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FINITE ELEMENTS APPROXIMATION FOR LINEAR ELLIPTIC
EQUATIONS WITH L!-DATA

YIBOUR CORENTIN BASSONON, AROUNA OUEDRAOGO

ABSTRACT. In this paper we consider, in dimension d > 2, the Py finite ele-
ments approximation of the linear elliptic equation which generalizes Laplace’s
equation. When the right-hand side belongs to L (), we prove that the unique
solution of the discrete problem converges in L' () to the unique renormalized
solution of the problem.

1. INTRODUCTION

In this paper we consider the P; finite elements approximation of the boundary
value problem

M —div(AVu+@(w)) =f inQ,
(1.1)
U =0 on 99,

where Q is an open bounded set of R¢, d > 2, A is a coercive matrix with coefficients
in L®(Q), A > 0, ® is a linear function which belongs to W, (R)%.

The fact that f belongs to L!(Q) is the outstanding feature of the present paper.
For this problem the standard P; finite elements approximation, namely

up € Vh,

Yoy, € Vi, AVu, Vu,dz +/ D (up)Vopdx
Q Q

+)\/uhvhdx:/fvhd:c,
Q Q

Vi, = {’Uh S CO(Q) VT €T, Vh|T € thh\[)ﬂ = 0}7 (13)
has a unique solution (see Proposition below).
More details on finite elements methods can be found in [3} 6} [7, 111, 12 13 [16].
Actually, in order to correctly define the solution of (L.1]), one has to consider a

where
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specific framework, the concept of renormalized solution. The definition of these
solutions (see Section 2 below) has been introduced by P. Bénilan and L. Boccardo
in [I]. These definitions allow one to prove that in this new sense problem (|1.1)
is well posed in the terminology of Hadamard, namely that the solution of
exists, is unique and depends continuously on the right-hand side f (see [I4]).
Using the ideas which are the root of the definition of renormalized solution, we are
able to prove in Section 3 (Theorem 3.1 below) that the unique solution uy of
converges to the unique renormalized solution u of in the following sense

up — u strongly in L*(Q),

(1.4)
{ Uy, (Tk(un)) — Ti(u) strongly in Hg (),

for every k > 0, where II; is the usual Lagrange interpolation operator in V}, and
where T}, is the usual truncation at height k.
To prove , we assume that the family of triangulations is regular in the sense of
P.G. Ciarlet [5], and that it satisfies an assumption which is close to the assumption
which is usually made to ensure that the discrete maximum principle holds true.
More precisely, denoting by ; the basis functions of V}, we assume that the matrix
with coefficients );; and H;; defined respectively by

Qij :/AV%Vgojdm
Q
and
H;; Z/%%‘dw
Q

is a diagonally dominant matrix (hypothesis ([2.18))). This allows us to prove (The-
orem that the solution uy of (1.2) satisfies

o [ IV (T () Pdo + A [ [14(Tiwn)) e < K100
Q Q

and
1

-/ VaPdrst [

v J{n<up<2n} & J{lun|=n}

for every h > 0 and every k > 0, n > 1. This is the main estimates of the present
paper.

The assumption that Q and H are a diagonally dominant matrix is unfortunately
a restriction on the coercive matrices A with L>(£2) coefficients and on the trian-
gulations 7 of Q.

2. PRELIMINARIES

2.1. Notations. In the present paper,  denotes an open bounded subset of R?
with d > 2.
For a measurable set B C , we denote by |B| the measure of B, by B¢ the comple-
ment Q\B of B, and by xg the characteristic function of B.
For 1 < p < 400, we denote by WP(Q) the standard Sobolev space

WhP(Q) = {u € LP(Q) : Vu € LP(Q)%},

equipped with the norm

1
lallwrnoy = (Il gy + 190l 000 )
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and by W, (Q) the closure in W'(Q) of C2°(£2), the space of those C*° functions
whose support is contained in €. Since 2 is bounded, WO1 P(Q) will be equipped
with the equivalent norm

HUIIWg»p(Q = [IVull Lo @)e-

We denote by W1 (), with p’ = —£-, the dual of W, *(), and when p = 2, we
denote as usual.

HY(Q) = W12(Q), HL(Q) = W,?(Q) and H1(Q) = W 12(Q).

For every r with 1 < r < 400, we denote by L™ () the Marcinkiewicz space
whose norm is defined by

[0]| s () = sup Al{z € Q : [u(z)] > A}
A>0

For every real number k > 0 we define the truncation Ty : R — R by

s if 8| <k,
k— if |s| > k.

2.2. Setting of the problems. We consider a matrix A such that
A€ L>(Q)4x4, (2.1)
aex€Q, VE€RY, A(x)E€ > af¢)?, (2.2)

for some a > 0, and

A>0, feL'(Q),
(2.3)
® : R? — R% is a linear function which belongs to W," > (R)4.

loc

Let us recall the definition of the renormalized solution of the problem ([1.1)).

Definition 2.1. A function u is a renormalized solution of (1.1) if u satisfies

u € LY(Q), (2.4)

V k>0, Te(u) € HY(Q), (2.5)

lim l/ |Vu|?dz = 0, (2.6)
n—=0 N J{n<u<2n}

Vk >0, VS € CY(R) with supp S C [k, k], Yv € HE(Q) N L>(%),

/ AVTy(u) - Vo )S( da:+/S’ (AVTy(u) - VT (w))v dx

/S -V dx—i—/S’ ®(u) - VI (u))vdz
+>\/Q W (1) S(u vd:z:_/fS )vda.

(2.7)
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In (2.7) every term makes sense since T (u) belongs to H}(Q). Equation (2.7)
is the correct way to write the result which is obtained formally when using vS(u)
as test function in (1.1)) and noting that Vu = VT (u) =0 in {|S| > k}.

When ® = 0 and f belongs to L*(2) N H~1(Q), the usual weak solution of (1.1]),
namely

u € Hy(Q),

(2.8)
vE H&(Q),/ AVu - Vudz + )\/ uvdxr = / fudz,
Q Q )

is also a renormalized solution of and conversely (see [14], Remark 2.5).

The above definition of renormalized solution was introduced by DiPerna and Li-
ons in [I0] (see also [2, [§], [I5]). Two others definitions of solutions, the entropy
solution and the solution obtained as limit of approximations, were introduced as
the same time respectively in [I] and [9]. The three definitions can be proved to be
equivalent (see e.g. [12]).

The main interest of the definition of renormalized solution is the following exis-
tence, uniqueness and continuity theorem.

Theorem 2.2. [see [I4], Theorem 1.1] Assume that A, ®, X and f satisfy (2.1)-
(2.3). Then there exists a unique renormalized solution u of (1.1). Moreover,
this unique solution depends continuously on the right-hand side f in the following
sense:

if f1 and fo belong to LY(2), and if uy and ug are the renormalized solutions of

(1.1) for the right-hand sides f1 and fa2, then

Alur — w2l < Ifi = fallor)- (2.9)

Now we consider a family of triangulations 7j, satisfying for each h > 0, the
following assumption:

the triangulation 7} is made of a finite number of closed d-simplices T'
( namely triangles when d = 2, tetrahedra when d = 3, etc. ) such that :

(@) U =U{T:T<cTh}CQ,

(9) for every compact set K with K C €, there exists ho(K) > 0 such that,
for every h with h < ho(K), K CQp,

(#i7) For Ty and Ty of Tj, with Ty # T5, one has |Th N T3] = 0,

(iv) every face of every T of Ty, is either a subset of 9Qy,, or a face of another T" of Ty,.
(2.10)

Note that because of (iv) the triangulations are conforming. A particular case is
where € is a polyhedron of R?, and where €, coincides with  for every h.

The vertices of the d-simplexes T of T, are denoted by a;. There are interior and
boundary vertices, namely vertices which belong to (), and vertices which belong
to 0Q2,. We denote by I the set of indices corresponding to interior vertices and by
B the set of indices corresponding to boundary vertices.
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For every T' € Ty, we denote by hr the diameter of T and by pr the diameter
of the ball inscribed in T. We set

h = sup hr (2.11)
T€7—h

and we consider this h as the parameter of the triangulation 7, and let it tend to
zero. We also assume that the family of triangulations 7y, is regular in the sense of
P.G. Ciarlet [5] namely that there exists a constant o such that

Vh,VT € Ty, h—T <o. (2.12)
T

For every triangulation 7T, we define the space V}, of those continuous functions
which are affine on each d-simplex of T, and which vanish on Q\ €y,
namely

Vi = {u, €CO(Q) 1, = 0in Q\ Q, VT € Th, vpyr € Pr}. (2.13)
One has
Vi C HY (D).

For every (interior or boundary) vertex a; of Ty, i.e. for every i € I U B, we define
the function ¢; by:

i € CV(Qy), @ir € Py for every T € Ty,
(2.14)
wi(a;) =1, pi(a;) =0 for every vertex a; of Tp, with a; # a;.

One has
Z i =11n Q. (2.15)

ieIUB
When a; is an interior vertex, i.e. when ¢ € I, then the function ¢; belongs to
H&(flh), and extending ¢; by zero to Q \ Qp,, we obtain a function of Vj, still de-
noted by ¢;. The functions ¢;, ¢ € I, are a basis of the space V,.
We define the interpolation operator II; by:

Yo € C%Q) with v =0in Q\ Qp,
Iy (v) € Vy, (I (v))(a;) = v(a;) for every vertex a; of T,

or equivalently by

I, (v) = Zv(ai)goi.
icl
For all interior vertices a; and a; of Ty, i.e. for every ¢ and j of I, we define two
real numbers ();; and H;; respectively by

Qij = / AVy; - Vo;dz, (2.16)
Q

H;; :/Q%%dx; (2.17)

this defines an I x I matrix Q.
The I x I matrix H is a diagonally dominant matrix.
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The main assumption of the present paper is that () and H satisfies:

Qii— Y 1Qil =0;
JEI j#i
Viel, (2.18)
Hii — Z |H;j| > 0.
Jel j#i
In other words, Q and H are assumed to be a diagonally dominant matrix. This
assumption is close to the usual assumption which ensures that the discrete maxi-
mum principle holds true.
We have the following.

Proposition 2.3. For every triangulation Ty, the problem

up € Vy,

AVuy, - Vupd +/<I> - Vopd
/Q uy, - Vopdz A (up) - Vopdz (2.19)

+)\/ uhvhdx:/fvhdx, Yop € Vi,
Q Q

has a unique solution uy,.

Proof. Note that the right-hand side of (2.19) makes sense since f belongs to L!(Q)
and v, € Vi, C L>®(§2). We define the form ap, : Vi, x Vi, — R as

an(wp, vp) :/AVuh-Vvhdx—i—/ @(uh)-Vvhdx—i—)\/ upvpdr.
Q Q Q

The form ay, is bilinear, symmetric and continuous.
It remains to prove the coerciveness of aj,. We have for vy, € Vj,,

ap(vp,vp) = /AVvh~Vvhdx+/
Q

O (vy) - Vopdr + )\/ VpURAT.
Q

Q
We claim that

/ ®(vp,) - Vupdr = 0.
Q

Indeed, if we set

and
U= (U, Uy, ---,Ty),
we get
& (up) - Vup = V' (up) - Vup, = V- U(uyp),

which implies by the Divergence Theorem,

/Q<I>(uh) -Vup dx = /QV U (up) de = /BQ Y (up) - ndS = 0. (2.20)
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Therefore,
ap(vp,vp) = /AVvh~Vvhd9:+/\/ vpUpdT
Q Q
> /AVvh - Voupdx
Q
> a/ |Vop|?dx
Q
= af V3.
ie.
ah(vh,vh) > CkHV'UhHg, Yy, € Vj,. (221)
By Lax-Milgram Theorem, we conclude that problem (2.19) has a unique solution
for f = 0 . Since the bilinear form is defined in the finite dimensional space
Vi, C L%°(9), the result remains true for f € L'(1Q). O

3. MAIN RESULTS

Our main result is the following.

Theorem 3.1. Assume that A, f, ® and X satisfy (2.1), (2.2), (2.3), (2.10) ,(2.11)),
(2.12), and (2.18]). Then the unique solution uy, of (2.19) satisfies for every k > 0

05, (Tx(urn)) — Ti(u) strongly in H}(Q), (3.1)
up —> w strongly in L*(Q), (3.2)
when h tends to zero, where u is the unique renormalized solution of (1.1)).

The proof of this Theorem will be made through Proposition [3.10] and Theorem
below. We begin by recalling various results which will be used in this proof.

3.1. A priori estimates and basic convergence.

The following result is a piecewise P; variant of a result of L. Boccardo and Th.
Gallouét 2], [3].

Theorem 3.2. (see [4])
Assume that vy, € Vj, satisfies

vk > 0,/ |VHh(Tk(Uh))|2dl’ < kM, (33)
Q

d
for some M > 0. Then, for every q avec 1 < q < -1
||vh||Wol’q(Q) S Cz(d, |Q|7 q)Ma (34)
where the constant Ca(d, ||, q) only depends on d, || and q.

The following lemmas show that when v, satisfies (1.1]), then II;,(T%(vy)) and
T (vp) are close in measure.

Lemma 3.3. (see [, Lemma 2.4) Let vy, € Vj,. For every s and every k with
0 < s <k, the set B(k,s) defined by

B(k,s) = {T € Tn: Ia,y) €T X T, Jon(z)| > k, |on(y)| < s} (3.5)
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satisfies

2
B(k, s)| < kf—) /Q IVIL (T ()2 dz. (3.6)

(

Lemma 3.4. (see [d], Lemma 2.5) Let vy, € Vi, For every s and every k with
0 < s <k, one has

TS(Hh(Tk(Uh))) = TS(’U}L) in B(k7s)° (37)
and

VT, (Tk(vy))) = VTs(vy) almost everywhere in B(k, s)¢. (3.8)

In view of (3.6), |B(k, s)| tends to zero when h tends to zero if estimate (3.3)
holds. The following result is therefore an immediate consequence of Lemmas

and [3.4]

Proposition 3.5. (see [4], Proposition 2.6) Assume that v, € V}, satisfies (L.1)).
Then for every s and every k, with 0 < s < k, one has

T (I, (T (vr))) — Ts(vgp) — 0 in measure, (3.9)
VTs(I1(Ti(vi))) — VTs(vn) — 0 in measure, (3.10)

when h tends to zero.
The following proposition gives an analogue in V}, of the fact that in the continuous
case, for every v € H}(Q) and every k > 0, one has

AV (v — Ty (v)) - VIR(v) + A(v — Ti(v))Tk(v) = 0 a. e. in Q.

Proposition 3.6. Under assumption (2.18), one has for every vy, € Vj, and every
k>0

A = / AV (0 — Iy (T (vn))) - VI (Te (o) )da > 0,
Q

A2 = )\/Q(’Uh - Hh(Tk(vh)))(Hh(Tk(vh)))dx Z 0. (311)

Proof. The proof is carried out in several steps.
e We show firstly, that A; > 0
Using Definition [2.16| of @Q);;, the fact that v, = th(ai)goi and

i€l
I, (T (v)) = Z T () (asi) @i, we have
/QAV (vh - Hth(vh)) VI (Te(vp))de = Z Qij ('Uh(ai) - Tk(vh(ai)))Tk(vh(%‘)>
i,J€I
= Z Si7
el
where
Si = Qii(vn(ai) — Th(vn(ai)))Tr(vn(a:)) + Z Qij(vn(ai) = Tr(vn(ai))) Tk (vn(as)).
jELj#i
Fixiel.

If |up(a;)| < k, then vp(a;) — Ti(vn(a;)) =0 and S; = 0.
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If |up(a;)| > k, then (vh(ai)—Tk(vh(ai)))Tk(vh(ai)) = |vp(a;) =Tk (vn(a;))|k.
Since |Tx(vn(a;))| < k for every j, one has:
Si > Quilvn(as) — Tu(on(@))lk = > |Qullon(a:) — Tr(va(a:)|k
JEIL,j#i
= Jon(a:) = Th(vn(a:) k(@i — > 1Qi;]) >0,
JEIL,j#i
owing to hypothesis ([2.18)). This proves that for all i € I, S; > 0.

e Secondly, we prove that A is positive.
Using the definition (2.17) of H;;, we have

Ay = > Hij(va(as) = Tio(on)))Ti(vn(as))

i,j€I
= ZRiy
el
where
R, = Hii(vh(ai) — Tk(’ljh(ai)))Tk(Uh(ai)) + ZHij(Uh(ai) - Tk<vh(ai)))Tk(vh(a’j))'
%
Fixie I.

If |up| < k, then vy (a;) — Tk(vn(a;)) =0 and R; = 0.
If |vp(a;)| > k, then

(vn(a:) = Th(wn(a:))) Th(vn(as)) = [on(a:) — Te(on(a:)) k.
Since |Ti(vn(ai))| < k for every j, one has

Ri > Hylvn(ai — Ti(vn(ai) [k — > [Hijllon(a:) — Ti(vn(a:))|k
jeI
i#£]
= |vn(a:) = Ti(vn(a:))|[k(Hii — Y |Hij|) > 0,
JjeI
i)
owing to hypothesis (2.18]). This proves that for all i € I, R; > 0.
The proof of Proposition [3.6] is then complete.

O

Proposition 3.7. Under the assumptions of Theorem the solution up, of (2.19)
satisfies for every h > 0 and every k > 0

2
AV (T (un)) - V0 (T (un) )z + A / (M0 (Te(un) )
Q Q

< /Q S(Te(u))de. (3.12)

Proof. As Ty, (up,) is continuous with T3 (0) = 0, so the function ITy (T} (ur)) belongs
to V. Then, we can take it as a test function in (2.19) to obtain

/ AVuy, - VHh(Tk(uh))dx +/ <I>(uh) . VHh(Tk(’U,h))dl‘
Q Q
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0 [ un T (T(wn))do = | ST (Tuwn)
Q Q
Recall that in Proposition [3.6] we proved that

; AV (Ty(up)) - VI (T (up)) de < ; AVuy, - VI, (Tk (up)) dz, (3.13)

/\/Q|Hh(Tk(uh))|2dx < A/Q/\uhﬂh(Tk(uh))dx. (3.14)
On the other hand, we claim that
/Q(P(Uh,) - VI, (Ti (up)) do = 0. (3.15)
Indeed,
VI (Te(un)) = I, (Ti(un)) Vi (un)

_ H;I(uh)Vuh if |uh\<k
- 0 it |un| > k.

Therefore, if we set

t
(\I/h,k)i(t) = / HZ(S)‘I%(S)X{|5|<1€} ds, Vte R

0

and
Uik = ((Tnr), (Tnp)zs s (Phk)d)s
we get
D(up) - VIR (Tr(un)) = xqsi<i T (un) @ (up) - Vg,
(\Ifh,k)'(uh) . Vuh
= V-V (un),

which implies by the Divergence Theorem,
/ @(uh) . VHh(Tk(uh)) dr = / V- \I'h,k(uh) dr = / \Ijh,k(uh) -ndS = 0.
Q Q oN

From (3.13))-(3.15)), we deduce (3.12)). d

In the following theorem we prove a uniform estimate on the interpolation func-
tion II;, and the truncated energy of uj, which is crucial to pass to the limit in the
approximate problem.

Theorem 3.8. Assume that up € V}, is a solution of (2.19), then
Vk > 0, o[ (Tk(un) I3 () + MTn(Te(wn))Z2 ) < Kl floi),  (3.16)

1 1
1 Vun|? de < — fldz.  (3.17)
n

{n<up<2n} a {lun|>n}

Proof. The proof is done in two steps.

e Step 1: Proof of (3.16]).
The proof of (3.16) follows immediately from ([3.12]).
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e Step 2: Proof of (3.17)).

Let’s us introduce the function h, : R — R defined, for any n > 1, by

-n if s< —2n,
s+n if —2n<s<-—n,

hn(s) =< 0 if —n<s<mn, (3.18)
s—n if n<s<2n,
n if s> 2n.

Note that hy(s) = Ton(s)—Tn(s), so hy, is a Lipschitz-function with h,,(0) =
0 and then, IIj, (hy(ur)) € Vi. We can take IIj(hy(ur)) as a test function

in (2.19)) to obtain
/ AVuy, - VHh(hn(uh)) dr + / @(Uh) . VHh(hn(uh)) dx + /\/ Up, Hh(hn(uh)) dx
Q Q Q

- / F 10y (o () d < / flde.  (3.19)
Q

{lun|Zn}

Observe that Vhy, (un) = hl, (up) - Vu, with

W (s) = 1 if n < |s| < 2n,
n 0 if |s|j<n or |[s]>2n.

Therefore, we have

Q Q

> a/ |V}, (B (un))|? d2 = a/ |Vup|? da. (3.20)
Q {n<jup|<2n}
On the other hand, as in the proofs of (3.14) and (3.15)), we show that
A [ T (1) s = A/ T ()2 > 0 (3.21)
Q Q
and
/ D (up) - VII, (hp(up)) dz = 0. (3.22)
Q

Combining (3.19)-(3.22), we obtain ([3.17]).
(]

To pass to the limit as A — 0 in (2.19), we need strong convergence of u; and
5 (T (un)).-

3.2. Strong convergence.

Theorem 3.9. Under the assumptions of Theorem the solution uy of (2.19)
satisfies

up, —> u strongly in L*(Q), (3.23)
as h tends to zero, where u is the unique renormalized solution of (1.1)).

Proof. Consider a sequence f¢ of functions such that

fe e L>(Q), f¢ — f strongly in L'(Q).
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Such a sequence is easily obtained by taking for example f¢ = T1(f). Let u§ be
the unique solution of (2.19)) for the right-hand side f¢. Then u; — uj, satisfies

up — uy, € Vi,

Yy, € Vh,/ AV (up, — uf,)Vopdx + / (®(up, — uf)) - Vopdz
Q Q

+)\/Q(uh —uf Jupdr = /Q(f — [%)updz.

Applying estimate (3.16)) to this problem, we obtain for every k > 0, every h > 0
and every € > 0

Oé/ VI (Tho(un — uf))[Pdz + A/ Tn (T (up, — ui,)) P < k|| f — 7l L1,
Q Q

d
which implies by Theorem that for every ¢ with 1 < ¢ < -1 every h > 0

and every € > 0
allun = uj llyraq) < Cd, [Q, )If = fllzr @)
In particular, for ¢ = 1, we deduce from the above inequality that
1
lun = uillr @) < O 1QDIf = Fllv@- (3.24)

On the other hand, since ¢ € L°(2) C L*(Q) and since the family of triangulations
Th, satisfies (2.10), (2.11) and (2.12), we have that for every fixed ¢

us — u strongly in Hg(S), (3.25)

as h tends to zero and where u° is the unique weak solution (see [14], Theorem 1.1)
of
u® € HH(Q) N L>(Q),
(3.26)
—div(AVu® + % (uf)) + A = f° in D'(Q).

Finally, the function u¢, which is the unique weak solution of (3.26]) and the unique
renormalized solution (see [I4], Theorem 1.1) in the sense of Definition of the
problem
—div(AVuE + ®°uf) 4+ Auf = f€ in Q,
u® = 0 on 01,
satisfy
1
lu® —ullzr@) < 157 = Fllere, (3.27)

Writing now
un — ull L) < lun — uf |l @) + luf, — u®llo) + [[u® — ullLi @),

and using (3.24), (3.25) and (3.27), we have proved that for every ¢ > 0

1 1
li — < (-=C(d, | —fe - .
imsup s, — 1@ < (O 1D + 1)1 = Fllso
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Taking the limit when e tends to zero proves (3.23)), and relation (3.2) of Theorem
[3:2)is proved.
(]

Now, we prove that I, (Tk(up)) converges strongly to Tj(u) in H}(Q) in the
following statement.

Proposition 3.10. Under the assumptions of Theorem the solution up of
(2.19) satisfies for every k >0

5, (Tx(un)) — Ti(u) strongly in H}(Q) ash —0 (3.28)

Proof. Fix k > 0. In view of estimate (3.16]), we can extract a subsequence ( which
depends on k and is still denoted by wuy,) such that for some wy € Hg ()

5, (T (up)) — wy weakly in Hg(Q), (3.29)
when h tends to zero. By estimate (3.16|) and Proposition up, satisfies ([2.14)),

namely
To (I, (T (up))) — Ts(up) — 0 in measure,

when h tends to zero, for every s with 0 < s < k. The convergence (3.29)), the con-
vergence (3.23)), the Rellich-Kondrachov’s compactness theorem and the continuity
of the function T prove that

Ts(wi) = Ts(u),

for every s with 0 < s < k. Passing to the limit when s tends to k, we obtain
Ti(wg) = Tr(u). But since |II(Tk(up)| < k, the convergence implies that
|wn ()| < k, hence Ty (wy) = wy. This yields wy, = Ti(u) , and since the limit does
not depend on the subsequence, we have proved that

5, (Tx(up)) — Ti(u) weakly in Hg(9), (3.30)

when h tends to zero without extracting a subsequence.
Let us now prove that this convergence is strong. Lebesgue’s dominated convergence
theorem combined with

| L (T (un))| < | fk € LY(Q),

with the weak convergence (3.30) and with Rellich-Kondrachov’s compactness the-
orem imply that

/th(Tk(uh))dxH/ka(u)dx as h — 0.
Q Q

Therefore passing to the limit with respect to h in (3.12)) yields

lim sup [/ AVHh(Tk(uh))VHh(Tk(uh))dﬂﬁ+/ (L (Th(un))) VILL (T (up))dz
Q Q

h—0

+A/Q(Hh(Tk(uh)))2dx} < /Qka(u)da:. (3.31)

On the other hand, since u is the renormalized solution of (I.1)), one has (see [14],
Theorem 5.1)

/AVTk(u)VTk(u)dx—I—)\/uTk(u)dx:/ka(u)dx. (3.32)
Q Q Q
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From (3.31) and (3.32)) we deduce that
limsup |:/ AVHh(Tk(uh))VHh(Tk(uh))dﬂc—|—/ (I)(Hh(Tk;(’U,h)))VHh(Tk(uh))dl'
Q Q

h—0

A /Q (03 (Ti(un)) ] < /Q AV T () VT (w)dz + A /Q Ty (u)de,

which combined with the weak convergence (3.30]) implies the strong convergence
(3.28)), which proves relation (3.1)) of Theorem O

To achieve the proof of Theorem it remains to prove that the limit u is a
renormalized solution of problem (L.1)).
We claim that u satisfies the decay (2.6)) of the truncate energy, i. e.,

1
lim lim — |Vup|? dz = 0. (3.33)

n—o00 h—0 N {n<u<2n}

Indeed, from (3.17), we can write

1 1
1t ar = L [ Vs ? d
nJa " J{n<uy,<2n}

1 1
@ {\uh\Zn} @ {luh\Zn}

But
Hmsup Xju,(>n} < X{Ju>ny  and  Hmsup |fIX(ju,>n) < [F1X{uizn)
h—0 h—0

almost everywhere in 2. Therefore, we use Fatou’s Lemma to obtain

limsup/ |f| dz §/ |f] de. (3.35)
h=0 J{un|=n} {lu|zn}
On the other hand, as h,(u;) is bounded in H} (), it’s clear that

B (up) — hy(u) weakly in Hg(Q) as h — 0. (3.36)

Combining (3.34])-(3.36]) and using the lower semi-continuity of the norm, we obtain

1 1 1
f/ |Vup|? de = 7/ |Vhy, (w)]? da < flimsup/ |V (up)|? do
{n<u<2n} nJo . h—0 Q

1 1
< —limsup/ |f]dx < —/ |f]dz. (3.37)
& h=0 S{jun|zn} & Jlulzn

Letting n — oo in (3.37), we deduce (3.33).

To complete the proof of Theorem it remains to prove that the limit of uy
satisfies (2.7). We use the same manage as the proof of Theorem 1.1 in [I4] to
obtain the desired result, that is

Vk >0, VS € CH(R) with supp S C [—k, k], Yv € Hj () N L>=(1),

/ (AVTy(u) - VU)S( )der/S’( V(AVT,(u) - VT (w))v da
/S - Vo) daz—l—/S' ®(u) - VT (u))v dz
+)\/QTk(u)S’u vdx:/QfS u)vdr.

(3.38)
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mbining (3.23), (3.28), (3.33) and (3.38)), we conclude that u is a renormalized

solution of problem (1.1). This achives the proof of Theorem
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