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CALDERON-REPRODUCING FORMULA FOR THE
CONTINUOUS WAVELET TRANSFORM RELATED TO THE
WEINSTEIN OPERATOR

KHALED HLEILI, MANEL HLEILI

ABSTRACT. In this paper, we introduce the continuous wavelet transform as-
sociated with the Weinstein operator and we prove for this transform a repro-
ducing inversion formulas of Calderén’s type. Next, we study the extremal
functions associated to the continuous wavelet transform.

1. INTRODUCTION
We consider the Weinstein operator (see[ll [2]) defined on R™x]0, +oo] by

w92 2041 9 1
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where A, is the Laplacian operator in R™ and /,, the Bessel operator with respect
to the variable x, 1 defined by

9? 204+1 0 -1
a > —.

éa = )
31’%+1 Tpy1 OTpia 2

For n > 2, the operator Ay is the Laplace-Beltrami operator on the Riemanian
space R"x]0, +o00[ equipped with the metric [I]

2(2a+1) N1

2 _ n—1 2
ds® =z, E dx; .
i=1

The Weinstein operator Ay, has several applications in pure and applied Math-
ematics especially in Fluid Mechanics (see e.g. [3, [I8]). The harmonic analysis
associated with the Weinstein operator is studied by Ben Nahia and Ben Salem
(see [1IL 2]). In particular the authors have introduced and studied the generalized
Fourier transform associated with the Weinstein operator. This transform is called
the Weinstein transform. Our investigation in the present work consists to study
the extremal functions for wavelet transforms associated with the Weinstein oper-
ator; this transform was first introduced by Grossmann and Morlet [7] and became
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an active field of research, due to the fact that wavelet analysis has applications in
the diverse subjects of communication, seismic data, signal and image processing
[4, [5].

We denote by LP(dv,),1 < p < +00, the Lebesgue space constituted of measurable
functions f on RTFI such that

1
1£llvp = ( L. If(fff)lpdva(x)> < +00,1 < p < +o0,
+

[fllocp =ess sup [f(z)] < +oo,
z€R1+1

where dv,, is the measure defined on RT‘l by

2a+1
(2m)32°T(a + 1)

For f € L'(dv,) the Weinstein transform is defined by

VAERIT Fw(IO = [ @Al Niva (o),

dvg(x) =

where A(—z, \) denotes the Weinstein kernel.
The Weinstein translation operators 7,, z = (2/,2,41) € R}'" are defined on
L?(dv,) by

Fw (m:())N) = AX2)Fw ()N, = A e R (1.1)
(For more details see the next section).
Let ¢ be an admissible wavelet in L?(dv,). The generalized continuous wavelet
transform 7Ty, associated with the Weinstein operator is defined for a function f in
LP(dv,),p = 1,2 and for all (a, ) €]0, +oo[xRT! by
To(Paa) = [ )T dva(w)

n+1
R+

where
+2

Yau(y) = 70(aTF W(a))(y), yeRLT

We study some of its properties, and we prove reproducing inversion formulas for
this transform.
Let o be a positive function on Ri‘“ satisfying :

o(x)>1, zeRH! (1.2)

and )
— € L' (dvy). (1.3)

g

We define the space €2, (RT‘U, by
Qe (R = {f € L*(dva), Vo Fw(f) € L*(dva)}. (1.4)

The space Q,(R'7T") provided with inner product

Fade = [ ole) Fw (1)) P @)@ (o) (15)
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and the norm || f|lo =V {f, f)o, is a Hilbert space.
We Define the measure 7, on ]0, +oo[xR" ! by

dYela,2) = a®** T da @ dv, (),

and LP(dv4),p € [1,+00], the Lebesgue space on ]O,—l—oo[xRi+1 with respect to
the measure 7, with the LP-norm denoted by |||+, p-

Building on the ideas of Matsuura et al. [9], Saitoh [11l 13] and Yamada et al. [19],
and using the theory of reproducing kernels [I0], we give best approximation of
the mapping Ty, on the Hilbert space Q,,(R:L_H). More precisely, for all p > 0,h €
L?(dv,), the infimum

. 2 _ 2
flenggd{prllaJrllh Ty (OIS, 2}

is attained at one function f;‘) 1 called the extremal function and given by

NI B e (P EAEAYAO)

X dve (N)dvya(a, x),

The extremal functions are studied in several directions [14] [15].

This paper is organized as follows, in the second section we recall some harmonic
analysis results related to the Weinstein operator and its associated Fourier trans-
form Fy . In the third section we define and study the continuous wavelet trans-
form Ty, and we prove an improved version of the so-called Calderén’s reproducing
formula. The last section of this paper is devoted to give an application of the
theory of reproducing kernels to the Tikhonov regularization, which gives the best
approximation of the wavelet transform 7T7.

2. PRELIMINARIES

In order to set up basic and standard notation we briefly overview the Weinstein
operator and related harmonic analysis. Main references are [I, [2].

In the following we denote by
. Ri“ =R" x [0, 400].
o= (x1,..., Ty, Tny1) = (', pny1) € RT‘l.
¢ —T= (_xlvanrl)
e C.(R™*1), the space of continuous functions on R"*1, even with respect to the
last variable.
e S.(R™"1) the Schwartz space of rapidly decreasing functions on R**!, even with
respect to the last variable.
We consider the Weinstein operator Ay, defined on RT‘l by

W92 241 9 -l
—_— Lo > —.
= 8x§ Tpt1 OTpi1 2

Ay =

Then
AW = An + £a7
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where A,, is the Laplacian operator in R™ and ¢, the Bessel operator with respect
to the variable z,,,1 defined by

B 0? 20+1 0O
ox2 4 Tpi1l OTpi1

Lo

The Weinstein kernel A is given by
V(z,A) € R x € Az, A) = ja(Ang1@ngr e ),
where j, is the spherical Bessel function defined by
S

Ja(2) =T(a+1) kz—om(i)%’ zeC.

The Weinstein kernel satisfies the following properties:
(i) For all z,t € C"™!, we have

A(z,t) = At,2), A(z,0)=1 and A(Azt) = A(z,At),VA € C.
(i)
Yo,y € R",|A(z,y)l < L (2.1)

Definition 2.1. The Weinstein transform is given for f € L!(dv,) by
MERT Fw(NN = [ @A Ndva(o).
R}

Some basic properties of this transform are as follows. For the proofs, we refer
[, 2].
e For every f € L'(dv,), the function Fy (f) is continuous on R’*! and we have

1 Fw (Fllva.oo < N llvar-
o Let f € LY(dv,) such that Fy (f) € L'(dv,), then for almost every x € R+
Fo) = [ P DOAC () 22)
+

e For f € S.(R™"*1), if we define

then

L f@@an@ = [ AW F @ (). (@3)

e The Weinstein transform .Zy (f) is a topological isomorphism from S, (R"*1)
onto itself and for all f € S, (R"*1)

[ @) = [ 10y, (2.0
R R
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The translation operator 7,, ¢ = (2/,2,4+1) € R} associated with the Wein-
stein operator Ay is defined for f € C.(R"*!) which is even with respect to the
last variable and for all y = (y/,yn+1) € R by

Ila+1)
Val(a+ 1)
In particular for all z,y € R we have 7.(f)(y) = 7,(f)(2) and 7o(f) = f.

)
Moreover for all LP(dv,,),1 < p < 400, the function 2z — 7,.(f) belongs to L (dv,,)
and we have

7 (f)(y) = / f@'+y, \/ 221+ Y21+ 2Tni1 Y cos B) sin®® (6)df.

72 (Pllvep < 11w (2.5)

By using the generalized translation, we define the generalized convolution product
f *w g of functions f,g € L'(dv,) as follows

Fova) = [ rADwe)va). ©e R

where — = (=2, 2n11) and f(y) = f (V' Yns1) = [(=Y, ynt1)-
This convolution is commutative and associative. Then (see e.g. [1]),if 1 < p,q,r

1 1
+oo are such — + — — — = 1, the function f *y g belongs to L"(dv,) and we have
r

q
the following Young’s inequality

1 *w Gllvar < N llvapllgllve,q-
This then allows us to define f xy g for f € LP(dv,) and g € L9(dv,). Moreover
for f € L'(dv,) and g € L9(dv,),q = 1or2, we have

Fw(f *w g9) = Fw(f)Fw(g)-

Moreover, if f and g are in L?(dv,), then f sy g belongs to C. o(R"!) consisting
of continuous functions h on R™*!, even with respect to the last variable, such that
lim A(xz) =0 and we have

|z| — 400

fw g =Z5" (Fw(f)Fw(9)).

Thus, for every f,g € L?(dv,), the function f xy g belongs to L?(dv,) if and only
if Zw(f)Fw(g) belongs to L?(dv,) and in this case, we have

Fw(f*w g) = Fw(f)Fw(9).

3. GENERALIZED CONTINUOUS WAVELET TRANSFORM ASSOCIATED WITH THE
WEINSTEIN OPERATOR

In this section we recall some results introduced and proved by Gasmi, Ben
Mohamed and Bettaibi in [6].

Definition 3.1. Let v € L?(dv,) be a nonzero function, we say that v is an
admissible wavelet associated to the Weinstein operator if

oo A 2d
0<Cy = /0 |ﬁw(1/1)(g) QZa < +o0. (3.1)
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Let a be a nonnegative real number. The dilation operator D, of a measurable
function 1, is defined by
Da(¥)(w) = a*F*F plax), weREH
Then, we have immediately the following properties:
(1) For all ¢ € L?(dv,,)
[1Da()llva2 = ¢l 2-
(2) For all z € R}
Dy1y = 72 D,
(3)
FwDy, = D1 Fy. (3.2)

Proposition 3.2. For all ¢ € LP(dv,),1 < p < +00 and (a, ) €]0, +oo[ xR},
the function 1, , defined by

'l/’a,r(y) =7 _2(Da(¥))(y), ye€ RiJrl’ (3.3)

belongs to LP(dv,) and we have

nt2y_ 2atn+2

a2l p < ™5 ] - (34)
Proof. The case p = +oc is trivial. Let 1 < p < +o0, from (2.5)), we get
Hwa,mnga,p = ”TfZ(Daw)”ga,p

</ ot IO )

= P+ 32— (2akn+2) 10 b

O

Definition 3.3. Let ¢ be an admissible wavelet in L?(dv,). The generalized

continuous wavelet transform T, associated with the Weinstein operator is defined

for a function f in LP(dv,),p = 1,2 and for all (a,x) €]0, Jroo[x}Rﬂ’_'H by
To(Paa) = [ T (). (35)

n+41
R

We have the following expressions of the transform 7y,
(i) For every f € LP(dv,),p =1,2,

Ty(f)(a,z) = [ * Du()(x). (3.6)
(i) For every f € L?(dvy)
Tw(f)(av 33) = <f7 wa,z>ua~ (37)

Theorem 3.4. Let ¢ be an admissible wavelet in L?(dv,). We have
(i) Palncherel’s formula for Ty: For every f € QU(RTJ_H),

9 B 1 +oo )
/}R1+1 |f(z)|*dva(x) = Cw/o /]Rrrl |Ty(f)(a,x)|*dya(a, ), (3.8)

where Q, (RT) is the space defined by relation .
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Lemma 3.5. Let 1 be an admissible wavelet in L*(dv,). For every f € QU(RiH),
the function Ty (f) belongs to LP(dva),p € [2,4+00] and we have

1T ()l < Cp||¢||ya,2||f||ua,

Proof. e For p = 2, the Plancherel theorem for the continuous wavelet transform

(3-8) gives
||T¢ ||wa, = VOl 2-
e For p = +00, from relations and ( ., we have

Ty(f )( )| < 2l fllve 2
< ||¢||Va,2||f||um2>
s,
1Ty (F)llya oo < Nllve 2l f [l 2-
We get the result from the Riesz-Thorin theorem [I6] [17]. O

Lemma 3.6. Let 1) be an admissible wavelet in L?(dv,) such that Fw () €
L*(dvy,). Then, for every 0 < e < d < 00, the function
1[0 A pda
Kes(A) = — F =,
=g [ 1Fww)
belongs to L*(dv,) and we have

5 52a+n+2 _ €2a+n+2

ICs 1 S -
IKe.slly,,2 < () C2(2a+n+2)

1917, 21 Fw @)1, -

d
Proof. Using Holder’s inequality for the measure —a , we get for every \ € R"“

‘4da

Ke s < / T

By a change of variable A = pa, we obtam

18 [ _ A da
IKeollo < gz 2) | V |/W<w><a>|4dua<x>]a

1 5 52a+n+2 _ E2o¢+n+2

< —In(- F 2 1% 2
oA B e e EG L D) A S 1
Now, relation (2.4]) gives the desired result. ([

In the following we establish reproducing inversion formula of Calderén’s type
for the mapping Ty.

Theorem 3.7. Calderén’s formula. Let 1) be an admissible wavelet in L*(dv,)
such that Fyw (1) € L>®(dvy). Then for every f € L*(dvy) and 0 < ¢ < § < oo,
the function

feé C’w / /]Rerl (a, 2)Vq.2(8)dVa(a, x),

belongs to L?(dvy) and satisfies
lim 1720 = fl

(£,6)—(0%F,+00)

ve,2 = 0. (3.9
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Proof. By (L.1), (2.3)), (3-3) and (3.6]), we get
/]R"‘H Td)(f)(a” x)wa,z(s)dlja(x)

+

= [ 4 D@ @) (D)) @) (o)

- /Rnﬂ Fw (YN Fw (Da(9))(VPA, 8)dva(N).

Now, using Fubini-Tonnelli’s theorem, (2.1), (3.2]), Lemma and Holder’s in-
equality, we have
1 5

2a+n+1
— a da
Cy

/Rn+1 Ty (f)(a, 2)q,u(s)dva(z)

o (3 o)

_ /R P (O K (Vdva (V)

In(8)y/§2a+n+2 _ c2a+n+2
s Ml 2l Fw )l
Then, from Fubini’s theorem and , we obtain

0 / Fw (F)N)Kes (M)A, 8)dva(N)

=7y (JW(f)/Ce,a)( )
On the other hand, from relation , the function K. s belongs to L™ (dv,,), from
this fact and (2.4, the function fs € L*(dv,), and we have
Fw () = Fw(f)Kes.
Using the previous result and (2.4), we get
150 = 2,2 = [ 1w (DOEC5(0) = 1Pda ().

+

The relation (3.9)) follows from

i Ko s(A) =1
o KesB) =1,

and the dominated convergence theorem. ([

4. THE EXTREMAL FUNCTION RELATED TO THE CONTINUOUS WAVELET
TRANSFORM

The main result of this section can be stated as follows.

Proposition 4.1. Let 1 be an admissible wavelet in L*(dv,) . For every f €
Qo (R, the operators Ty, are bounded linear operators from Qq(R71) into LP(dva ), p €
[2,4+00], and we have

1Ty (Pllrep < Cpuwnya, [fllo-
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Proof. Let f € Q,(R™). According to Lemma the operator T, (f) belongs to
LP(dva), p € [2,+00], and

1 1—2
1Ty (F)llraw < CE 1P 21 Flla2-

By 1D we have || f||2 > / B | Fw (f)(2)2dva(z), and 1' gives the result. O
R

Definition 4.2. Let p > 0 and let ¢ be an admissible wavelet in L?(dv,), we
denote by (,),,, the inner product defined on the space Q, (R}™") by

Feshan = [ (Cot po@) PulD@)Fula@dva(o). (41

and the norm || fls., = 1/ (f, [o.p-

Proposition 4.3. Let 1 be an admissible wavelet in L*(dv,). Then the Hilbert
space (Qe (R, (., )5.,) has the following reproducing Kernel

_ AX AN Y)
Kop(t,y) = /R v Gyt o) dve (A), (4.2)

that is
(i) For every y € R, the function x — K, ,(z,y) belongs to Qq(R}T).
(ii) For every f € Q4 (Riﬂ), and y € Rﬁ“, we have the reproducing property,

<fa Ka,p(-ay»a,p = f(y)
Proof. From relations , and , the function
A=A y)
Cy + po(N)’
belongs to L'(dv,) N L?(dv,). Then, the function K, , is well defined and by ,

we have

Wyt A—

KU’P(x,y) = yﬁll(\}'y)(m)a T e Ri+1'
By ([2.4), it follows that the function K, ,(.,y), belongs to L?(dv,) and we have

Fw (Kop(9))(x) = Uy(z), =R (4.3)
Then by (2.1)), (L.3) and (£.3), we obtain
1.1
2
1 Kop (9l < ;H;Hua,r (4.4)

This proves that for every y € Riﬂ, the function K, ,(.,y) belongs to QU(RTrl).

(ii) From (4.1) and (4.3), we obtain

<f7 KU,IJ(" y)><77p = - jw(f)()\)A()\, y)dlja()\)
+
On the other hand, from relation 1) the function % belongs to L?(dv,). Hence

for every f € Q,(R’™), the function Fy (f) belongs to L*(dv,). From this result
and (2.2]), we obtain

<fa Kcr,p('a y)>o,p = f(y)
This completes the proof of the proposition. O
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Theorem 4.4. Let 1 be an admissible wavelet in L*(dv,) and a > 0, for every
h € L%(dv,) and for every p > 0, there exists a unique function f;’h, where the
infimum

. 2 _
ot {pllfllo + Ik =T (f 3. 23 (4.5)

is attained. Moreover the extremal function f*h s given by

/Jroo /Rn+1 a,2)Ve.p(2,y)dva(a, z),

1 Fw () (A=A AN, 2)

where V. ,(x _—
p( y) a® at i Riﬂ Cw-i-p()’(/\)

dvy ().

Proof. The existence and unicity of the extremal function f7, satisfying relation

(4.5)) is given by [8l @, [12]. On the other hand from Propositvions and we

have
Fon®) = (0 Ty (Ko p(9)))ras (4.6)
where (| )70 denoted the inner product of L? (d’ya and K, , is the kernel given by

relation . From , ., . . ) and (| ., we obtain

Ty (Ko,p(-a y))(a, -T) = 1 Fw (Ka,p(-7 y))(s)dea(s)
_ Als, ©)A(=$,Y) =757
= [ e D Gl ).
Now, using , we get
_ 1 A(s,2)A(=s,y) =5,
Ty (K 0)) ) = —o / T PO (o)
This clearly yields the result. ]

Theorem 4.5. Let p > 0 and let ¢ be an admissible wavelet in L*(dv,) and
K, ,(.,y) € L'(dv,). For every h € L*(dv,), we have

(i)
VCy

[fon) < Tlthm,zﬂ IIVQ,

. — Az, y)
f ,h(y) - /]Ri+1 C¢+p0'(17)

(i)

Foo T n
X ( ; 9W(h(a,.))(a:)fw(w)(a)ao‘+2da> dve ().
(iii)
1 +oo T n
o J—— ( [ Fwnia ~))(w)9w(¢)()a“+2da) .

Cy + po(x)
(o) Ul < Y2

1l
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Proof. (i) According to Propos1t1on [£.3] the functlon z — K, ,(2,y) belongs to
Q, (R, Now, using and Proposition we have

IfZJ,h(y)l < Al 21Ty (Ko p (5 9)) a2
=V Cyllhllye 2 Ko p (- 9o

Then, by (4.4]), we obtain
. VCy
Fonw)l < == Yl 2l = ||ya,1

(ii) From relation (4.6)), we have

+oo
= | o M0 TR a0 00),

Since

“+00
/ /n+1|h(a,fﬂ)Tw(Ka,p(-7y))(a,fﬂ)|d7a(a,:c)
0 R+

S Pl 21Ty (Ko (5 ) a2

On the other hand, the functlon x — K(7 p(x y) belongs to Q, (R N L (dv,),

then by Fubini’s theorem, . and (| .7 we obtain
+oo
y) = / / h(ayI)Ti/)(Ko-,p(-,y))(a,I)d")/a(a7x)
0 R

400
:/ Fw (ha, ) (@) Fw (Ty(Ke () (a, ) (x)dve(z)a®* T da.

Rn+1

+o00 -
/ R”“ ﬁ ( ))(x)g\W(K@P("y))(x)yW(Da(¢))(x>dya(x)a2°‘+”+1da.

+o00 xyyw(w)(a) a7 a 2dv ()2 da
/ An-ﬁ aa+ 2 C¢+p0-( ))JW(h( 7))( )d a( ) da.

Using Holder’s inequality, ((1.2)), (1.3) and (3.1)), we have

/+°° / Fw ()3

,y w(h(a,.))(x
e prg( 5w (hla @)

Nen

< ol ||ua,17

dve(z)a?* " Hda

then, by Fubini’s theorem we deduce that

.l — Az, y)
P,h(y) - /Ri+1 C¢ + po’(qj)

X ( o ﬁw(h(a,.))(x)wa2a+"+ld )dua(x).
0

a_,'_ n+2
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(iii) The function,

i e < +Ooj (h(a, .))(z)F (¢)(x)aa+3da> belongs to L (dv,)N
Cy +po(z) \Jo R WA g o

L?(dv,). Then from relation (2.2)), we have

* _ g1 1 +ood\ T Nyt
00 =75 (s ([ Awiba 0w 2 ) ) )

By 1D it follows that the function f;, belongs to L?(dv) and

X 1 oo P T oayn
%“ﬁ””:cwmdm(o Fw (h(a. ) @) Fw () D)o mﬁ.

(iv) From Holder’s inequality, (1.2]) and (3.1]), we have

+o00
P o(T

Ow </+OO L%v(h(a,-))($)|2“2a+n+1da>7

v/ C
thus, applying (1. 5 and , we obtain ||fph||J < JHhH%’Q.
p
[ th

This completes the proof

|7 (5 n) (@) <

e theorem. O

Corollary 4.6. Let p > 0 and let ¢ be an admissible wavelet in L?(dv,). For every
f € Qe(RYTYNLY (dve) and h = Ty(f), the extremal function f;,Td,(f) satisfies the

following properties
Gy Fw(f)(z)
mwmmmm<7%mu

Proof. Part (i) follows directly from (3.1]), (3.2), (3.6) and Theorem (iii).
Proposition and Theorem (iv) gives the result of (ii). O

Proposition 4.7. Let f € QU(RIH) N LY(dvy) and p > 0. The extremal function
f;,Tw(f) satisfies
p%+ ”f;,Tw(f) = flle =0.

Moreover, {f; Tw(f)}p>0 converges uniformly to f as p — 0T,

Proof. From Corollary (i), we have

%ﬂﬁ@“>fmwaﬁﬂﬁwﬁmnw» (4.7)
Consequently,
20' 3 X
“ﬁmm—ﬂﬁZAw%qﬁm;;fﬁwm@Wwdﬂ

Using the dominated convergence theorem and the fact that

705 (@) < o) Fw (D@,
(Cy + po(x))
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we deduce that

pEI(lw Hf*’Tw(f) = fllo =0

On the other hand, by relations (1.2)) and (1.3, the function Fy (f) € L' (dvy) N

L?(dv,,), then from (2.2) and (4.7), we have

—po(z)

Frn® =10 = [ 50 Fw (@A )dvaz).

N g+t Cy + po(z)

Again, by dominated convergence theorem and the fact that

po(z) 4 _
mlww(f)(w)A(:c,y)\ < | Fw (f)(@)],

we deduce that

pE}T(l)Jr I f Ty (f) — fllva,c0 = 0.

Which ends the proof. O
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