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EXISTENCE RESULTS FOR A NEW FRACTIONAL PROBLEM

TAHAR BELHADI, HAKIM LAKHAL, KAMEL SLIMANI

ABSTRACT. In the present paper, we prove the existence and uniqueness result
of non-trivial weak solutions to a new class of fractional linear and nonlinear
fractional problems, the main tool used here is the variational method com-
bined with the theory of new fractional Sobolev spaces.

1. INTRODUCTION

This paper is devoted to studying the existence and uniqueness of weak solutions
for the fractional Laplacian problem
—divg(D%u) = —D*.(D%u) = f(x,u) in 9, (1.1)
u=0 on RV \ Q, ’
where Q is a bounded Lipschitz domain in RY, s is a fixed number between 0, 1
and divs(D%u) is the fractional version of a 2-Laplacian and defined by (see [I])

N
N S S S 3 asu
i=1 7 K3

Shieh and Spector have recently studied a novel class of fractional partial differen-
tial equations based on the distributional Riesz fractional derivatives in a pair of two
fascinating works [14] and [I5]. Instead of using the well-known fractional Lapla-
cian, their starting concept is the distributional Riesz fractional gradient of order
s € (0,1), which will be called here the s-gradient D*, for brevity: for u € LP(R"),
p € (1,00), we set

Dru=2" 2 O ww), 0<s<1, j=1,.-.N,

J s .
Oz Oz

0
where —— is taken in the distributional sense, for every v € C°(RY),

8.’Ej

du v v
<87§,’U> = (_1)<(Il—s *U), aixj> = —/I;N(Il_s *U)aix]dl',
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with Iy denoting the Riesz potential of order s, 0 < s < 1:

fy(Na 1- S)
I(z) = "0 -~ %)
((E) ‘I|N75
where
23F(N+s+1)
"}/(N, S) = 77275
Ti0(452)

Thus, we can write the s-gradient (D*) and the s-divergence (D?.) for sufficiently
regular functions u and vector ¢ ([7], [14], [15], [11]) in integral form, respectively,
by

1 suet) u(@) —uly) =y
Ds = 7y(N,s)1 — 7 Xe(0, 2)dz = y(N, d
’LL(CC) ’Y( 75) Eg% i |Z|N+S+1 X ( Z) z ’Y( 5) /]RN |,’E—y|N+S |$_y| y

and

s — : z.p(x + z) _ (@) —ely) z—y
D*.p(x) := (N, s) lg% v e Xe(0, z)dz = (N, s)/R . dy

where x.(x,z) is the characteristic function of the set {(z,z2) : |z — x| > €} for
€ > 0. As it was shown in [I4], D*® has nice properties for u € C°(RY), namely it
coincides with the fractional Laplacian as follows:
(=A)’u(x) = —=D®.D’u,
where, 0 < s < 1,
s 2 : u(z) — u(y)
(=A)u(z) = ~7(N,s)lim . mxe(%y)dy

1 ulr+y) +ulx —y) — 2u(x
- Loy [ ety o),

The study of elliptic equations involving fractional operators is an exciting field of
nonlinear analysis. These problems have recently received a lot of attention, both
for pure mathematical research and for practical applications in the real world.
Indeed, this sort of operator appears in a variety of contexts, including the rep-
resentation of a variety of physical processes, optimization, population dynamics,
and mathematics nance. We have already mentioned that the —D?®.D%u operator
coincides with the (—A)*u operator in the case u € C°(RY), and the last oper-
ator has many applications in various fields, for example, the fractional Laplacian
operator (—A)*,0 < s < 1, provides a simple model to describe some jump Levy
processes in probability theory (see for example [4, 2, [10] [6l [8] and the references
therein). As examples of applications of the problem (u € CX(RY)), we state
the following two models:

e Model 1. Filtration in a porous medium. The filtration phenomena of
fluids in porous media are modeled by the following equation,

9c(p)

— = Valk(c(p)(Vp +e)), (12)

where p is the unknown pressure, ¢ volumetric moisture content, k& the hydraulic
conductivity of the porous medium, a the heterogeneity matrix and —e is the di-
rection of gravity.

N —yNEs e -y
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e Model 2. Fluid ow through porous media. This model is governed by
the following equation,

% — div(|[Ve(0) — K(0)eP~2(Vp(0) — K(0)e)) =0, (1.3)

where 6 is the volumetric content of moisture, K (#) the hydraulic conductivity,
©(#) the hydrostatic potential and e is the unit vector in the vertical direction.

The existence and uniqueness of weak solutions to problems involving the frac-
tional Laplacian (—A)® have been studied in many articles, for example, [13] 12]

Our paper’s structure is separated into three sections, as follows: Section 2 intro-
duces some preliminaries on fractional Sobolev spaces, as well as some fundamental
tools for proving Theorem and Theorem We explain the assumptions and
define the weak solution of the problem in Part 3, and we conclude this section
by demonstrating the main result.

2. PRELIMINARIES

We recall in what follows some definitions and basic properties of the Bessel
potential spaces L*2(RY) and spaces X*P(RY). In that context, we refer to the
book of E. Stein [5] and the papers of [14] and [I5]. We start with the Bessel
potentials o, for s € Rf . The Bessel potentials g5 are defined by

(2) 1 /°° —nla|? STt ~ dt
s\T) = s N e t  edr
¢ @m)iT(3) Jo T

And can be shown to satisfy, for ¢,s > 0

Os * 0t = Os+t
0:(C) = (1 +4m?|¢|*)~2
HQsHLl(RN)
Then the Bessel potential spaces L*2(RY) are defined as follows.

Definition 2.1. For s € (0,1), we define L*>2(RY) by
L*2(RY) := 0, (L*(RY)) = {gs % f : f € L2(RV}.
with the norm
I

Le2®V) = [|f 2@
Theorem 2.1. [14] The following statements hold.
5,2 N

[fs>0=Cp®RY) ) —1o2@®Y),

Ifs>0= [L52(RN)] =L7%(RY).

Ift <s=L92(RN) — LL2(RV).

If s € (0,1) = L>2(RY) coincides with the space W*2(RY),
where

2
s,2 RN = L RN / / )| 2 = NI ded )
Wa=(R™) u € - |a:— ‘N+25 xdy < 00

5) Ift > 0,5 >0 with s > t = LSFTL2(RY) — W2(RY) — Ls~LZ(RY),
Theorem 2.2. [14] Let s € (0,1). If u € C§°(RY), then
D’u = I;_4 x Du.

1
2

\/\_/v ~—
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Definition 2.2. For s € (0,1). If u € C®(RY), we define

Xs,Q(RN) = W”'”X&Z(RN)
with the norm

||U||§(s,2(RN) = HUH%Q(RN) + HDSUHEQ(RN)-
Proposition 2.3. [14] If s € (0,1), then
X52(RV) = L*2(RV).
By L?(Q), we denote the subspace of L*2(RV) i.e.
L% (Q) := {u e L>?(RY) :u =0, on RV \ Q}.

2N
Theorem 2.4. [14] Let s € (0,1), and1 < ¢ < N , then there exists a constant

2s
C=C(Q,N,s) >0 such that

1

([ uiras)" < cpuliaceny
Q

Using the Theorem we remark that the norm |u|p2gnyy + [Dulp2 @y is

for all u € LS2(RY).

equivalent to |D%u|pz2 gy in L3?(€). The space Ly*(€2) with the inner product
(u,v) = D?u.D%vdx,
RN

is a Hilbert space.
Next, we recall some embedding results

Theorem 2.5. [14] (Fractional Sobolev inequality). Let s € (0,1) be such that
2s < N. Then there exists a constant C = C(N,s) > 0 such that

[uller vy < ClIDul|p2 me)
< %« _ 2N
for allu € L ’Q(RN)y where 2% = N—2s"

Proposition 2.6. [3] Let s € (0,1). Then the embedding
Li?(Q) < LI(Q)

is compact for 1 < q < 2*.
We recall also the following propositions, which will be needed later:
Lemma 2.7. [3]

AD?u.D*v = (—D*.AD%u,v). (2.1)
RN
holds true for A(x) being a bounded measurable function and u,v € L8’2(Q).

Theorem 2.8. [3] Let A : RN — RVNXN g matriz with coefficients bounded,
measurable and strictly elliptic, such that

alyl? < A(x)yy and A(z)y.y™ < c*lylly’| (2.2)
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for some c.,c* > 0 for all z € RY and all y,y* € RY, there exists ka(z,y)
independent of u,v satisfying

/ A(z)D*u(z).D*v(z)dz = P.V. / / (@) ) — uly))ha(@, y)dyde (2.3)
RN RN JRN

for all u,v € L2(Q), where k4 x,y) is given, for x # vy, by
0

y—z SR (2.4)

_ 2
ka(x,y) = cy PV A(z) [y = 2N o gV

RN

Theorem 2.9. [9] Let X be a reflexive real Banach space and T : X — X bea
bounded operator, hemi-continuous, coercive and monotone on space X . Then, the
equation Tu = f* has at least one solution u € X for each f* € X .

3. EXISTENCE OF SOLUTIONS

We will present the idea of weak solutions for problem (|1.1)) in this part, as well
as the existence and uniqueness results for these solutions. Firstly, we cite the
following assumptions:

(h1) s€(0,1) with 2s < N.
(h2) feL*Q) Wltha>n+2s.
(hs) f:9Q2 xR — R satisfies Caratheodory condition and
[f(z,t)] < a(z) +blt] V(z,1) € 2R,

where a € L?(Q2) and b € R.
(ha) f:92 xR — Ris a decreasing function with respect to the second variable.
(hs)  There exists ¢p > 0 such that

(f(@,t) = fz,9)(t = 5) < colt — s
for a.a. x € Q and all (£,s) € R x R.

By substituting matrix A with the matrix I in the Lemma[2.7]and Theorem
we then give the definition of the weak solution to problem ((1.1)

Definition 3.1. We say that u € LS’Q(Q) is a weak solution of , if

D?u.D%vdz = / flz,wv(z)de, Yoe X :=L%Q). (3.1)
RN )

3.1. f is independent of u. If f is independent of u, we have one of our main
result of this work is the following Theorem

Theorem 3.1. If f(x,u) = f(x) and if hypotheses (h1), (ha) hold, then, the prob-
lem has a unique weak solution.

Proof. Existence part. Let the operator
L:Lg%(@Q) — (L32(Q)
such that

wwa) = [ Dupnis- [ fanis
RN Q

= (La(u),m) = (La(u),n),

where (L§?(Q2))" is the dual space of L (Q).
The proof of existence part of Theorem is divided into several steps.
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e Step 1. The operator L is bounded.
On the one hand, we use Holder-type inequality, we have for any u,n € LS’Q(Q),

(Wil < [ DwDwds
RN
< [D*ulree~) [ DnlLz @)
< ulgseolnlis 2

This implies that L; is bounded. On the other hand, using again Holder-type
inequality, hypothesis (h1) and (hz), we get

(Lo(u),m)] < /Q \F(@)nlde
< |f|LO‘(Q)‘n|La/ Q)
< M|flre)n L32(Q)

where M is constant of continuous embedding given by Theorem Hence, the
operator L is bounded.

e Step 2. The operator L is hemi-continuous.

Let {ty}nen C LY (Q) and u € LY?(Q) such that u,, converges strongly to u in
L32(Q). Firstly, we will prove that Ly is continuous on L5?(Q), indeed,

(Tru) = Ta@.n)l = | [ (D*u, = D*w.D*yds

|Dsun - DSU|L2(RN) |DST]|L2(RN)

|un — U L8,2(Q)|’I7 L8’2(Q)'

Consequently
Ly(up) — Li(u)  in (LY%(Q)).
This implies that the operator L; is continuous on L8’2(Q). Therefore, L is hemi-

continuous on L3?(€2).
e Step 3 . The operator L is coercive.

For any u € Ly*(Q), we have
/ | D*u|*dx — / f(z)udz
RN Q

2
|u|L372(Q) - ‘f LQ(Q)‘U|LCJ Q)

(L(w),u)

WV

WV

[ulg2 () = MIflo @l o)

Therefore
(L(u), u)

— 400 as |u
|U\Lg’2(n)

L3'2(Q) — +00.

Hence, the operator L is coercive.
e Step 4. The operator L is monotone.
For that, it suffices to prove that L; is monotone

(L1(u) = Ly (v),u —v) = /RN |D*u — D*v?dz >0 for all u,v € LY*(Q).
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Therefore L is monotone. Hence, the existence of weak solution for problem
follows from Theorem 2.9

Uniqueness part. Let u and w be two weak solutions of problem . As a
test function for the solution u, we take v = u — w in equality and for the
solution w, we take v = w — u as a test function in , we have

D*u.D*(u — w)dx = / flu—w)dx
RN Q
and

D*w.D*(w — u)dx = / fw —u)dx.
RN Q

By summing up the two above equalities, we get
/ |D*u — D*w|*dx = 0.
RN

This implies that

u=w a.ein Q.

3.2. f is dependent of u. If f is dependent of u, we have

Theorem 3.2. If hypotheses (h1), (h2) and (h3) hold, then, the problem has
a unique weak solution.

Proof. Existence part. Let the operator
T:L5%(Q) — (L3*(Q)

such that

(T'(u),n) Dsu.DSndz—/Qf(:z:,u)n(x)dm

RN
= (), n) — (®(u),n)

The proof of existence part of Theorem is divided into several steps.

e Step 1. The operator T' is bounded.

From step 1 in the proof of Theorem we can see that the operator v is
bounded.

On the other hand, using again Holder-type inequality, hypotheses (hy) — (h3),

we get
(D(u),n)| < /If z,u)n|dz
< a(w) + blul|Lz o) 7lz@)
< (Ialm @ + bllulLz @) e 20y

where M is constant of continuous embedding given by Theorem Hence, the
operator T is bounded.

e Step 2. The operator T is hemi-continuous.

get {tn}nen C LE?(Q) and u € Li*(Q) such that u,, converges strongly to u in
Ly=(Q).
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We conclude by proving step 2 in proving Theorem [3.1] that the operator v is
continuous in space L8’2 (©2). We then suffice to prove the continuity of the operator
P

(@ () — D)) = | / (@ un) — £z w))nde]

< f(mun) = fz,u)|e ) Inlee )
< Mf(z,un) — f(z,u)|L2()|nlLe2(0)-
By Theorem [2.4]
Uy, — win L3?(Q) = u, — u in L2(Q). (3.2)

Using Lebesgues convergence inverse theorem, we get
{ up(.) —u(.)  a.e on
Jg(.) € L2(Q) : |un(z)| < g(z) Yn, a.e. on Q,
Now, using Lebesgues convergence theorem and hypothesis (h3), we derive
f(x,un) — flz,uy) in LA(Q). (3.4)
So, ®(u,) — ®(u) in Li*(Q). Then ® is continuous. Therefore, T' is hemi-

continuous on L$?(€2).
e Step 3. The operator T is coercive.
For any u € L% (Q), we have

(T(u),u) = / |Dful?da */ f(z,u)udx
RN Q
> Ju i 2(qy ~ (alLz@) + [bllulez@)|uliz @
> |U‘Ls 2@) M(‘a|L2(Q) + |b||u|L2(Q))|U|Lg,2(Q).
Therefore
()
oo as |u Lo?() — T

[ulig2 )

Hence, the operator T is coercive.
e Step 4. The operator T is monotone.
Applying hypothesis (hy), it is for each u,v € L8’2 (Q),

(T(u) — T(v),u —v) = /]RN |D*u — D*v|*dx — /Q(f(m,v) — f(z,u))(v —u)dx > 0.

Therefore T is monotone. Hence, the existence of weak solution for problem
follows from Theorem
Uniqueness part. Let u,v € LS’Q (©2) be two weak solutions of . Consid-
ering the weak formulation of u and v, by choosing w = u — v as a test function,
we have
D?u.D*(u —v)dx = / flz,w)(u—v)de
RN Q
and
D*v.D%(u —v)dx = / flz,v)(u —v)de.
RN Q
Subtracting the above two equations, we have

/ (D*u — D*v).D*(u — v)dz = / (f(zyu) — f(z,v))(u —v)dz. (3.5)
RN

Q
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For all z € R, then we have the following inequality:
1
(D*u — D*v).D*(u —v) > Z\Ds(u — )% (3.6)

Using assumption (hs) in (3.6)), then it follows that

1

- / |D*(u —v)Pdz < / (D°u — D*v).D*(u — v)dz
4 RN RN

/ () — £, 0))(u - v)da
Q

< co/|u—v|2dx
Q

< oM |D*(u — v)|*dz.

RN
Consequently, when 4coM < 1, it follows from the above inequality that v = v
and so the solution of (|1.1)) is unique. The proof is complete. O
CONCLUSION

In this work, we have studied the existence and uniqueness of weak solutions
to two problems, one of which is linear and the other is non-linear by working
on new fractional Sobolev spaces. We hope in the future to generalize this study
to fractional spaces with a variable exponent using the p(z)-Laplacian fractional
operator.
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