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ROUGH Z,-STATISTICAL CONVERGENCE IN CONE METRIC
SPACES IN CERTAIN DETAILS

ISIL ACIK DEMIRCI, OMER KiSi, MEHMET GURDAL

ABSTRACT. The purpose of this work is to look at rough Zs-statistical con-
vergence as an extension of rough convergence in a cone metric space (briefly
CMS). Furthermore, we define the concept of rough Z3-statistical convergence
of sequences in a CMS and investigate the link between rough Zs-statistical
and Zj-statistical convergence of sequences.

1. INTRODUCTION

Fast introduced the notion concept of statistical convergence of sequences in
real numbers in 1951 by in [I5]. Pringsheim [36] proposed the convergence of
real double sequences initially. Mursaleen and Edely [31] expanded the concept
of convergence of real double sequences to statistical convergence. Following that,
this idea was explored from a sequence standpoint and linked to the summability
theory (see [6, 8, O] (18| T9, 29] [30L 39, 40, 4T, [42], [43]). Das et. al. [II] expanded
statistical convergence of double sequences to Z-convergence of double sequences
using ideals in Nx N. For further information, read [12} 13}, 16} 17, 23] [44] [46]. Belen
and Yildirim [7] recently introduced the concept of ideal statistical convergence of
double sequences.

Phu [35] was the first to investigate the notion of rough convergence. Recently,
Malik et. al. [26] has examined the idea of rough convergence for double se-
quences in normed linear spaces. Malik et. al. [27] extended rough convergence
of double sequence to rough statistical convergence of double sequence. Diindar
et. al. [I4] expanded rough statistical convergence of double sequences to rough
Z-convergence of double sequences. Malik and Ghosh [28] presented the notion of
rough Z-statistical convergence of double sequences in normed linear spaces.

Huang and Xian [20] pioneered the concept of CMS. In their study, the elements
of a real Banach space were used to substitute the distance between two points.
CMS is, without a doubt, an extension of the idea of an ordinary metric space. In [4]
Banerjee and Mondal investigated and worked the conception of rough convergence
of sequences in a CMS. Cone metric spaces were defined many years ago by multiple

2000 Mathematics Subject Classification. Primary 40F05, 46A45, Secondary 40A05.
Key words and phrases. Z-convergence; Z*-convergence; cone metric spaces; rough conver-
gence; double sequence.
(©2023 Universiteti i Prishtinés, Prishtingé, Kosové.
Submitted November 4, 2022. Published January 4, 2023.
Communicated by E. Malkowsky.
7



8 I. ACIK DEMIRCI, 0. KiSi, M. GURDAL

writers and appeared in the literature under various authors (see, for example
1, 2, 13, 5, (0], 20y, 211, 25, [34) 37, 38, 45]).

Section 2 of this article will introduce the reader to the fundamental concepts
of Z-statistical convergence for single and double sequences, as well as some of the
consequences of this convergence, definitions and properties of cone metric spaces,
and the concept of rough convergence and rough Z-convergence of sequences in a
CMS. In Section 3, we shall discuss the rough Zs-statistical convergence and rough
Z;-statistical convergence in CMS for double sequences.

2. PRELIMINARIES

This part will collect all of the relevant outcomes and approaches on which we
will rely to achieve our key goals. First, let’s define some crucial terms.

Definition 2.1. ([23]) Assume Y # 0. T C 2Y is named an ideal on Y provided
that (i1) for each U,V € T implies UUV € I; (i2) for each U € T and V C P
implies V € T.

Definition 2.2. ([23]) Assume Y # (. F C 2Y is named a filter on' Y provided
that (f1) for allU,V € F impliesUNV € F; (f2) for allU € F and V D P implies
VeF.

An ideal Z is known as non-trivial provided that Y ¢ Z and Z # 0. A non-
trivial ideal Z C P(Y) is known as an admissible ideal in YV iff 7 > {{w}:w € Y'}.
Afterwards, the filter F = F(Z) = {Y — S: S € I} is named the filter connected
with the ideal.

Utilizing the notion of ideals, Kostyrko et al. [23] determined the notion of Z and
T*—convergence. Also, Kostyrko et al. [23] gave the definition of (AP) condition for
admissible ideal, and examined the relation between Z and Z*-convergence under
(AP) condition.

See the references in [32] B3] for more information on Z-convergent.

Now, we present the notion of Z;-asymptotic density of N2.

A subset K C N x N is named to be have Zy-asymptotic density dz, (K) when
K (u, )]

)

dz, (K) =T — lim

U, v—>00 u.v

where
K (u,v) ={(s,t) e Nx N:s <u,t <wv;(s,t) € K}
and |K (u,v)| demonstrates number of elements of the set K (u,v).
A nontrivial ideal Z, of N? is named strongly admissible when {i} x N and N x {i}

belong to Z, for each ¢ € N.
Throughout the work, we contemplate Z, as a strongly admissible ideal in N x N.

Definition 2.3. ([I1]) Presume (Y, p) be a metric space. A double sequence w =
(Wyy) is named to be Iy-convergent to w, provided that for any o > 0 we acquire

A(o) = {(u,v) ENxN:p(yst,y") 2 0} € Io.
We write

Lo — lim yg =y~

s,t—00
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A double sequence y = (ys;) of real numbers is Zp-statistically convergent to y*,
and we show y Tagst y*, provied that for any o, > 0

1
{w) € N Nl [{(0.0)  ply’) 2 0, s St < )] > 6} €T,.

Definition 2.4. ([I1]) We say that an admissible ideal T, C 2% supplies the
condition (AP2) provided that for all countable family of mutually disjoint sets
{U1,Us,...} € Iy, there exists a countable family of sets {V1,Va,...} € Iy such that
U;AV; € Iy i.e., UjAV; is included in the finite union of rows and columns in N

for each j €N and V = UVJ €1y (soV; €Iy forall j € N).

Jj=1

A double sequence y = (ys) is said to be rough convergent (r-convergent) to y*
with the roughness degree r, denoted by vy — y* provided that

Ve>0 Fk. eN: st > k.= |lyse —y*|| <7+,

or equivalently, if
limsup |lyst — y*|| < r.
A double sequence y = (ys) is named to be r-Z-convergent to y* with the

roughness degree r, indicated by y; L y* provided that
{(s,t) e NXN: |lyst —y*|| > r+e} € Io,
for all € > 0; or equivalently, when the condition

Ty — limsup |y — y*|| < r

is supplied. Furthermore, we can signify ys; % y* iff the inequality ||yst — v*| <
r + € holds for all ¢ > 0.

Assume y = (yst) be a double sequence in a normed linear space (Y, ||.||) and r be
a non negative real number. Then, y is named to be rough Z,-statistical convergent
to y* or r-Iy-statistical convergent to y* provided that for any ,§ > 0

1
{(u,v) ENXN:wH(s,t), s<ut<v:llyse — Yyl =1+ e} 25} € Is.

In this case, y* is called the rough Zy-statistical limit of y = (ys:) and symbolically,

. . r—7To—st
we indicate yo —  y*.

We now recall the essential notions from [20, 2] that are required for the re-
mainder of the essay.

Definition 2.5. Let E be a Hausdorff topological vector space (tvs) with the zero
vector 0. A subset P of E is called a (convexr) cone if it satisfies the following
conditions:

(i) P#{0},P #0 and P is closed;

(i) AP C P forVA >0 and P+ P C P;

(7i1) {0} = PN (-P).

Given a P C FE cone, we can define a partial ordering < with respect to P by
defining * = y <= y — x € P. We shall write z < y to indicate that = < y but
x # y, while z < y will stand for y — = € int P, where int P represent the set of the
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interior points of P. The sets of the form [z,y] are named order-intervals and are
defined as the follows:
[,y ={2z€ F:x2 <2 =<y}.

Order-intervals are observed to be convex. If [z,y] C A while z,y € A and z <y,
then A C F is named order-convez.

It is order-convex if ordered tvs (E, P) has a neighborhoods’ base of 0 that are
made up of order-convezr sets. Accordingly, the cone P is named a normal cone.
Considering the normed space, this condition means that the unit ball is order-
conver, it is equivalent to the condition that 3k with z,y € Fand 0 < z <y =
lz]] < k|ly|l . The smallest constant & is named the normal constant of P [21].

If each of the increasing sequence that is bounded in P is convergent then, we
describe to P as a regular cone. To put it another way, if a sequence {z,} exists
such that

13T X ...z, X...2y, forsomeye€kFE,
then 3z € E such that nl;ngo |z — || = 0. Similarly, the P cone is regular, if all

decreasing sequences that are bounded from below converges. If P is a regular cone,
it is known to be a normal cone.

Let E be a tvs, V C FE is an absolutely convex and absorbent subset, the
corresponding Minkowski functional fi : E — R is defined

z— fr(z)=nf{A>0:2¢€AV}.

It is a semi-norm on E. If V' is an absolutely convex neighborhood of 0 € E, then
fv is continuos and

{reE:fy(x)<1}=itVcCcVcV={zeE: fy(r)<1}.
Let e € int P and (F, P) be an ordered tvs. After that
[—e,el=(P—e)N(e—P)={2€FE:—e=<xz=e}

is an absolutely convex neighborhood of 0. We denote the corresponding Minkowski
functional fi_. . by fe. It can be verified that int [—e,e] = (int P —e) N (e —int P).
If P is normal and solid, then the Minkowski functional f. is the norm on FE.
Furthermore, it is an increasing function on P. In fact, for 0 < x7 < x5 the set
{A: 21 € A][—e, €]} is the subset of {\: z2 € A[—e,e]} and it follows that f.(z1) <
f e (m2)

Definition 2.6. ([20]) Take Y # 0. Suppose that p:Y xY — W supplies

(d1) p(u,v) =0 iff u=v and 0 < p(u,v) for Vu,v € X;

(d2) p(v,u) = p(u,v) for Vu,v € Y;

(ds) plu, v) < p(u,w) + plw, v) for Yu,v,w € Y.

Then p is named to be a cone metric on Y. (Y,p) is named to be a CMS.
Obviously, the notion of CMS generalizes the notion of metric spaces.

Definition 2.7. ([20]) Assume (Y, p) be a CMS. {ys} oy be a sequence in CMS'Y
and assume y* € Y. If for Ve € W with 0 < c there is N € N so that for all s > N,
p(ys,y*) < ¢, then {ys},cn is named to be convergent to y* and it is named the

limit of the sequence {ys} e -

Definition 2.8. ([20]) Assume (Y, p) be a CMS. {ys} oy be a sequence in CMS
Y. If for any ¢ € W with 0 < ¢ there is N € N such that for all s,t > N,
P(Ys, yt) K ¢, then {ys},cy s named a Cauchy sequence in'Y. All Cauchy sequence
'Y is convergent in Y, then Y is named a complete CMS.
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Definition 2.9. ([20]) A sequence {ys} oy in Y is named to be T*-convergent
toy* €Y iff there is a set M € F(I), M = {m1 <mg <---<m; <...} such
that imj; 0o Ym; = y*, that is for Ve € W with ¢ < 0, there is p € N so that
c— d(ym].,y*) € int P, forVj > p.

Lemma 2.1. ([22]) Assume (Y, W) be an CMS with x € P and y € intP. Then,
one can find n € N such that © << ny.

Theorem 2.2. ([4]) Assume W be a real Banach space and P be a cone in W.
When xg € intP and o (> 0) € R then axg € intP.

Theorem 2.3. ([d]) Assume W be a real Banach space and P be a cone in W.
When xog € P and yo € intP then xg + yo € intP.

Corollary 2.4. ([M]) When g, yo € intP then xo + yo € intP.

Theorem 2.5. ([d]) Assume W be a real Banach space and P be a cone in W,
then 0 ¢ intP (0 be the zero element of W ).

Definition 2.10. ([4]) Assume {ys} .y be a sequence in CMS (Y,p). A point
c €Y is named to be a cluster point of {ys} if for any (0 <<)o in W and for any
p €N, there is a p1 € N so that py > p with p (yp,,c) << 0.

Definition 2.11. ([34]) Let (Y, p) be a CMS. A sequence {ys} inY is named to be
T-convergent to y* € Y if for any ¢ € W with (0 <<) ¢ the set

{seN:c—plys,y") ¢ intP} € T.

Definition 2.12. ([34]) Let (Y, p) be a CMS. A sequence {ys} inY is named to be
I*-convergent toy* € Y iff thereis a set M € F(I), M ={m; <mg <--- <mj <...
such that {ys} . is convergent to y* i.e., for any c € W with (0 <<) ¢ there exists
p € N such that ¢ — p (Ym,,,y*) & intP for all k > p.

Since it is known [45] that any cone metric space is a first countable Hausdorff
topological space with the topology induced by the open balls defined naturally for
each element z in X and for each element ¢ in int P. So as in [24] we can show that
T*-convergence always implies Z-convergence but the converse is not true. The two
concepts are equivalent iff the ideal Z has condition (AP).

Definition 2.13. ([]) Let (Y, p) be a CMS. A sequence {ys} in'Y is named to be
rough convergent of roughness degree v to y* € Y for some (0 <<r) €W orr =0
if for any o > 0 with (0 <<) o there exists a m € N so that p (ys,y*) << r+ 0o for
all s > m.

Definition 2.14. ([B]) Let (Y, p) be a CMS. A sequence {ys} in'Y is named to be
rough Z-convergent of roughness degree r to y* € Y for some (0 <<r) € W orr =20
if for any o > 0 with (0 <<) o the set A(o) ={s € N: (r+ o0 — p(ys,y*)) ¢ intP} €
T.

3. MAIN RESULTS

Throughout our work (Y, p) stands for an CMS where p : Y x Y — W is the
cone metric, W being a real Banach space and Z, stands for a strongly admissible
ideal in N2.
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Definition 3.1. A sequence y = {yst} in Y is named to be Iy-statistically con-
vergent to y* € Y provided that for any (0 <<)o € W and for all k > 0, the
set

1
T (0):= {(u,v) €N?: P {(s,t): s <u,t <v;0—p(yse,y™) & intP} > KV} € T.

Symbolically, we indicate yst Lot y*.

Definition 3.2. Assume (Y, p) be an CMS. A sequence {ysi} is said to be rough
statistically convergent of roughness degree r to y* € Y for some (0 << r) € W or
r =0 i.e., for any o > 0 with (0 <<) o there exists a (s,t) € N? so that

lim L H{(s,t) eEN*:s<u,t <w; (r+0—p(yst,y*)) ¢ intP}| = 0.

u,v—00 UV
Symbolically, we denote r — sty — limys = y*.

Definition 3.3. A sequence {ys:} is called to be rough Is-convergent of roughness
degree v to y* € Y for some r € W with 0 << r or r = 0 provided that for any
(0 <<)o € W, the set

T(0o):={(s,t) EN?: (r+0—p(yst,y*)) & intP} € Iy.
Symbolically, we demonstrate yq = y* orr—1Iy —limyg = y*.

Definition 3.4. A sequence y = {ys:} in'Y is named to be rough Is-statistically
convergent of roughness degree r to y* € Y for somer € W with 0 << r orr =20
provided that for any (0 <<)o € W and for all k > 0, the set

T (o) :={(u,v) eN*: L |{(s,t) 1 s S, t <w;
(T+O'—p(yst7y*)) ¢ Z?’ltPH > H} S IQ.

Symbolically, we indicate ys; rlyst y*.

For r = 0 the description of rough Z,-statistically convergence reduces to the
description of Zs-statistically convergence of sequence in an CMS. When a sequence
y = {yst} is rough Z,-statistically convergent of roughness degree r to y* € Y then
y* is named the rough Zs-statistical limit of y = {ys:}. Generally, the rough Zo-
statistical limit of a sequence y = {ys:} is not unique which can be examined from
the following example. As a result, the set of all rough Z-statistical limits of a
sequence y = {ys:} indicated by Zs-st-LIM"y is known as the rough Zp-statistical

limit set of a sequence y = {ys} i.e.,
Ir-st-LIM"y := {y* €Y :ys Tyt y*} .

Hence, a sequence y = {ys:} is called to be rough Zs-statistically convergent in an
CMS when Zy-st-LIM"y # ().

Example 3.1. Presume Y =R, W =R?, P = {(u,v) € W :u,v >0} C W and
p: Y XY = W be a metric. At that time, (Y,p) is an CMS. Let us examine
the ideal in N2 which consists of sets whose natural density are zero i.e., To = T4.
Also, let us contemplate the sequence y = {ys:} in'Y identified by

(=0T if s # B2t # 12 (where k,l € N)
PtZ st if not.
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Now, we can get that for any r = (r1,72) € W with 0 << r, when min (r1,r) = r*
and r* > 1 then

Io—st—LIM"y=[-(r*=1),(r* = 1)],
as for any y* € [— (r* = 1), (r* — 1)] with r* > 1 we get
{(u,v) eN?: L{{(s,t): s <u,t <w; (r+0—p(ys,y*)) ¢ intP} >k}
c {1%,22,32, ...},
50

1
{woem: L s ursu (rro—pluy) ¢ Pl 2 o € T

as 6({12,22,32,...}) =0 and when r* <1 orr =0 then Iy-st-LIM"y = ().

Notation 3.1. From the above example we can examine that in general Is-st-
LIM™y # 0 does not mean that st-LIM"y # 0. Hovewer, as Iy is an admissible
ideal so st-LIM"y # () gives To-st-LIM™y # (). Namely, when a sequence y = {ys}
in (Y, p) is rough statistically convergent of roughness degree r, where r € W with
0 << 7 orr =0, then it is also rough Iy-statistically convergent of similar roughness
degree r. Hence, when we signify all rough statistically convergence sequences in
an CMS (Y, p) by st-LIM"y and the set of whole rough Ty-statistically convergent
sequences by Lo-st-LIM"y, then we obtain st-LIM"y C To-st-LIM"y.

A sequence {ys:} in an CMS (Y, p) is named to be bounded when there is a
y* €Y and r > 0 supplying p (yst,y*) < r for all s,t € N.

Utilizing this thought we determine Zy-statistically bounded sequence in an CMS
as follows:

Definition 3.5. A sequence y = {ys:} in an CMS (Y, p) is named to be Io-
statistically bounded when there is a y* € Y and Q € W with 0 << Q so that

1
{(u,v) eN?;: P H(s,t): s <u,t <v; Q— p(yst,y™) & intP} > I'i} € Is.

Presume {ys} be bounded sequence in an CMS (Y, p), then there is a 2* € YV
and @ € W with 0 << @ so that p(2*,ys:) << Q for all s,¢ € N. This means that
Q — p(z*,yst) € intP for all s,t € N. Therefore

{(u,v) cN?: $|{(s,t):s <u,t <oy Q—p(2",yst) ¢ intP}| Zl-i} =0 e,

So, {yst} is Zo-statistically bounded. Hovewer, the converse need not to be true as
examined in Example When we select y* = 2 and (0 <<)Q = (5,6) then we
obtain

{(u,v) eN?: L{{(s,t) : s <u,t <v; Q= p(yst,y*) & intP} >k}
c {1%,22,3% ..}

which gives that

1
(e L s s ut <0 @ plua) g itP) 2 nf € 2o

As a result, the sequence examined here is Zp-statistically bounded.

Theorem 3.1. Take T, as an admissible ideal of N2. At that time, a sequence
y = {yst} in an CMS (Y, p) is Iz-statistically bounded iff there exists some r € W
with 0 << r orr =0 so that Iy-st-LIM"y # (.
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Proof. Presume the sequence y = {ys:} be Zy-statistically bounded. Afterwards,
there is a y* € Y and (0 <<)r € W so that the set

1
{(u,v) eN?: P H(s,t) s <u,t <v;r—p(yst,y™) ¢ intP} > /-i} € I,.

Take (0 <<)o € W (i.e., o € intP). So

{(u,v) eN?: L|{(s,t): s <u,t <v;r+0—p(yse,y”) ¢ intP} >k}
C {(u,v) e N?: u—fv|{(s t):s<u,t <v;r—p(yse,y*) ¢ intP}Y >k} € I,.

Let
1

(u,v) € {(u,v) eN?: —{(s,t) : s <u,t <v;r+0— p(Yse,y*) ¢ intP}| > KJ} .
uv

Then, we get r + 0 — p (yst, y*) & intP. So, r — p (yst,y*) ¢ intP, hence we get

(u,v) € {(u,v) eNZ: %H(s,t):sﬁu,tﬁv; r— p(Yst,y*) & intP}| 2/{}.

As a result, we acquire y* € Zy-st-LIM"y.
Conversely, assume Zo-st-LIM"y # () for some » € W with 0 << r or r = 0 and
z* € Iy-st-LIM"y. So, for any (0 <<)o € W (i.e., o € intP) the set

1
{(u,v) eN?: — {(s,t) s <ut <v;r+0— p(yse, 2°) ¢ intP}| > Ii} € I.
uv

Now r + o € intP for any o € intP. So getting Q =r + o € intP (ie., 0 << Q),
we get

1
{(u,v) eEN?: —[{(s,t) : s Su,t <v; Q — p(yst,2*) & intP}| > li} € I,.
uv
As a result, y = {ys} is Zo-statistically bounded. O

Theorem 3.2. An Zy-statistically bounded sequence y = {ys:} in an CMS (Y, p)
contains a subsequence that is rough Is-statistically convergent of roughness degree
r for some (0 <<)r € W.

Proof. Presume a sequence y = {ys:} in a CMS (Y, p) is Zo-statistically bounded.
So, there is a * € Y and (0 <<)Q € W so that the set

A= {(u,v) eN?: L H(s,t) :s <u,t <v; Q—p(yst,x™) ¢ intP}| > H} € Iy,
uv
i.e.,
1
A¢ = {(um) eN?; P {(s,t) : s <u,t <v; Q —p(yse,z") € intP} < K} € F(Ly).

When we contemplate the subsequence {ys,g}s’t6 4. then this subsequence is sta-
tistically bounded. Since for any statistically bounded sequence y = {ys:}, st-
LIM"y # (0 for some (0 <<)r € W, so the subsequence {yst}s,teAc is rough statis-
tically convergent of roughness degree r ((0 <<)r € W). As a result, according to
the Notation {Yst}s scac is also rough Zr-statistically convergent with roughness
degree r (0 <<)r € W). O
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Theorem 3.3. Take y = {y«} as a sequence in an CMS which is Iy-statistically
convergent to y*. When z = {zs} is another sequence in (Y, p) so that p (yst, zst) <
r for some (0 <<)r € W and for all s,t € N. At that time, z = {zs} is rough
Is-statistically convergent of roughness degree r to y*.

Proof. Take y = {ys:} as a sequence in an CMS which is Zs-statistically convergent
to y*. For (0 <<)o € W the set

1
{(u,v) eN?: P {(s,t) : s <u,t <wv;0—p(yst,y™) ¢ intP} > K} € I,
ie.,
1
{(u,v) cN?: P {(s,t): s <u,t <wv;0—p(Yst,y") € intP} < fé:} e F(I,).

Also
P (zst,y™) < p(zst, yse) + 0 (Wst, ¥°) <7+ p (Yst, y™) -
This means that r + p (yst, ¥*) — p (zst,¥*) € P. So, when o — p (ys, y*) € intP,
then
(r+pWst,y") = p(zst,y")) + (0 = p(Yst,y")) =71+ 0 — p(2s,y") € intP.

Hence, the set
{(u,v) €N?: % {(s,t):s<u,t<wv;r+o—p(zs,y*) € ntP} < H} € F(1y).
As a result

{(u,v) eN?: % {(s,t):s<u,t<v;r+o—p(zs,y*) ¢ intP} > ﬂ} €I,
that means z = {z} is rough Z,-statistically convergent of roughness degree r to
y*. (I

Theorem 3.4. Take y = {ys:} as a sequence in an CMS which is rough Ts-
statistically convergent of roughness degree v for some (0 <<)r € W. Then, there
does not exist x*, z* € Iy-st-LIMy so that nr < p (x*,2*), where n is a real number
grater than 2.

Proof. Assume on contrary that there exist x*, z* € Zy-st-LIMy so that nr <
p (z*,z*), where n (€ R) > 2. Presume (0 <<)o be arbitrarily selected in W. Now
as =¥, z* € Iy-st-LIMy, so we have

1 o " .
K, = {(um) eN?: @H(s,t):sguﬂﬁgv; 7“—1—5 —p(Yst, )géth}‘ > Ii} e,

and

Ky = {(u,v) eN?:
uv

1
— H(s,t) s <u,t<wvyr+ % —p(yst, 2¥) ¢ z'ntP}’ > KV} € T,.
At that time, K¢ € F (Z3) and K§ € F (Zz). Take (m,n) € K¢ N K§. Afterwards,

r+ % — p (Ymn,x*) € intP and r + % — 0 (Ymn, 2") € intP.
Hence
(T + % - p(ymmw*)) + (7' + % - p(ymnvZ*))
=2r 40— (p (Ymn, %) + p (Ymn, 2*)) € intP.
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Now
p (@, 2") < p (Ymn> Z°) + 0 (Ymn, 27)
SO
2 Ymns ) + p (Ymn, 2*) — p (27, Z*) €P.

As a result, we obtain

2r+0 = (p (Ymns 7) + £ (Ymn, 2%))) + (P Wmn, ) + p (Ymn, 2°) = p (27, 27))

=2r+4+o0—p(a* z*) €intP.
Again by our presumption p (z*,2z*) — nr € P. Hence

2r+o—p(a*,2")+p(a*,2") —nr =2r + o —nr € intP.

Namely o—r (n — 2) € intP. Hovewer, selecting o = r (n — 2), we acquire 0 € intP,
which is a contradiction. So, the result finalizes. ([

Theorem 3.5. Suppose y = {yst} be a sequence in an CMS which is rough Ts-
statistically convergent of roughness degree r. At that time, {ys:} is also rough
Is-statistically convergent of roughness degree r1 for any r1 with r < rq.

Proof. The proof is trivial and hence is omitted. O
In the light of previous theorem we get the following corollary.

Corollary 3.6. Assumey = {ys:} be a rough I,-statistically convergent sequence in
(Y, p) of roughness degree r. At that time, for a (0 <<)ry withr < ry, LIM"y CLIM™y.

Definition 3.6. An element v € Y is named to be Iy-statistical cluster point of a
double sequence y = {yst} in'Y provided that for any (0 <<)o, the set

1
{(u,v) eN?: P H(s,t): s <u,t <wv;o—p(ys,y) € intP} < H} ¢ T.

Theorem 3.7. Take (Y,p) as an CMS. v € Y and (0 <<)r be such that for any
y* €Y either p(y*,v) < r orr << p(y*,v). When v is Iy-statistical cluster
point of a double sequence y = {yst} then Is-st-LIM™y C B, (v), where B, (y) =
{y* €Y :py*y) <r}.
Proof. If possible, presume that there is a a* € Zy-st-LIM"y but «* ¢ B, (7). Now
according to our supposition, r << p(x*,v). Take (0 <<)o; = p(z*,7) —r. At
that time, p(z*,7) = 7 + o1. Assume (0 <<)o = %-. Then, we get p(z*,7) =
r+ 20. In addition, we get B4, (z*) N B, () = 0. For, if @ € B4, () N By (7)
then p(a,z*) << r+ o0 and p(a,y) << 0. Sor+ o — p(o,z*) € intP and
o —p(a,7) € intP. Hence

(r+0 = p(a2%) + (0 — plen7) = +20 — (p(a,2™) + p(a,7)) € intP. (3.1)

Since p (z*,7v) < p(z*,a) + p («a,7), therefore

p(z* ) +p(a,y) —p(a™,y) € P. (3:2)
As a result from (3.1)) and (3.2)) we obtain
r+20 — (p(, ") + p(,7)) + p(z", ) + p(a,7) = p(z*,7)
=r+20—p(z*,v) =0 € intP,

a contradiction. Hence B,4, (z*) N By () = (). Since z* € Zo-st-LIM"y, so the set

A= {(u,v) eN?; %\{(s,t):sgu,tgv; r4+o—p(yse, &™) ¢ intP}| Zn} € I.
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So, A = N®\ A4 € F (I,). Again as v is a Zy-statistical cluster point of y = {y.},
so for (0 <<)o
B= {(u,v) eN?; % {(s,t): s <u,t <wv;0—p(Yyst,y) € intP} < H} ¢ T,.
It is obvious that B can not be a subset of A. For, if
{(u,v) eN?: % {(s,t) : s <u,t <v;0—p(yst,y) € intP} < li} CcA
then we obtain
{(u,v) eN?: uilv H(s,t): s <u,t <v;o—p(yst,7y) € intP} < m} € I,

which contradicts the fact that v is a Z-statistical cluster point of y = {ys}. We
contemplate an elemant (k,1) € A°. So

1
(k1) € {(u,v) eN?: %H(s,t) cs <wu,t <v; o —p(yst,y) € intP} </£}.

Now, (k,l1) € A° means r + 0 — p (y1,2*) € intP. Hence, p (yr,2*) << r + 0,
which implies {yxi} € Brto (z*). Additionally

1
(k1) € {(u,v) € N?: P {(s,t) : s <wu,t <wv;o—p(ys,y) € intP} < /s:}

implies ¢ — p (ygi,7y) € intP. So p(ygi,y) << o which further means that {yg} €
B, (7). As a result, we obtain {yu} € By4o (z*) N B, (7) which is a contradiction.

As a result, we can conclude that our presumption is wrong and z* € B, (y). O

Theorem 3.8. Assume y = {ys:} be a rough I-statistically convergence of rough-
ness degree r in an CMS (Y, p) and q¢ = {qst} be a Iy-statistically convergent se-
quence in Lo-st-LIM ™y which is Iy-statistically convergent to x*. Then x* € Ty-st-
LIM™y.

Proof. Suppose (0 <<)o be taken. As the sequence ¢ = {qs:} is Zo-statistically
convergent to x*, for (0 <<)o the set

1 o
= 2. — cs<ut<wvy — — )¢ ’> .
A {(u,v)EN uv‘{(s,t) s <u,t <w; 5 p(gst, x )§éth} _K}GIQ

So, A° = N\ A € F(Iy). Sclect a (k,1) € A°. Then § — p(qi,2*) € intP, and
hence

g
p (g, z*) << 7 (3.3)

In addition, as ¢ = {gs:} is a sequence in Zy-st-LIM"y, take g € Za-st-LIM". So,
the set

1
B= {(u,v) eN?: ﬁ‘{(s,t) ts <u,t <w r—i—%—p(yst,qkl) ¢intP}’ >/{} € I.

It is clear that its complement B¢ = N2\ B € F (Z3). Let us select an element
(h,j) € B°(€ F(Iz)). So, 7+ % — p(ynj,qm) € intP, and hence

g
P (ynjs qia) <<1+ 3. (3.4)
Also for all (s,t) € N? we get
P Wst, ™) < p (Yst, qrt) + p (qri, ) -
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So
P (y5t7qkl) + 1Y (le7$*) —p (yst7$*) S P7 for all (S7t) S NQ'

Especially

P (Ynjs ax) + p (qrt, °) — p (Ynj, x*) € P. (3.5)
According to (3.3)) and (3.4)) utilizing the Theorem we obtain

o . o . .
(5 —p(ar,x ))+<7" t5- p(yhjaqm)) =r+o—(p(qr, ") + p (Ynj, @) € intP
(3.6)

Applying again the Theorem we get from (3.5)) and (3.6

(P (Yng»art) + p (a1, ©°) = p (Ynj, ) + (r + 0 — (p (g1, ) + p (Ynj> qri)))
=740 —p(yn;,z*) € intP.

Now as Z, is selected arbitrarily from B¢, we have

{(u,v) eNZ: uilv H(h,7) :h<u,j <v;r+o—p(ynj,x*) ¢ intP}| > n} CcB
and so

{(u,v) eN?: % H(h,7) :h<u,j <v;r+o—p(ynj,x*) ¢ intP}| > Ii} € Is.
As a result z* € Ty-st-LIM"y. O

Theorem 3.9. When y = {ys:} and ¢ = {qs} are two sequences in an CMS (Y, p)
so that for any (0 <<)o the set

1
{(um) € N?: P H(s,t) : s <u,t <v; p(Yst,qst) > 0} > m} € L.

Then, y = {yst} is rough Iy-statistically convergent of roughness degree r to x* iff
q = {qst} is rough Iy-statistically convergent of roughness degree r to x*.

Proof. Assume y = {ys:} be rough Zy-statistically convergent of roughness degree
r to z*. Presume (0 <<)o given. Then, we obtain

1 o
2: N < < v —_ — * ) ‘> .
A= {(u,v) eN o {(s,t) s<u,t<w;r+ B P (Yst,x™) ¢ th} Iﬁ:} €l

Also, by our assumption we get
1
B = {(u,v) eN?. — H(s,t) i s <u,t <y p(Yse, gst) > %H > /{} € 1.
U

A¢ B¢ € F () and hence A°N B¢ € F (I). Let us select an element (k,1) € N2
so that (k,1) € A°N B°. So

g « . g . g
r—+ 3 p (Yri, ) € intP and p (yg1, qrr) < 5 Ll 5~ P (Yris qr1) € P.
Therefore
o . o . .
(r +5 =P (o ))+<§ - P(yk17le)> =r+o—(p (Yr,2") + p (Yrt, q1)) € intP.

(3.7)
In addition for all (s,t) € N?,
P (ast: ") < p (Yst, 4st) + p (Yst, )
ie.,
P (Ysts @st) + p (Yst: ©°) = p(gst, 27) € P.
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Especially
p Yk, qr1) + p (Yt ©°) — p(qrr, ™) € P. (3-8)
So from (3.7) and (3.8) we obtain

(r+o—(p(yr, ") + p (Yri, qr))) + (p Yk, i) + p (Wi, *) — p (qri, ©*))
=r+o— p(qu,z*) € intP.

As a result, we get
1

{(u,v) eN?: —|{(s,t) : s <u,t <v;r+0— p(qet,x*) ¢ intP}| > /{} € Iy,
uv

which means that ¢ = {gs:} is rough Zo-statistically convergent of roughness degree
r to x*. O

Definition 3.7. A sequence y = {ys:} in an CMS (Y, p) is named to be rough
15 -statistical convergent of roughness degree r to x* provided that there is a set L €
F(Io) (i.e., N*\ L € T,) so that the subsequence {yst}(s,nyer 15 rough statistically
convergent of roughness degree r to x* for some (0 <<r) € W orr =0 i.e., for
any o > 0 with (0 <<) o there exists a (s,t) € N? such that

1
lim — [{(s,8) s <wu,t <wv;r+0—pys,y") ¢ intP} = 0.

u,v—00 UV
We write I3 — st — lim yg = x*.
s,t—00
Notation 3.2. For r = 0 we get the definition of ordinary Z;-statistical conver-

gence of sequences in CMS. Obviously the rough I -statistical limit of a sequence
in general not unique. We can indicate the set of all rough I -statistical limit of a

sequence y = {ysi} by
R
I5-st-LIM"y := {y* €Y iyu > " y*} -

of roughness degree r.

Theorem 3.10. When a sequence y = {ys} is rough I3 -statistical convergent of
roughness degree r to x* then it is also rough Is-statistical convergent of roughness
degree 1 to x*.

Proof. Let us presume that 75 — st — ltim yst = . So, according to the definition
8,t—00

there is a set L € F (Zz) (i.e., Z = N>\ L € ) so that the subsequence {yst}(s.tyer
is rough statistically convergent of roughness degree r to x* for some (0 << 1) € W
or r =0 i.e., for any o > 0 with (0 <<) o there exists a (s,t) € N? such that

1
lim — |{(s,t) : s <u,t <wv; (r+0—p(yst,x*)) ¢ intP} = 0.

w,v—00 UV

Then there is ng € N such that p (ys,y*) < 7+0 then for all s, such that (s,t) € L
and s,t > ng. Then

A(o,v) = {(u,v) e N2 uilv H(s,t): s <u,t <w; (r+o—p(ys, ")) ¢ intP} > K}

CZU(LN(({L,2,...;(no— D} xN)UNx{1,2,....,(no — 1)}))).
Now
ZULN(({L,2,...;(ng =D} xN)U(N X {1,2,...;(np — 1)}))) € Zo.
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This indicates that A(c,v) € Zy. Therefore Zo — st — ltim Yot = TF. O
s,t—o00

Theorem 3.11. When an ideal Iy has the property (AP2) then a sequence y =
{yst} in an CMS (Y, p) which is rough Ty-statistical convergent of roughness degree
r to x* is also rough ZI; -statistical convergent of roughness degree r to x*.

Proof. Assume Z, be an ideal in N? which supply the property (AP2). Take a
sequence y = {ys:} be rough Z,-statistical convergent of roughness degree r to z*.
Then, for any (0 <<)o € W and for all £ > 0, the set

T := {(u,v) eN?: %H(s,t}:sﬁu,tﬁv; (r+o0—p(yst,z")) ¢ intP}| >/{} €1,

So, we obtain

T¢ = {(u,v) eN?: L |{(s,t) : s <u,t <
(r+o—p(ys,z*)) € intP} < k} € F(1a).

Take (0 <<)n € W. Now determine

A= {(u,v) eN?: % H(s,t) ss < uyt <vsp(yse, ™) << 71+ g}’ < Ii} € F(Zy),
where ¢ = 1,2,.... As T, has the feature (AP2), so there is a set B C N so that
B € F(Zy) and B\ A; is finite for ¢ = 1,2,.... Now take (0 <<)o € W, then
there is a j € N so that ? << 0. Since B\ 4; is finite, so there is a t =¢(j) € N
so that (u,v) € BN A; for all u,v > t. Hence p(ys,z"*) << T+? <<r+o
for all (u,v) € B and u,v > t. As a result, the subsequence {ys:}
statistically convergent of roughness degree r to x*, i.e,

step 18 rough

1
lim — {(s,t) : s <u,t <v;(r+o0—p(yst,z")) ¢ intP}| = 0.

w,v—00 UV
Hence, the sequence y = {ys:} is rough Z3-statistical convergent of roughness degree
r to x*. O

Theorem 3.12. Ify = {ysptq }p oeN
then Ty-st-LIM™y C Iy-st-LIM™y'.

be a subsequence of the sequence y = {yst},

Proof. If possible assume z* € Zy-st-LIM"y. Then, for any (0 <<)o € W and for
all kK > 0, the set

1
T := {(u,v) eN?: EH(s,t):sSu,tSv; (r+o—p(yst,z")) ¢ intP}| ZK} € 1.

;L .
Now for the subsequence y' = {ysptq }p7q ey Since

{(u,v) eN?: L H(sp,tq) tsp Suty <vy (140 —p (s, 7)) ¢ intP}‘ >k}
C{,v) eN?: L |{(s,t) :s<u,t <v; (r+o—p(ys,a*)) ¢ intP} >k}

and
1
{(w) M5 L pta) oy S ity S0s (00— psa®) g intP) 2 1} € T

SO

{(u,v) eNZ: u—lvH(s,t):sSu,tgv; (r+afp(ysptq,:v*)) ¢intP}| ZH} € L.
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Hence, the set

W= {(u,v) € N2 : L [{(sp, 1) 1 5 S u,ty < v
(r+o—p(ys,z*)) € intP} < k} € F(1a).

Take {ysptq}sp,tqevv' At that time, we get

lim i|{(s,t)28§u,t§2}; T+J_p(y5PtQ’x*) ¢thH =0

w,v—00 UV

and so ¢y = {ysptq} is rough statistically convergent of roughness degree r to

z*. Therefore, the subsequence 3y’ = {ysptq} is rough Z5-statistical convergent of

roughness degree r to z*. So, we obtain x* € Zy-st-LIM"y’. As a result, we get
Io-st-LIM"y C Zo-st-LIM"y/'. O
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