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TOPOLOGICAL DEGREE METHOD FOR FRACTIONAL
LAPLACIAN SYSTEM

ESMA ABADA, HAKIM LAKHAL AND MESSAOUD MAOUNI

ABSTRACT. In this paper, we study the existence of weak solutions for a semi-
linear fractional elliptic system with Dirichlet boundary conditions. We apply
the Leray-Schauder degree method in order to obtain a result about the exis-
tence of solutions.

1. INTRODUCTION

Fractional calculus is the general case of integral and derivatives calculus. Over
the last four decades or so, fractional calculus has acquired big attention and gained
enormous reputation amid reaserchers and it has developed rapidly, mostly because
of its applications in different branches such as: mechanics, engineering, physics, bi-
ology, signal and image processing, economic, dynamic systems and other sciences,
see for example the work of HongGuang Sun, Yong Zhang, Dumitru Baleanu, Wen
Chen and YangQuan Chen in [I3], see also [I} 4 @] 14}, 20]. One of the most impor-
tant branches of fractional calculus is fractional differential equations, which have
several applications see for example [5] [15] [10] 18] 22| 24} 25].

The present work studies the existence of weak solutions in fractional Sobolev
space for a semilinear fractional elliptic system of non-local equations involving
the fractional Laplacian with Dirichlet boundary conditions. This problem can
be regarded as the fractional version of the problem in [I2] where the study is
about establishing the existence of weak solutions in the classical Sobolev space
for a semilinear elliptic system of local equations involving the classical Laplacian
with Dirichlet boundary conditions. By comparison between the two problems, it
appears that the fractional problem is more intresting by his non-local property.

In recent years, fractional elliptic systems have captivated the interest of many
reaserchers such as in [I7] Manasss de Souza studies the existence and multiplicity
of solutions for a class of fractional elliptic systems, in [26] the authors study the
multiplicity of solutions for a critical fractional elliptic system involving concave-
convex nonlinearities and in [II] Haining Fan sudies the multiplicity of positive
solutions for a fractional elliptic system with critical nonlinearities.
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Different methods are used to study the existence of solutions for semilinear
fractional elliptic problems for example in [23] Shangjian Liu uses Stampaccia’s
theorem to study the existence of solutions and in [21] the authors study the exis-
tence of solutions for a fractional elliptic problem and they find non-trivial solution
using the Mountain Pass theorem.

The study of semilinear elliptic coupled systems involving the Fractional Lapla-
cian is also important in applied sciences see [2] [3, [8, [16], [19] 27].

The fractional Laplacian has a variety of definitions (see [7]) among which fol-
lowing definition: as an integral in the sens of the Cauchy principle value in the
real space

. u(z) —u
(—A)’u(x) := C(n, s)p.v. /Rn |QE_)y|m_(2:l/s)dy,gc eR"
Yu e ., Vs e (0,1)
. ——(25+n/2) F(S + ’I’L/2)
C(n,s):=m e

and . is the Schwartz space.

Our purpose in this paper is to study the existence of weak solutions. For this we
will use a topological method which is based on the Leray-Schauder degree. This
method is very interesting in solving nonlinear problems because of its homotopy
invariance property. This study concerns the following problem

(=8)*u(x) + g1 (2, u(z), v(x)) = fr(z) in €,
(=A)*v(x) + g2 (@, u(x), v(x)) = fa(x) in €, (1.1)
u=v=0, on R™\Q,

where 2 C R” is a bounded open set with a Lipschitz boundary,
with s € (0,1), f = (f1,f2) € L*(Q) x L*(Q) and g1,92 : @ x R x R — R are
satisfying the Caratheodory conditionsﬂ and the following assumptions :

(H1) The Nemytski operators G and F' respectively defined as:
G(u,v)(z) = q1(z,u(z),v(z)) and F(u,v)(x) = go(z,u(z),v(zr)) are con-
tinuous and bounded from L?(2) x L*(Q) into L*(Q).

(Hs) Sign assumption:
g1(z,s,p)s >0 Vs,peR and a.a z € Q.
g2(z,s,p)p >0 Vs,peR and a.a z € Q.

Remark. The assumption (Hy) is realised if for example g1 and go satisfy the
following growth conditions:

there exist a,b € L?(Q) and K1, Ko,71,79 € R* such that
lg1(z, s,p)| < a(z) + Ki|s| + Kalp|,Vs,p € R and a.a x € Q.
lg2(z, 5, p)| < b(x) 4 71]s[ +r2|pl, Vs, p €R and a.a z €.

The organization of this paper is as follows. In section 2, we present some
preliminaries and the main result of this paper. Section 3 contains a fixed point

191, g2 satisfy the Caratheodory conditions, i.e. g1(.,s), g2(., z) are measurables for all s, z € R?
and g1(z,.), g2(y,.) are continuous for almost every z,y € Q0 .
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formulation of our problem. Section 4 gives a proof of the main result. Finally, in
section 5 we give some conclusions.

2. PRELIMINARIES AND MAIN RESULT
In this section, we recall some definitions, properties and propositions about the
fractional Sobolev spaces H* (R™) and D%2(£2), which we will use later.

Let Q C R™ be a bounded Lipschitzﬂ open domain, L?(2) be the classical space of
square integrable functions on €2, which equipped with the usual inner product and
norm < .,. >r2(q), ||.|[z2(q) is a Hilbert space.

For s € (0,1), we consider the classical fractional Sobolev space

H* (Rn) =due L2 (Rn) . |U({E) — g(y)| c L2 (Rn % Rn) ,
|z —y|2*
which equipped with the inner product and norm

< UV > prs(Rn)= z)dx + u(y))(v(z) - v(y))dyd;v,
|1‘ _ |n+25
R RQTL

1
2

nmmmwyzomﬁmwyum%mﬂ),

el (/n/n|x—|wipd*0;

is a Hilbert space.

where

Next, we need to introduce the following fractional space in 2. Namely, we set

D*2(Q) = {u € C=(R"), supp(u) C Q}HHHS(R").
Here Q is a bounded Lipschitz open domain, therefore we can set
D*%(Q) = {u € H* (R"), such that u = 0in R™\Q}.
Equipped with the inner product and norm inherited from H*(R™)

)|2 3
||’LL||D52 Q) = <ﬁ |[1;— |n+25 —= dIE>
is a Hilbert space.

D*2(Q) is a closed subspace of H*(R™).
The norm ||| ps.2(q) is equivalent to the H*-norm according to the following propo-
sition.

Proposition 2.1 (see [7]). Let Q be a Lipschitz bounded open subset of R™ and

€ (0,1) such that n > 2s. Let u: Q@ — R be a measurable function compactly
supported. Then, there exists a positive constant Cemp > 0 depending on n, s and 2
such that

lullz2 () < cempllullps2()-

2The domain € has to be Lipschitz in order that the fractional Sobolev inequalities hold true
for the funtions defined on 2, for more details see [7].
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Proposition 2.2 (see [9]). Let s € (0,1), n > 1, Q C R™ be a Lipschitz bounded
open set and T be a bounded subset of L?(Q). Suppose that

_ 2
sup/ 7“(3;) fJ(ry2)| drdy < +oo.
ez oo |w—ylnt2s

Then T is precompact in L*(Q).
Now, we take the space L(Q) x L?(2), with the norm

”(uvv)”L?(Q)xL?(Q) = Hu||L2(Q) + ||UHL2(Q)~

Next, we consider the space D%2(Q) x D*2(Q), with the norm that we will denote
by [|(; )| ps2()x Ds2(02)

[(w, V)| 2@) x o2y = llull pe2(0) + (V] De2(0)-

Throughout the paper, we always assume that n > 2s.
The following theorem is the main result of this paper.

Theorem 2.3. Under the assumptions (Hy) and (Hs), the problem (1.1)) has at
least one weak solution (u,v) € D%%(Q) x D*2(Q).

3. FIXED POINT FORMULATION OF THE PROBLEM (|I.1))

In this section, we are interested to the following problem to define a certain
map, which is used to formulate a fixed point problem.

For (u,v) € L?(Q) x L*(Q), we consider the linear problem

(—A)p(z) + tgr (x, u(x),v(x)) = tf1(z) in Q,
(=A)*p(x) + tga(z, u(x),v(x)) = tfa(x) in €, (3.1)
p=¢=0 on R™\Q,

where (f1, fo) € L*(Q) x L?(Q).

Lemma 3.1. For (f1, f2) € L?(Q) x L?(Q) and under the assumption (Hy), the
problem (3.1) has a unique weak solution (p, ) € D*2(Q) x D*2(Q).

Proof. For all (u,v) € L?(Q2) x L*(2), we have g1(.,u,v), g2(.,u,v) € L*() from
the assumption (Hi).

To prove the existence and uniqueness of weak solution for the problem we
will use the Lax-Milgram theorem.

First of all, we multiply the first and second equation of the problem by
Y1 € D*2(Q) and o € D2%(Q) respectively, integrate over R™, use the definition
of the fractional Laplacian (—A)® and obtain the following weak formulation of the

problem
(0, 0) € D¥2(Q) x D*>2(Q),
ai(p,¥1) = lLi(¥1) Vi € D¥2(Q), (32)
az(h,h2) = la(¢2)  Vipp € D*(Q),

with

ai(.,.) : D*2(Q) x D*2(Q) — R
(p.11) = alp, 1) = Cln,s) [ fea, EH=EIEHR=0LD) 4y e,
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I : D2(Q) — R
¢1 — l1 wl fﬂ tf1 l/)ld.if — fﬂ tgl T U( ) (x))wldx,
as(.,.) : DS2(Q) x D*2(Q) — R
(6,102) = a2(, ) = C(n, 5) [ [z, LLD=SEIae) =200 gy i,
lo: DS2(Q) — R
Yo — la(1h2) fQ tfo(x)odr — fQ tge(z, u(x),v(x))hadx.
Let us prove that the bilinear forms aq(.,.) and as(.,.) are continuous and co-

ercives in D*2(Q) x D%2(2). In addition, we prove that the linear forms l; and I,
are continuous.

Using the Cauchy-Schwarz mequahty, we have

o0l = [cus) [[ 1 |m)_)§,|n523 010 g
2)[$1(x) — 1)
= C n 8 //Rzn y‘n+25 dyda:

< C(n,s)|l¢llps.2 Q)H%HDS»Z(Q )s
hence the bilinear form a4 (.,.) is continuous.
Applying the Cauchy-Schwarz inequality and Proposition (2.1)), we obtain

11 (¢1)] = ‘/Qtfl(as)z/qu— /thl(x,u(x),v(gc))wldx‘
< Hf1||L2(Q) H¢1||L2(Q) + ||gl(~vu7v)||L2(Q) ||7/)1||L2(Q)
< [l + 1910 0) Loy ] 1112

< cem [ F1ll sy + 191 (1 0) Loy 19111 pess
therfore [y is continuous.

Similar to the calculus of a;(.,.) and l;, we can obtain that as(.,.) and Iy are con-
tinuous.

Moreover (e ( ))(w ( _— ))
Y
ai(1,11) =C(n, s /R2" 1 ‘xi |ni25 @) g
(Y1(z) =1 (y))*
=C(n,s /R% |x—y|”+2§ dydzx
= O, )1z
thus, ay(.,.) is coercive.
aaltba,n) =Clns) [ 120 x(_))ﬁfiif) —20) g

¥a(y))?
=C(n,s) //]RM |x—y|”+25 dydzx

=C(n, S)Hw2||DS>2(Q)’
hence, as(.,.) is coercive.
Consequently, we may apply the Lax-Milgram theorem and we conclude that the
problem (3.1)) has a unique weak solution (p, ¢) € D*2(Q) x D*2(Q).
O
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According to the previous lemma, we can define the following map noted A by

A1 [0,1] x L2(Q) x L2(Q) — D*2(Q) x D*2(Q)

(t,u,v) = A(t,u,v) = (¢, d),
where (¢, @) is a weak solution to the problem (3.1).

(u,v) is a weak solution for the problem (1.1)) if and only if (u,v) is a solution
to the following problem

{(u,v) € L*(Q) x L*(9), (3.3)

(u,v) = A(1, u,v).

We will prove using the Leray-Schauder degree that the problem ([3.3) has at least
one solution.

4. PROOF OF MAIN RESULT
This section is devoted to prove our main result, using some lemmas which give
results about the conditions of the Leray-Schauder degree method.
Firstly, we want to construct a ball which contains any possible solution, this is
what gives us the following lemma.

Lemma 4.1 (Priori estimate). Under the assumption (Hsz), there exists R > 0,
V(u,v) € L3(2) x L?(Q) such that

A(t,u,v) = (u,v)
{ t € (0,1, (u,v) € L2(2) x L2(%) } = [, v)llz2@yx 2 i) < R+ 1.

Proof. Let A(t,u,v) = (¢, ¢) = (u,v), we obtain

(=A)u(z) + tgi(z,u(z),v(z)) = tfi(x) in Q,
(=A)*v(z) + tge(x,u(z),v(z)) = tfa(x) in Q, (4.1)
u=v=0 on R™\Q.

Let us multiply the first and second equation in (4.1]) by u(z) and v(z) respectively,
integrate over R” and obtain

_ 2

{C(n, s) [fzzon %dydm =t [, fi(@)u(z)de —t [, g1 (z,u(z), v(z))u(z)d,
C(n,8) [fyon B2 dydn =1 [, folw)o(@)dz —t [ ga(w, u(), v(@))v(w)de.

Applying the assumption (Hs) and the Cauchy-Schwarz inequality, we have

C(n,5) [ fen %dydm < N Allezlull @),
C(n,s) [fyan BB dydz < || fall 2oy 0]l 220,
and the proposition [2.1] implies that

C(n,s
L ullay < Iz lullz),
C ;Lrts)

(4.2)
" HUH%z(Q) < |Ifallz@llvll 2 @)-

Adding the two inequalities of (4.2] , we get

2
emb Cemb

[ (w, )| L2 (@) x L2(0) < Cin. )||f1||L @ + Cin, )||f2HL ©)-




C(n,s)
C(
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If we set R = ”"b I fill2 ) + C&;’f;) | f2]|22(), We obtain

(n,s)
[ (w, v)[|L2(@)xL2() < R+ 1.
We deduce that there isn’t any solution (u,v) for the equation A(t,u,v) = (u,v)

in the boundary of BR+1 = {(u,v) S LQ(Q) X LQ(Q); ||(u,v)||L2(Q)XLz(Q) <R+ 1}
and that’s for all ¢ € [0, 1]. O

Lemma 4.2. Under the assumption (Hi), {A(t,u,v),t € [0,1], (u,v) € Bry1} is
relatively compact in L*(Q) x L?*(€).

Proof. Let (tp)en C [0,1] and {(un,vn)}nen C Bryi. So using the assumption
(H1), the sequences {g1 (., Un, Vn) }nen and {ga(., Un, V) }nen are bounded in L?(2).
Firstly, setting A(t,, tn, vn) = (¢n, On), we get

(—A)Yopn(x) + thgi(x, up(z), v () = tnf1(x) in Q,
(=AY () + tngo(z, un(x), v, () = tn fa(z) in Q, (4.3)
Pn = (bn =0 on Rn\Q

As in the previous proof of the lemmal[.1]} we multiply the first and second equation

in the problem (4.3)) by ¢, (z) and ¢, (x) respectively, integrate over R™, apply the
Cauchy-Schwarz inequality and obtain

[z %dydm < All2@lenllzz@ + 191G tn, va) L2 lenllL2@)
$) JJgen m%gf)ldydx < Ifoll2@) 1 9nll2(@) + 192 uns va) [ L2 (0) | Dnll 2(0) -

Then, using the fact that {g1(., un, vn)}neny and {g2(., un, vn)}nen are bounded in
L?(€) and the proposition we obtain

?) (4.4)
cesllifallee o) + M2]||¢nHDS 2()-

By simplification and adding the two inequalities of , we arrive at

lenlBez@ < detslllfillez) + Milllenllpez@),
16nllDe2) < &6

Cemb

Cemb
5,2 5,2 < 2 M —_— 2 M-
[ (ns @)l D2 (@) x Do2(02) < C(ms)[HleL @) + M)+ T, )[”f?HL @) + Moa].

Then,
[1(@n, &n)ll D2 (@) x D2 () < K,
where K = gets[|| fill L2 o) + Mi] + e[l f2ll 2 o) + Ma).

(n,s)
Therfore {(gon, &n) }nen is bounded in D%2(Q) x D*2(Q2), using the compact embed-
ding theorem (proposition7 we deduce that there is a subsequence of {(©n, , dn,. ) bren
which converges to (i, ¢) strongly in L?(Q) x L?(Q). O

Lemma 4.3. Under the assumption (Hy), A is continuous from [0,1] x L?(Q) x
L2(Q) into L*(Q) x L*().

Proof. Let {(tn, tn,vn)}nen C [0,1] x L?(Q) x L?(Q2) be a sequence which converges
o (t,u,v) in [0,1] x L*(Q) x L*(Q) when n — +oo. We pose for all n € N that
A(tn, Un,vn) = (¢n, ¢n) and A(t,u,v) = (p, ¢), we obtain

(=A)Ypn(x) + tngi(x, up(z), v (x)) =t f1(x) in Q,

(=A)¥pn(x) + tnga (2, un(x), vn(2)) = tn fa(z) in Q,
On=0¢n, =0 on R™\Q,
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and
(=A)%p(2) + tg1(z, u(z), v(x)) = tf1(z) in Q,
(=A)*¢(z) + tgz(x, u(z), v(x)) = tfa() in €,
p=0¢=0 on R™\Q.

Making the difference between the two previous systems, we get

{ (=8)*(pn(z) = @(x) = tor(z, u(@), v(x)) = tng1 (2, un (), vn(2)) + (tn — 1) f1(2),
(=8)*(¢n(x) = ¢(x) = tga(z, u(z),v(x)) — tnga(@, un (), vn(x) + (tn — 1) fo(2).
As in the proof of the lemma [4.1] we multiply the first and second equation of the

previous system by (¢, (z) — ¢(z)) and (¢, (x) — ¢(x)), integrate over R™, apply
the Cauchy-Schwarz inequality and the proposition [2.1| and obtain

C2
{|<Pn(33) —o@)[lr2@) < Ciﬁ”f;) (Itg1 (z, u(z), v(z)) — tng1 (@, un(z), v (@)l L2(02) + [tn =t f1ll2 )]
[fn () = d(@)l20) < Feztsllltae(z, u(@), v(2)) — tage (@, un (@), va(2)) | L2(0) + [tn — tll| follL2(0)]-
We have that (¢,)neny converges to t and {(un,vn)}nen converges to (u,v) in

L?(Q) x L*(Q2) when n — +oo and from the assumption (H;), we deduce that

{g1(., un, vn) tnen, {92(., Un, Un) tnen converge respectively to g1(., u,v), ga(., u, v).
Therfore {(¢n, dn) nen converges to (o, ¢) in L2(Q) x L?(Q). We conclude that A
is continuous from [0, 1] x L?(2) x L*(Q) into L*(Q) x L?(Q). O

Proof of the main result. We have according to the lemma [£.1] that there is no
solution of the equation Id(u,v) — A(t,u,v) = 0 in the boundary of the ball Br41
and the lemma gives us that {A(t,u,v),t € [0,1], (u,v) € Bry1} is relatively
compact in L?(Q) x L?(2). Furthermore, according to the lemma [4.3} the map A
is continuous from [0,1] x L?(Q) x L2(2) into L?(Q) x L*(). Consequently, we
can define the degree d(Id — A(t,-,), Br+1,0) and with the homotopy invariance
property we have

d(Id — A(t,-,), Br+1,0) = d(Id — A(0,-,-), Br+1,0) = d(Id, Br+1,0) =1 # 0,
for all ¢t € [0, 1].
Therfore, there exists (u,v) € Br41 such that
Id(u,v) — A(1,u,v) =0,
which is equivalent to
Al u,v) = (u,v),

and proves that the problem (1.1]) has at least one weak solution (u,v) € D*?(Q) x
D*2(Q). O

CONCLUSION

We can say that the theory of topological degrees is an efficient tool to solve
nonlinear systems, not only elliptic, but also fractional. We hope in a future work
to solve other similar problems in spaces with variable exponents under adapted
conditions (growth, monotony, coercivity, ...) on the p-Laplacian fractional opera-
tor.

Acknowledgments. The authors would like to thank the anonymous referee for
his/her comments that helped us improve this article.
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