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SOFT w-CLOSED SET IN SOFT N-TOPOLOGICAL SPACE

SAVITA RATHEE, RIDAM GIRDHAR

ABSTRACT. In this article, we extend the notion of soft topological space to
soft N-topological space using a real-world example. Furthermore, in soft N/-
topological spaces, N' > 2, we define soft w-closed set, soft w-open set, soft
w-closure and soft w-interior. In addition, we examine the properties of these
soft sets using relevant instances.

1. INTRODUCTION

There were various theories like “fuzzy set theory” [13], “theory of
interval mathematics” [12] etc. to deal with uncertain problems. But there were
some limitations to all these theories. Molodtsov [6] used an adequate parame-
terization to avoid these limitations. He presented the first result of the ‘soft set
theory’ in 1999. Many authors were fascinated by this theory. In 2003, Maji et al.
[5] gave “application of soft sets in a decision making problem” .

Shabir and Naz [9] defined “soft topological spaces”. This concept at-
tracted researchers to work on it. Then, “properties of soft topological spaces” were
studied by Hussain and Ahmad [2]. A new concept of closed set was introduced by
Sundaram and John [I0]. They gave the idea of “w-closed set in topology”. This
idea motivated Paul [7] to define “soft w-closed sets in soft topological spaces” in
which “properties of soft semi-open sets and soft semi-closed sets” were used which
was discussed by Chen [I]. Kelly [4] defined bitopological spaces and corresponding
to his idea, Ittanagi [3] introduced “soft bitopological spaces”. In 2017, Thiva-
gar [I1] defined a “new structure of N-topology”. Inspiring by all these ideas, we
extend “soft bitopological spaces” to “soft A/-topological spaces” and define “soft
w-closed set” and “soft w-open set” in the newly defined spaces and discuss their
characteristics.

2. PRELIMINARIES

This section contains some important definitions which will help in our main
results. Throughout this article, we will refer to Iy as the universal set, A as the
parameter set and (I, 7, A) as the soft topological space.
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Definition 2.1. [9] “Suppose Iy be an initial universal set, A be a parameter set
and P(Iy) denote the power set of Iy. A pair (Ma, A) is called a soft set over I,
if Ma is a mapping given by Ma : A — P(Iy).”

Definition 2.2. [6] “Let (Ma,A) be a soft set over Iy, then (Ma,A) is
(1) null soft set denoted by ¢ if for all 61 € A, Ma(d1) = ¢.
(2) absolute soft set denoted by Iy if for all 61 € A, Ma(01) = Iy.”

Definition 2.3. [9] “The union of two soft sets (Ma,,A,) and (Na,,Ap) over the
comimon universe Iy is the soft set (Ha,, Ac), where A, = A, UA, and for
all § € A,
MAG((S) if 0elA, -4y
HAC((S): NAb(6) if dely—A,
Ma,(0)UNa,(0)if 6 € AgNA

We write (]WA(I,Aa)LNJ(N'Ab7 Ab) = (HAC, AC).”

Definition 2.4. [9] “The intersection (Ha_,A.) of two soft sets (Ma,,A,) and
(Na,,Ap) over a common universe Iy, denoted by (Ma,,A,) N (Na,,Ap), is de-
fined as A, = A, N Ay and Ha_(6) = Ma,(0) N Na,(6) for all § € A..”

Definition 2.5. [9] “The relative complement of a soft set (Ma,A) denoted by
(Ma,A)° and is defined by (Ma,A)® = (Mg,A) where M% : A — P(Iy) is a
mapping defined by Mg (§) = Iy — Ma(d) for all § € A.”

Definition 2.6. [9] “Let Iy be an initial universal set, A be the non-empty set of
parameters and 7 be the collection of soft sets over Iy, then 7 is a soft topology on
Iy, if

(1) ¢, Iy €7,

(2) union of any number of soft sets in 7 belongs to 7,

(3) intersection of any two soft sets in 7 belongs to 7.

Then, the triplet (I;7, 7, A) is called a soft topological space over I;. The members
of 7 are called soft open sets and complements of them are called soft closed sets
in IU.”

Definition 2.7. [9](i) “Let (Iy,7,A) be a soft topological space and (Ma, A) be
a soft set over Iy, then the soft closure of (Ma,A), denoted by (Ma, A) is defined
as the intersection of all soft closed supersets of (Ma,A).”

(ii) “Let (Iy,7,A) be a soft topological space and (Ma,A) be a soft set over Iy,
then the soft interior of (Ma,A), denoted by (Ma,A)° is defined as the union of
all soft open subsets of (Ma,A).”

Remark. [9] (i) “If (Ma,A) € 7¢, where 7¢ is the collection of all soft closed sets
in a soft topological space, then (Ma,A) = (Ma,A).”
(ii) “If (Ma,A) € 7, then (Ma,A)° = (Ma,A).

Definition 2.8. [§] (i) “Let (W2, A) be a soft set over I;;. Then, (W2, A) is soft
w-open set if for any soft semi-closed set (Ca, A) contained in (WR, A), we have
(Ca,A) € (W2, A)°. The set of all soft w-open sets is denoted by G, (Ir).”

(i) “Consider a soft set (Wa, A) over Iy. Then, (Wa, A) is soft w-closed set if for
any soft semi-open set (Oa,A) containing (Wa,A), we have (Wa,A) C (Oa, A).
The collection of all soft w-closed sets is denoted by st(INU).”



Proposition 2.9. [8](i) “If (WQ,A) € 7, then (W, A) € Gy, (Iy).”

(i) “If (Wa,A) & 7¢, then (Wa, A) € Fi,(Iyr).”

Definition 2.10. [§] (i) “Consider a soft set (Wa,A) over Iyy. Then, the soft
w-interior of (Wa, A), denoted by {(Wa, A)}?, is defined as the union of all soft w-
open subsets of (Wa, A) i.e., {(Wa, A)}S, = U {(Fa,A) : (Wa,A) D (Fa,A), (Wa,A) € G, (I)}.
(ii) “Consider a soft set (Wa,A) over Iy. Then, the soft w-closure of (Wa, A), de-
noted by {(WA, A)},, is defined as the intersection of all soft w-closed supersets of
(Wa,A) i i N

{Wa, ) )}w =N{(Fa,A): (Wa,A) C (Fa,A),(Wa,A) € Fy(Iv)}”

Remark. [§] (i) “(Wa,A) D {(Wa,A)}2.”

(11) “{(WAv )}w E Gsw(IU) K

(i) “(Wa,A) C{(Wa,A)}u.”

(iV) {( A7A)}w 6 st(IU) K

Lemma 2.11. [§](i) “{(Wa, A)}? is the largest soft w-open set contained in (Wa, A).”
(i) “ (Wa,A) € Goo(Iy) if and only if {(Wa, A)}S, = (Wa,A).
(iil) “{ (Wa, A)},, is the smallest soft w-open set containing (Wa, A).
(iv) “ (Wa,A) € Fyo(Iy) if and only if {(Wa,A)}, = (Wa,A).”

R

3. SOFT N-TOPOLOGICAL SPACE

This section generalize the idea of “soft topological space” by defining soft N-
topological space with the help of real life example. We further discuss some proper-
ties of the newly defined space. Throughout this section, we use (I7, 71, 72, .., TAr A)
as soft N -topological space.

Definition 3.1. Consider N -soft topologies over Iy as 71, T2, .., Tar, N > 3. Then,
the space (Iy, 71,72, .-, Tar, A) is called soft A/-topological space.
Example 3.1. If Iy = {n1,m2,m3}, A = {61,62} and

T = {(ZE7 INUL {(§17 {771})7 (d2, {772})}}, Ty = {é» I;J}v T3 = {(Zl fU7 {(617 {772})7 (92, {773})}}
and 74 = {¢o, Iy, {(01,{n1,m2}), (02,{ns})}} are soft topologies over Iy and the
space (Iy,T1, T2, T3, T4, A) is soft quad topological space.

Definition 3.2. The soft set (Ma, A) is soft 71, 72, ..., Ta--open set if

MA» —{U (N }U{ﬂ 7«A7

where (M;,,A), (N;j,,A) €T, i=1,2,..,.N, N > 3.

TA IA Y
The complements of soft 71,72, .., Tar-open sets are called soft 71,75, .., Ta-closed

sets. The collection of soft 71, 72, .., Tar-open sets is denoted by 71, 72, .. ,TN—@(IU)
and the collection of soft 71, 72, .., Tar-closed sets is denoted by 77, 72, .. C (Iy).

Example 3.2. In example the soft 71,7, .., Tar-open sets are

1, 7y IN-O(Ir) ={0 It {(01, {m}), (02, {m2 )}, { (01, {m2}), (B2, {ms})},
{61, {n1,m2}), (02, {ns 1)}, {01, {m1,m2}), (02, {m2, m3})}, { (01, {m}), (92, 9)} }
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and the collection of all soft 71, 72, .., Tar-closed sets are
7:17 7:2a ) Tj\/_é(IU) :{QE ’I;] ’ {(617 {n2a 773})7 (52, {7717 773})}’ {(517 {7717 773})7 (52’ {7717 7]2})}7
{(61, {ns}), (02, {m,m2 )}, {61, {ms}), (B2, {m )} { (61, {m2, m3}), (62, I)}}-

Example 3.3. In medical diagnosis, we want to know the side affects after a patient
is diagnosed with COVID-19.

Let our universal set contains 4 persons who are diagnosed with COVID-19 i.e.,
Iy = {7717 2,13, 774}

Suppose we are dealing with 3 symptoms as parameter set, say A = {41, 92,03} ,
where d1,d2 and d3 show the symptoms fatigueness, joint pain and lung infection
respectively.

After the experiment was conducted, the experiment tested for four time periods,
the first period is after 10 days, the second period is after 20 days, the third period
is after 30 days and the fourth period is after 40 days. The four time periods
represent the four soft topological spaces 71, 72, 73 and 74.

When testing the experiment after 10 days, we obtain the soft open set (Ma,A)
over Iy such that Ma(01) = Iy, Ma(62) = {m,n2,m1} , Ma(d3) = {n2,n3,M4}, 1.€.,
fatigueness is among all the 4 patients who are diagnosed with COVID-19, joint
pain occurs in 3 patients namely, 11,72 and 14 while lung infection is in 3 patients
namely, 72,73 and 7y.

When testing the experiment after 20 days, we obtain the soft open set (Na, A)
over Iy such that Na(61) = {n1,m3,m4}, Na(d2) = {1, 12} , Na(03) = {n2,ma}, i.e.,
fatigueness is among the 3 patients namely, 71,73 and 1y who are diagnosed with
COVID-19, joint pain occurs in 2 patients namely, 1; and 72 while lung infection
is in 2 patients namely, 7o and 7.

When testing the experiment after 30 days, we obtain soft open set (Fa,A) over
Iy such that Fa(01) = {n1,m3,m4}, Fa(02) = {n2} , Fa(d3) = {4}, i.e., fatigueness
is among the 3 patients namely, 11,73 and 14 who are diagnosed with COVID-19,
joint pain occurs in 1 patient 1o while lung infection is in 1 patient namely, 74.
When testing the experiment after 40 days, we obtain the soft open set (Ga, A) over
Iy such that Ga(d1) = {m}, Fa(d2) = ¢ , Fa(d3) = ¢, i.e., fatigueness is among
one patient only 74 while there is no symptom of joint pain and lung infection in
any patient.

Thus, (Iy, 71, T2, T3, T4, A) is soft quad topological space.

Definition 3.3. Let (Ma,A) be a soft set over Iy, then
(i) soft 71, 72, ..., Tar-closure of (Ma, A), denoted by 71,72, ..., Ta-CL{(Ma, A)}, is
defined by
7':1,7:2,...,7'_7\[—
CL{(Ma, A)} =N {(Fa,A) : (Ma, A)C (Fa,A) and (Fa, A)E 71,7, ..., T
C(Iv)}-
(ii) soft 71, T2, ..., Tar-interior of (Ma, A), denoted by 71, T2, ..., TW-ZNT{(Ma, A)},
is defined by
7:1,7:2,...,7']\/‘—
INT{(MA, A)} = O{(FA, A) : (FA, A)Q(MA, A) and (F’A7 A)éfl, 7:2, ceey T]\[—
O(I)}.
Remark. (i) (Ma,A) € A7 7a-O(Iy ) iff 71, T, o TA-INT{(Ma, A)} = (Ma, A).
(ii) (Ma,A) € 7 7. Ta-C(Iy) iff 717, Ta-CL{(MA, A)} = (Ma, A).



Definition 3.4. Let (Ma, A) be a soft set over Iy, then (Ma, A) is soft 71, 72, ..., Tar-
semi-open set if

(MA,A) é 7:1,7:27 ...,T/N\/—Cﬁ{fl,fg, ...,T]\[—INT(MA,A)}.

Example 3.4. In example [3.1] the soft set (Ma,A) = {(d1,{m}), (02, {m,m2})}
is soft 71, o, ..., TAr-semi-open set.

Remark. Any soft topological space is a soft N -topological space. Let (I, 7, A)
be a soft topological space, then (Iy, 7,7, ..., 7, A) is soft N/-topological space.
———
N-times
Remark. Any soft AV/-topological space need not be a “soft topological space” but

any soft AM-topological space induces a soft topological space in various ways.
If we take the intersection of all soft topologies, then we get a soft topological space.

Example 3.5. In example 3.1} if we take the intersection of all the four soft
topologies, then we get a soft topology T as

F=ANRARAR
= {6, I}
Clearly, (I, 7,A) is a soft topological space.

4. SOFT 7T2-w-CLOSED SET IN SOFT BITOPOLOGICAL SPACE

In 2014, B.M. Ittanagi[3] has defined soft bitopological space and we extend this
concept to define “soft w-closed set” in “soft bitopological spaces” with some suit-
able examples. Further, we discuss some characteristics of these spaces. Through-
out this section, we denote soft bitopological space by (I, 71, T2, A).

Definition 4.1. [3] “Let Iy be an initial universal set, A be the non-empty param-
eter set and 71, 75 be two soft topologies over Iyy. Then, the space (I, 71,72, A) is
called soft bitopological space.”

Definition 4.2. The soft set (Wa, A) is soft 7172-w-closed set if
To-CL{(Wa,A)} C (Ca, A)

whenever (Wa,A) C (Ca,A), where (Ca, A) is soft 7i-semi-open set over .
The family of all soft 71 72-w-closed set is denoted by F, (71, 72).

Examp}e 4:1' Let Iy = {7717772a7]3}a A= {61,52} and 71 = {(57 Iz]a {(51a {7717773})a (527 {772’773})}}7
72 = {¢, Iy, {(61,{n3}), (62, {n3})}} are soft topologies over I;; and the space

(Iy, 71,72, A) is a soft bitopological space. Let (Wa,A) = {(61,{m,n2}), (62, Iv)}
be a soft set over Iy, then

fQ'Cﬁ{(WAv A)} Q (CA7 A)a
where (Ca, A) is soft 71-semi-open set over Ii;. Thus, (Wa, A) is soft 71 72-w-closed
set over Iy.

Remark. If 71 = 75, then soft 71 7-w-closed set is simply a soft w-closed set.

Remark. Soft 71-w-closed set and soft 71 72-w-closed sets are independent, in gen-
eral which can be seen from the following examples.
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Example 4.2. Let Iy = {n1,m2, 13}, A = {61,05}, 71 = {&, Tvr, {(61, {m,m2}), (82, {m, m2})}}
and 73 = {¢, Tv, {(d1,{m}), (62, {m})},{(61,{ms}), (02, {ns})}, {(d1, {m1,ms}), (62, {m, ms})}}.

Then, (Iy, 71,72, A) is a “soft bitopological space” and the soft set

(Wa,A) = {(61,{m1,m2}), (62, {m1,m2})} € Fsu(71,72) but it is not soft 73-w closed
set.

Example 4.3. Let Iy = {m1,m2,n3}, A = {61, 62},

T = {Q:Sa I:U, {001, {m ), (2, {m P}, {(d1, {m1, m2}), (62, {m1,m2})}} and
T2 =1{¢, Iy, {(61,{m}), (02, {m P}, {(1,{ns}), (92, {m3})}, { (1, {m1,m3}), (02, {m1,m3})}}

Then, (Iy, 71,72, A) is a “soft bitopological space” and the soft set )
(Wa,A) = {(61,{n3}), (62, {n3})} is soft 71-w closed set but (Wa,A) ¢ Fy, (71, 72)

Proposition 4.3. Let (Wa,A) € 75, then (Wa,A) € Fi (71, 72) .
Proof: Let (Ca,A) be a soft 71-semi-open set such that (Wa,A) C (Ca,A). But

as
(Wa,A) € 75, thus 7-CL{(Wa,A)} = (Wa,A) and hence (Wa,A) € Fu, (71, 7).

Remark. The converse of prop is not true, in general by the example
Remark. If (Wa,A) & 7¢, then in general (Wa, A) ¢ Fy (71, 72), which can be

seen from
the following example.

Example 4.4. Let Iy = {m,n2,m3}, A = {01,062},
71 ={¢, v, {(61,{m}), (2, {m })}, {(d1,{ma}), (62, {ms})}, {(61, {m, ms}), (d2, {m1,m3})}}

and

7 ={¢, Ty, {61, {n2,m3}), 52, {n2.ms})}}. 3 5
Then, (WAvA) = {(61a {7717772})’ (62a {7)1»772})} € 7—lc but (WAvA) ¢ st(fhf?) .

PI’OpOSitiOIl 4.4, If (WlA,A) é st(fl,fg) and (WQA,A) é st(fl,fg), then
(Wi,, A) U (Wa,, A) € Fy(71, 72).
Proof: Let (Ca,A) be a soft 7;-semi-open set such that

(Wia, 8) U (Way, A) € (Ca, A)
= (Wi, A) € (Ca,A) and (Wa,,A) C (Ca,A)
As (Wi, A) and (Wa,, A) are soft 7172-w-closed sets, thus
7-CL{(Wis,A)} C (Ca,A) and 7-CL{(Wa2,,A)} € (Ca, A)
= To-CL{(W1,,A)} U -CL{(Wa,,A)} C (Ca, A)
= Fo-CL{(W1,, A) U (Wa,,A)} C (Ca, A).
Hence, (Wi,,A) U (Wa,,A) € Fy(71,72).

Remark. If (Wi,,A) € Fy,(71,72) and (Wa,, A) € Fy, (71, 72), then it is not nec-
essary that (Wi,,A) N (Wa,,A) € Fy,(71,72), which can be seen from the follow-
ing example.

Example 4.5. Let Iy = {m,m2,n3}, A = {61, 02} and

71 ={&, Tu, {61, {m,ms})s (G2, {mr, 131}, {61, {m2,m8}), (82, {m2: s 1)}, { (61, {m2}), (82, {ma})}
{61, {n3}), (62, {ms})}},

72 ={9, Iv, {61, {m}), (02, {m N}, {(61, {2, m8}); (8, {2, ms})}}



are soft topologies over Iy;. Then,

(Win, A) = {(01, {m,m2}), (2, {m1,m2})} € Fuo(71,72) and
(Wan, A) = {(01,{n2,m3}), (92, {n2,m3}) } € Feww(71,72) but
(Wi, A) A (Wan,A) & Fuu(71, 7).

Remark. In general, the collection Fy, (71, 72) # Fso(T2,71) as in example we

have a soft set (Wi,,A) = {(d1, {n2}), (02, {n2})} € Fow(72, 71) but (Wi,, A) ¢ Fuu(71,72).
Also,

(W2A7A) = {(517 {7727 773})7 (62a {7727 773})} € F‘Sw(fh 7:2) but (W2A7A) ¢ st(f% 7:1)

Proposition 4.5. The soft set (Wa, A) corresponding to the soft point W', where
n € Iy and ¢ € A is soft 71-semi-closed or (Wa, A)¢ is soft 71 72-w-closed.

Proof: If (Wa,A) is soft 71-semi-closed, then there is nothing to prove.

Let (Wa, A) be not soft 71-semi-closed set, then (Wa, A)¢ is not soft 71-semi-open
set. Therefore, a soft 71-semi-open set containing (Wa,A)€ is Iy itself. Also,
To-CL{(Wa,A)¢} C Iy, Hence, (Wa, A)° is soft, 71 7o-w-closed set.

Example 4.6. (i) In example[d.5] consider a soft set (Wa, A) = {(61, {m}), (62, ¢)}
corresponding to the soft point ngl. Then, (Wa,A) is the soft 71 semi-closed set
and

(Wa, A)° = {(61, {n2,m3}), (02, 1)} ¢ Fuuo(71, 72).
(ii)In example if we consider a soft set (Ma,A) = {(01,{n2}), (02, ¢)} corre-
sponding to the soft point Wg]f. Then, (Ma,A) is not soft 71 semi-closed set while

(Ma, D) ={(61,{m,n3}), (02, Iu)} € Fouo(71,72).

Proposition 4.6. Let (Wa,A) € Fy,(71,72), then no non-empty soft 7i-semi-
closed set is contained in 75-CL{(Wa,A)} — (Wa, A).
Proof: Suppose 72-CL{(Wa,A)} — (Wa,A) contains a non-empty soft 7j-semi-
closed set say (Fa,A) ie., (Fa,A) C 7-CL{(Wa,A)} — (Wa, A).

CL{Wa,A)} N (Wa,A)*
= (Fa,A) C 7-CL{(Wa,A)} and (Fa,A) C (Wa, A)©
= (Fa,A) C 7-CL{(Wa,A)} and (Wa, A) C (Fa, A)°
As (Fa,A) is soft 7i-semi-closed set, thus (Fa,A) is soft 71-semi-open set. But
(Wa,A) € Fy, (71, 72), thus 7o-CL{(Wa,A)} C (Fa, A) ie., we have

(Fa,A) € H-CL{Wa,A)} C (Fa,A)F
= (Fa,A) =6

Thus, 72-CL{(Wa,A)} — (Wa,A) contains no non-empty soft 71-semi-closed set.
Example 4.7. Consider a soft bitopological space in example let
(Wa, A) = {(01, {n1,m2}), (02, {m1,m2}) } € Fs0o (71, 72), then

To-CL{(Wa, A)}=Iy and thus 72-CL{(Wa,A)} — (Wa, A)={(01,{n3}), (02, {ns})}-
Clearly, the only soft 71-semi-closed set contained in 7-CL{(Wa,A)} — (Wa,A) is

o.
Remark. The converse of above proposition is not true, in general which can be
seen from the following example.
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Example 4.8. Let Iy = {n1,m2,m3}, A = {61, 92},

71 ={, Ty, {(61,{n2}), (62, {m2})}, {61, {m1, ms}), (2. {m1, ms}) }},
72 ={, Ty, {(61,{m}), (62, {m})}}

are soft topologies over Ij;.
Let (Wa,A) = {(01,{n2}), (92, {m=2})} be a soft set over I;, then

To-CL{(Wa, A)} = {(61,{n2,m3}), (02, {m2,m3}) }
T-CL{(Wa, A)} — (Wa, A) = {(61,{n3}), (62, {m3}) }

Thus, 72-CL{(Wa,A)} — (Wa,A) contains no non-empty soft 71-semi-closed set
but

(Wa, A) = {1, {n2}), (02, {m})} & Faw(F1,72).
Proposition 4.7. Let (Wa,A) € Fy,(71,72). If (Wa, A) is soft 71-semi-open, then
(Wa,A) € 75. )
Proof: Clearly, (Wa,A) C (Wa,A) and thus (Wa,A) is soft 7i-semi-open set
containing itself. Since (Wa,A) € Fy, (71, 72), therefore
7-CL{(Wa,A)} C (Wa,A) (1)
But we always have
(Wa,A) C 7-CL{(Wa,A)} -(2)

Thus, from (1) and (2), we have

(Wa,A) = 7-CL{(Wa,A)}
Hence, (Wa,A) € 75.
Remark. The converse of above proposition is not true i.e., if (Wa,A)E7R°, then

(Wa,A) need not be soft 71- semi-open set, which can be seen from the following
example.

Example 4.9. Consider a soft bitopological space from example Let
(Wa,A) ={(01,{n2,m3}), (82, {n2,13})} be a soft set over Iy such that (Wa, A)Er°
but (Wa,A) is not soft 71-semi-open set.

We now introduce soft 71 72-w-open set in soft bitopological space (I, 71, 72, A).

Definition 4.8. A soft set (Ma,A) in “soft bitopological space” is soft 71 7a-w-
open set if (Ma, A)€ is soft 71 72-w-closed set. The family of all soft 71 72-w-open set
is denoted by G (71, 72).

Example 4.10. In example [1.1] the soft set (Ma, A) = {(61,{n3}), (62, ¢)} is soft
T1To-w-open set.

Theorem 4.9. A soft set (MA,NA) € Gy (71,72) if and only if (Fa,A) C 7o-
INT{(Ma,A)} whenever (Fa,A) C (Ma,A) where (Fa, A) is soft 71-semi-closed
set.

Proof: Suppose (Fa,A) is soft 71-semi-closed set such that (Fa, A) € {(Ma,A)}.
Then,

(Fa,A) C RH-INT{(Ma,A)}
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Let (Ca,A) = (Fa,A)¢ be a soft 71 -semi-open set such that (Ma, A)¢ C (Ca,A).
Then, (Ca,A)® C (Ma,A) and (Ca, A)¢ is soft 71-semi-closed set. Thus,
(Ca, A C H-INT(Ma,A)
= {-INT(Ma,A)} C(Ca, A)
= 7o-CL{(Ma, A)°} C(Ca, A)
and hence (MA,A)C é st(fhfg). Thus, (MA,A) é Gsw(fl,fg).~
Conversely, suppose (Ma,A) € Gy, (71,72) such that (Fa,A) C (Ma,A) where

(Fa,A) is soft 7-semi-closed set. Then, (Fa,A)¢ is soft 7i-semi-open set such
that (Ma,A)¢ C (Fa,A)°. Thus,

7a-CL{(Ma, M)} C(Fa, A)°
= {7-IN'T(Ma, A)}¢ C(Fa, A)°
= (Fa,A) C H-INT{(Ma,A)}.

Proposition 4.10. If (Wa,A) € 73, then (Wa,A) € Gy (71, 72) -
Proof: The proof follows from the prop [.3]

Proposition 4.11. If (M1,,A) € Gs(71,72) and (Ma,, A) € Gew(71,72), then
(M1A,A) N (M2A7A) € Gsw(fl,fg).
Proof: The proof follows from the prop [£.4]

Theorem 4.12. Let (Ma,A) and (Na,A) be two soft sets in “soft bitopological
space”. If (Ma,A) € G (71,72), then (Na,A) = Iy whenever (Na,A) is soft
71-semi-open set and 75-ZNT (Ma,A) U (Ma,A)¢ C (Na, A).

Proof: Let (Ma,A) € Gy, (71, 72) and (Na, A) be soft 71-semi-open set such that

{H-INT(Ma,A)} U (Ma,A)® C(Na,A)
= (Na, A C{R-INT(Ma,A)} — (Ma, A)°
= To-CL{(Ma,A)°} — (Ma, A)°

Since %, A)¢ € Fy,(71,72) and (Na, A)€ is soft 71-semi-closed set, then by propo-

sition we have (Na, A) = ¢ ie., (Na,A) = Iy.

Remark. The converse of theorem is not true, in general by the following

example.

Example 4.11. Let us consider the “soft bitopological space” in example[d.5] Sup-

pose

(Ma,A) = {(61, {m1,m3}), (62,{m1,m3})} is a soft set over I/, then the only soft -
semi-open set containing 7o-ZNT (Ma, A) U (Ma, A)¢ is Iy itself. But (Ma, A) ¢ G (71, 72).

PI'OpOSitiOIl 4.13. If (MA, A) é st(fl, 7:2), then {fQ-C,C(MA, A)—(MA, A)} é Gsw(fh 7:2)
Proof: Let (Fa,A) be a soft 71-semi-closed set such that
(Fa,A) C{R-CL{(Ma, A)} = (Ma, A)}

By proposition we have (Fa,A) = .
= (Fa,A) C 7-INT[7-CL{(Ma,A)} — (Ma,A)]
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By theorem [£.9] we have
{7-CL(Ma,A) — (Ma,A)} € Go (71, T2).
Remark. The converse of proposition is not true by the following example.

Example 4.12. Consider the soft bitopological space in example let
(Ma, A) = {(d1,{n2}) (2, {n2})}, then 72-CL(Mn, A)—(Ma, A) = {(61,{n3}), (62: {m3})} € Gswo(71,72)
but (Ma,A) ¢ Fy,(T172).

5. SOFT 71, Ta, ..., TA/-w-CLOSED SET IN SOFT A -TOPOLOGICAL SPACE

In this section, we define soft 71,72, ..., Tar-w-closed set in soft A/-topological
space and study some characteristics of these spaces. Throughout this section, we
use (Iy, 71,72, - Tar, A) as soft N-topological space.

Definition 5.1. The soft set (Wa,A) is soft 71, 7, ..., Tar-w-closed set, N' > 3 if
for any soft 71, 72, ..., Tar-semi-open set (Ca, A) containing (Wa, A), we have

7:1, 7:27 ceey T]\[—Cﬁ{(WA, A)} é (CA, A)
The collection of all soft 71, 72, ..., Tar-w-closed sets is denoted by Fi,, (71, T2, ..., TAS)-
Example 5.1. In example[3.2] the soft set (Wa, A) = {(1, Iv), (62, {m.m2})} € Fow(F1, T2y ooy TN

Proposition 5.2. If (Wa,A) € 71, 72, ..., Tv-C(Iyy), then (Wa, A) € Fup (71, Tay ooy Th)-
Proof: The proof is obvious using remark

Remark. The converse of proposition [5.2]is not true, in general by example

Proposition 5.3. If (W, ,A) € Fs (71,72, ..., Tav) and (Wa, , A) € Fy (71, T2, -y T),
then

(WlA,A) U (WQA,A) é st(’lzl,’fg, ...,7‘]\/’).

Proof: The proof is similar to the proof of proposition

Proposition 5.4. If (W, ,A) € Fy, (71, 72, .., Tav) and (Wao,, A) € Fyo (T1, T2y -0y TAT),
then

(W1A7 A) N (WQA, A) S st(’ﬂ,’fg, ey 7'_7\[)

Proof: The proof is similar to theorem 4.15[g].

We now introduce soft 7175, ..., Tar-w-open set in soft A/-topological space
(IUa 7’:17 7:27 seey Tj\f? A)

Definition 5.5. A soft set (Ma,A) is soft 7172, ..., Tar-w-open set if (Ma,A)¢ is
soft 7172, ..., Tar-w-closed set. The family of all soft 7175, ..., Tar-w-open set is denoted
by Gsw(’ﬂ, ’7:2, ceny 7'_7\[)

Example 5.2. In example the soft set (Ma,A) = {(d1,¢), (d2,{n3})} is soft

T1T2, ..., TA-W-0pen set.

Proposition 5.6. In a soft N-topological space (Iy, 71, 72, , ..., T/, A), every soft
T1, T2, ..., TA/-Open set is soft 7179, ..., Tar-w-open set.
Proof: The proof follows from the prop |4.10

Proposition 5.7. If (M;,,A) € G (7172, ..., Tar) and (Ma, , A) € G (T172, -, TN,
then

(MlAa A) ﬁ (M2A7 A) é Gsw(flf% ) Tj\/)

Proof: The proof follows from the prop
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Theorem 5.8. A soft set (Ma,A) is soft 7172, ..., Tar-w-open set if and only if
(Fa,A) C 7172 . TA-INT{(Ma, A)} whenever (Fa, A) C {(Ma,A)} where (Fa, A)
is soft 71, 7o, ..., Tar-semi-closed set.

Proof: Suppose (Fa,A) is soft 71, 72, ..., Tar-semi-closed set such that

(Fa,A) C {(Ma,A)} and (Fa,A) C AT TAv-INT{(Ma,A)}

Let (Ca,A) be a soft 717, ..., 7 -semi-open set such that (Ma,A)¢ C (Ca,A).
Then, B
(Ca,A)° C (Ma,A) and (Ca, A)C is soft 7172, ..., Ta-semi-closed set. Thus,
(CA, A)C é 7:17:2, ceey T]\/-INT(MA, A)

= {flfg,...,TN—INT(MA,A)}C Q(CA,A)

= 7:17:2,...,7"7\/'—C£{(MA,A)C} Q(CA,A)
and hence (Ma, A)€ is soft 7172, ..., Tar-w-closed set. Hence, (Ma,A) € Gsw(ﬂfg, ey TAT)-
Conversely, suppose (Ma, A) is soft 7173, ..., Tar-w-open set such that (Fa, A) C {(Ma,A)}

where (Fa,A) is soft 71, ..., Ta-semi-closed set. Then, (Fa,A)"
semi-open set such that (Ma,A)¢ C (Fa,A)°. Thus,

7‘:27 ...,TN—CE{(MA,A)}C é(FA,A)C
= {fg,...,T]\/—INT(MA,A)}C Q(FA,A)C
= (Fa,A) C 7oy oo, TN-INT{(Ma, A)}.

is soft 71, ..., Tar-

Definition 5.9. Consider a soft set (Wa,A) over Iy. Then, the soft 7175...Th-w-
closure of (Wa, A), denoted by 7172...TA-CL,{(Wa, A)}, is defined as the intersec-
tion of all soft 7175...7Ar-w-closed supersets of (Wa,A), N > 2 i.e.,

T2 TN-CLAWA, A} = A {(Fa,A) : (Wa,A) C (Fa,A), (Wa,A) € Fu (71, Tauer, T }-

Remark. (i) (Wa,A) C A7 Tv-CLAWA, A}, N > 2
(ii) 7172 TA-CLA(WA, A)} € Fooo(T1, T2y ooy T ), N2> 2.

Theorem 5.10. 7172...TA-CL,{(Wa,A)} is the “smallest soft w-closed set” con-
taining (Wa, A), N > 2.
Proof: The proof is similar to theorem 4.19 [g].

Theorem 5.11. A soft set (Wa,A) € Fy, (71,72, ...Tx) if and only if 7175...75/-
C‘CW{(WA’A)} = (WA,A)v N 2 2.
Proof: The proof is similar to theorem 4.20 [§].

Theorem 5.12. Consider a soft N-topological space (I, 71, T2, .-, TAr, A), N > 2.

Let (Wa,A) and (WA, A) be soft sets over Iy, then

(i) 7172 TA-CLW {0} = ¢ and A To.. T-CL Iy} = Iy

(11) 7:17:2...7_7\[—Cﬁ~w[flfg...T]\/-Cﬁw{(WA7 A)}] = flfg...T]\/-Céw{(WA7 A)}

(iii) If (Wa, A) C (WA, A), then 71 72... 7TAr-CLA (WA, A)} C 7 72..7A-CLA(WA, A)}.

(iV) flfQ...Tj\/—Cﬁw{(WA,A) @] (W’A,A)} = flfg...TN—Cﬁw{(WA,A)} O 7:17:2...7'.7\/—
CLAWA, A)}.

(V flfQ...T]v—Cﬁw{(WA, A)Q(W/A, A)} é ’ﬂ’FQ...Tj\[—Cﬁw{(WA, A)} ﬁ flfg...TN—Cﬁw{(W/A, A)}
(vi) 7172 TA-CLAWA, A)} C 7172 . TA-CL{(Wa, A)}.

Proof: The proof is similar to theorem 4.21 [g].
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Definition 5.13. Consider a soft set (Wa,A) over Iyy. Then, the soft w-interior
of (Wa,A), denoted by 7172... TA-ZN T, {(Wa, A)}, is defined as the union of all
soft w-open subsets of (Wa,A) for N > 2 i.e.,

7:1772...T;\[-IN7;{(WA7A)} =U {(FA,A) : (WA,A) i (FA,A), (WA,A) e Gsw(fhfg,...

Remark. (i) (Wa,A) D A7 onv-INTL{(Wa,A)}, N > 2.
(i) 7172 TA-IN T A(Wa, A)} € Gow(71, T2, -0 Ta), N2> 2.

Theorem 5.14. 7172...TA-ZN T, {(Wa,A)} is the “largest soft w-open set” con-
tained in (Wa,A), N> 2.
Proof: The proof is similar to theorem 3.13 [g].

Theorem 5.15. A soft set (Wa,A) € Gy, (71,72, ..., 7o) if and only if 7y 72-ZN T, {(Wa,A)} =

(Wa,A), N > 2.
Proof: The proof is similar to theorem 3.14 [g].

Theorem 5.16. Consider a soft N-topological space (I, 71, T2, ..., Tar, A) N > 2.

Let (Wa,A) and (W), A) be soft sets over Iy, then

() 7172 TN-IN TG} = ¢ and 7179.. TA-IN T {1y} = Iy

(i) AT TN-IN T [F1 T2 TN -INTA(Wa, A)}] = AT T-INTL{(Wa, A) }.

(iii) If (Wa, A) C (Wh, A), then 71 7. 7 -ZN T {(Wa, A)} C 717 TA-INTL{(Wh, A)}.
(iv) P72 TN -IN T A(Wa, A)} O ATo A-INTL{(Wh, A)} € 7170 Ta-IN T {(WaU
Wi, A)}

(VT -INT{(Wa N WA, A} = AT -IN T {(Wa, A)} A A s mi-INTL{(Wh, A)}.

(i) 7172 TN-INT{(Wa, A)} C 7172 TN-IN T {(Wa, A)}.
Proof: The proof is similar to theorem 3.15 [g].
6. CONCLUDING REMARKS

We have generalized the concept of soft topological spaces and explore the idea
of soft w-closed set and soft w-open set soft A/-topological spaces, A’ > 2. The
properties of these spaces were studied with some examples.
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