ [tth
/ |(Thpm—pm).v|=/ |/ mem.Vv—FR—/ Ap™
Q Q Jt € Jt

t+h c
< e m. 7A m
L] ool s

t+h c
< S VARV —Ap™.
<[ [ v s ama)

t+h t+h

t+h c
a o J— d T U7n A o .
:0 /t iv(p )+ 7o t P

t+h
e ™m c m
S/t (Il lz2@lIVollez @) + Il A0 2@ vl 22(@) ) -
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As U™ € L*(Q) implies
Um.U™ € L*(Q) and |[U™.U™|12(0) < K3l|[U™||a@)|lU™ | 24(0)

so we can take v = U™ - U™ to obtain:

/ (mp™ — pM|(U™)? <
Q

t+h
u m m m c m ™m
K?»/ (1" U™ |2 @plIV(U™-U Nizz @ + Il A" 221U [ L2(@))-
t

The fact that U™ € Cp(Q) allows to get

t+h
Lo =@ [ OO s+ 1897 )
t

So we have
1(7hp™ = P™U™ || L2(0,0-mi22(@)2) < ChM2.
Adding this last inequality and , we obtain:
[[Tnp™ (U™ = U™) + (1hp™ = p" )U™ |[L2(0,7—n;12(@)2) < Ch'/2.
Using , we get :
170 (p™U™) = p" U™ |20, 7—msz2(@)2) < Ch'2. (5.35)
We already have the compactness of p™ in C([0,T]; H'(Q)).

Step 2: Convergence results
According to and , we have the compactness of p™U™ in L?(0, T; L*(Q)?),
so there are subsequences that we note (p™), (U™), (p™U™) and (p"™U™ @ U™)
such that :

C([0,T]; H'(Q)) strongly,

Fpel>®(Q) /| pm—pin { L®(Q) weakly*, (5.36)
L?(0,T; L*(Q)) weakly,
U € L*(0,T;V) / U™ = U in L*(0,T;V) weakly, (5.37)
L*(0,T; L*(Q)?) strongly,
3X, € L®(Q) / p"U™ — X1 in { L*(0,T; L%(Q)?) weakly, (5.38)
L(0,T5 L*(Q)?) weakly*,
IXy | pmU™ @ U™ — X, in LY3(0,T; L2(Q)?) weakly. (5.39)

These convergences imply X; = pU and X, = pU ® U.

Let’s show now that:
(/ pU~v> (O):/ polp - v.
Q Q

Let v € V be fixed such that
"™ = vin V.

Thanks to (5.21)),
</ mem.vm> is bounded in L*°(0,T). (5.40)
Q



56 T. NGOM, A. OUEDRAOGO, M. DAHI

We know that for any function f € L'(0,T; L?(Q)), there is a function K € L'(0,T)
such that

[ fllz2(q) < K a.e. in [0,T].

We have [[Vu™||12() < C (where C is a constant), so according to (5.32)) we

have:
d

dt
where K € L*(0,T) and ), is bounded in L*/3(0,T).
Estimates and allow to show that the sequence fQ pmU™ - v™ is in
a compact of C(0,T) (see [20]).
Moreover the convergence of v™ towards v and imply that |, oPTUT VT —
fQ pU v in L*=(0,T) weakly*. This convergence also takes place in C([0,7]) in the
strong sense, so fQ pU -v € C([0,T)), and in particular for ¢t = 0, i.e.,

(/meU%m)(oH (/QpU-v)(O).
/Q (O™ (0)0™ = /Q PG ™ = /Q potio-t,

(/QPU‘U)(O):/QPOUO'U, Yo € V. (5.42)

/ me’".vm‘ < Cg™ < O(K + ), Vo™ € V'™, (5.41)
Q

But

thus,

Step 3: Passage to the limit

Equality is valid in C([0,T]), and then in D’(]0, T).

The goal is to take the limit when m tends to infinity of . For m/, v € 1%
be fixed, we reason with m > m’ to get the convergence of each term of ,
then by density argument, we deduce the limit equation checked for all v € V.

i) From we have pmU™ — pU in D'(0,T; H1(Q)?), so d:(pmU™) —
&1(pU) in D'(J0, TY).

We have
<0 (pmU™), ® >—< 0(pU),® > in H1(Q)?,

so for all v € V'”I7

<< G(pU™), D >0 >p-12<< O(pU), P >, 0 >p-1,

<<at<mem>,q>>,v>H,1:/ / o U™ —/ /at (U™

<< O(pU), @ >, v >=<< O(pU),v >p—1,P > .
Then,

Yu € Vm/,/ A(p"U™) v =< dy(pu),v >g-1 in D'(]0,T7).
Q

ii)Vp™ — Vp in L1(0,T, L?(Q)?) strongly.

So we have p™Vp™ — pVp in L*(0,T, L?(Q)?) strongly,
and then,

Jo P"Vp™mo = [, pVpv in LY(0,T) strongly, Vo € V'™
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iii) Using (5.39), Vv € V™,
/(me’"@@Um) Vo — / (pURU) : Vo =< —div(pURU),v >g-1 in L¥3(0,T) weakly.
Q Q

From (5.37), we get for all v € V™,
éfQVUm Vo — *fQVU Vo =— < 4-AU,v >5-1 weakly in L*(0,T).

From ([5.36) and - ) Vv e V™, we have

— % Jo(Vp™ INuU™ = U™ NVou.Vp™) = — 52 [ (Vp.!'NVu.U — UNv.Vp)

=< £U.VVp+div(U)Vp — £Vp.VU — £ ApU,v > -1 strongly in L*(0,T).
All these convergences take place in D'(0,7'), so

< 8(pU) + div(pU @ U) — é(UAp +Vp VU +UNVp)
1

1
- R—AU T 5PV, v >g-1=0 (5.43)
in D'(0,T) for all v € V™'
By density, if m’ — oo, (5.43)) stay true, i.e. for allv e V,
< 8,(pU) + div(pU @ U) — é(UAp +Vp- VU + U.VVp)

1 1
_ A A v/ =
T U+FTQP PV >pg 0

in D'(0,T).
Then, V® € D(0,T), YveV,

T
/ (/ (0e(pU) + div(pU @ U) — é(ApU +Vp.VU + U.VVp)
0 Q

1
— EAU + T pr)v)@ =0.

Setting p(t, z) = ®(t)v(x), we get

//8tpU <p+//d1va®U //AU@,@
/ /le VoU+UVp) cp-l——/ div (U)Vp- <,0—|— / /prga—O

Integrating by parts, we obtain

T
// O (pU)p //pU@U Vo+ — //VU:V@
Re 0 Q

: I
+§/0 /Q(U@)Vp—&-Vp@U) : V<p+§ o div (U)Vp-gﬁ—ﬁ/o /Qprwp—O.

/ / e = [ / (0u(pU9) — pUBD)
:—/Qp(O)U(O)go(O,x)—/Q/OTPUat%

‘We have
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SO

1
—/ [pUBp+ (pU @ U — —VU — —

e RG(Vp®U+U®Vp))-V<p]

1 2 1 c .
_W/ p dlv(¢)+Re/QT div (U)Vp- ¢

Qr
- /Q poUop(0, 2, ) dudy, Y € D(0,T] x Q). (5.44)

For the conservation equation of mass, we have:
O0pp™ + div(p"U™) = £ Vp™ dans Qr.
According to ,
p™ — pin D'(Qr). Therefore,

Op™ — Op in D'(Qr) and Ap™ — Ap in D'(Qr).
From we have:

pmU™ — pU in D'(Qr) and therefore,

div(pmU™) — div(pU) in D'(Qr).

So

Oip +div(pU) = £ Ap in D'(Qr).

Therefore, for all ¢ in D(Qr), we have:

//T(atp + div(pU) — éVp)zZJ = 0.

Thus,
— [ [0+ - 90501 = [ puvto.0)de 96 € D(0.T(xQ). (5.8
Q € Q
From we have

p € L*(0, T HY(Q)) N L=(0,T; Hy (Q)).
Furthermore, (5.36) implies that
pE LOO(QT)a

so
p € L*(0, T3 HY(Q)) N L(Qr) N L*(0,T; Hy (Q)).
Also according to (5.37)),
and (5.38)) gives
pU € L=(0,T; L2(Q)).
If we add to this, (5.44) and ([5.45)), we obtain:

p € L*(0,T; HY(Q)) N L=(Qr) N L=(0,T; Hy (Q)),
UeL*0,T;V),
pU € L=(0,T; L*(Q)?).

UeL*0,T;V),

and verify:

- / / 0B+ (U — ). VY] = / potb(0,2)dz, ¥ € D'([0, T[xQ),
Q € Q
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1
—VU—L

7 Re(Vp®U+U®Vp))-ch]

—/ [pUdp + (pU @ U —
Qr

1
2Fr2

/QT,O2 div (ga)—i-];e/T div (U)Vp- ¢

= / poUop (0,2, y) dedy Vo € D([0,T] x Q).
Q
So (p,U) is a weak solution of the model. O

Concluding remark

In this work, we proved existence of weak solution of a system derived from a

viscous and incompressible fluid formed by two miscible and homogeneous compo-
nents each one of them. We used the Faedo-Galerkin method to construct sequences
of approximate solutions which converge to a weak solution, via the compactness
method. Here, we assumed that the initial density is bounded, which allowed us to
obtain a priori estimates.
The initial model assumes a low mass diffusivity and was called the Kazhikhov-
Smagulov model by F. Franchi and B. Straughan. It models the mixture of two
miscible components, moreover the basic model is salt dissolved in a compressible
fluid. We see that if the mass diffusion coefficient is zero we have the incompressible
Navier-Stokes system. Even when this coefficient tends to zero, the model tends
towards that of Navier-Stokes and the weak solutions of the model converge to a
weak solution of the Navier-Stokes system with a variable density. It should be
noted that to our knowledge the problem of the existence of a strong solution of
the model remains open. Therefore, avenues of research open up for us in the fu-
ture. It would also be interesting to see the model that governs the meeting of a
sea (salt water) and a river (fresh water). Here the major difficulty remains the
fact that the sea is studied in three dimensions (initial model) and the river in two
dimensions (the model we obtained). The uniqueness of the solution of the model
obtained remains a crucial problem due to the strong nonlinearities.
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