Beil metrics in complex Finsler geometry

A. Széasz

Abstract. In this paper we continue the study of the complex Beil met-
rics, in complex Finsler geometry, [18]. Primarily, we determine the main
geometric objects corresponding to these metrics, e.g. the Chern-Finsler
complex non-linear connection, the Chern-Finsler complex linear connec-
tion and the holomorphic curvature. We focus our study on the cases when
a complex Finsler space, endowed with a complex Beil metric, becomes
weakly Kéhler and Kéhler. Also, our study proves that a given complex
Finsler metric is projectively related to its associated complex Beil met-
ric. As an application of this theory, we set the variational problem of
the complex Beil metric constructed with the weakly gravitational metric.
In this case we find the Chern-Finsler complex non-linear connection by
using another approach.
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1 Introduction

The Beil metrics were introduced and studied by R. G. Beil in [9, 10] to develop a
unified field theory. Beil’s idea was, that if the connection contains the field, then the
metric itself should contain the electromagnetic potential vectors. This is a natural
extension of general relativity since the gravitational potentials are also part of the
metric. The importance of this type of metric has been pointed out in many studies,
[13, 19, 11, 14, 15], etc, but the configuration was given by M. Anastasiei and H.
Shimada in [7].

The study of the complex version of the Beil metric is initiated by us in [18],
considering a generalized complex Lagrange metric

(11) *gij: gij+O'BiBj,

where g;; is the fundamental metric tensor of a complex Finsler space, o is a real
valued function, and B; is a covector. This metric is called the complex Beil metric,
if 1 + oB;B* # 0. Here the evolution of this metric, i.e. the weakly regular and the
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regular cases, is studied, and the situation when the metric is a complex Lagrange
one is exemplified.

The aim of the present paper is to give an approach of the complex Beil metric
in complex Finsler geometry. After a short introduction in complex Finsler geome-
try (Section 2), in Section 3 the necessary and sufficient conditions under which the
tensor from (1.1) is the fundamental metric tensor of a complex Finsler space, (The-
orem 3.1), are pointed out. As a result, we can construct the geometry related to
this metric, more specifically, we express its main geometric objects: Chern-Finsler
connection, holomorphic curvature, Kaher and Berwald conditions and projectively
related properties.

Moreover, our goal is to show that this type of treatment also attempts to empha-
size physical interpretation. To serve this objective, we found an application of the
metric given by (1.1). In this case, is constructed the Lagrangian of a complex Beil
metric arising from the weakly gravitational metric perturbed by an electromagnetic
potential. Solving the variational problem associated to this Lagrangian, we reob-
tain the Chern-Finsler complex non-linear connection (Theorem 4.2). The complex
geodesics corresponding to the complex Beil metric are given in Theorem 4.3.

2 Preliminaries

Let M be an n—dimensional complex manifold. The complexified of the real tangent
bundle T M splits into the sum of holomorphic tangent bundle T/ M and its conjugate
T"”M. The bundle T"M is in its turn a complex manifold. The local coordinates in

a chart will be denoted by u = (z¥,7%), k = 1,...,n, which are changed by the

k 8z'F

following rules: 2'* = 2'%(z), n'* = 2. The complexified tangent bundle of 7'M
is decomposed in the direct sum of TV(7"M) and T" (1" M), respectively. A natural
local frame for T, (T'M) is { %, a%k}v and it changes according to the rules below:

0 _0dk o Pk 0 9 0k 0
92k~ 9zh 92 T 929 o'k’ omk  9zh o'k’

Let V(T'M) = Ker(n*) C T'(T'M) be the vertical bundle, spanned locally by
%. A complex non-linear connection, briefly (c.n.c.), determines a supplementary
complex sub-bundle to V(T'M), i.e. T'(T'M) = V(T'M) ® H(T'M). It determines
an adapted frame {% = % - N,za%j}, where N,Z (z,m) are the coefficients of the
(c.n.c.). These functions have a special rule of change obtained by (2.1). Then {0 :=
%, O = %} is an adapted basis of H(T'M). For more details you can see [16, 1].
Moreover, the pair (M, F) is called a complex Finsler space, where F : T'M — RT is
a continuous function which satisfies:

(2.1)

i) L := F? is smooth on T'M :=T'M \ {0};
(z,m) > 0, the equality holds if and only if n = 0;
(z,An) = |A|F(z,n) for X € C;

i) F
i) F
iv) the following Hermitian matrix (g; 7(2, 7)), with g;; = %, is positive definite

on 7/’_’\]\/4, and it is called the fundamental metric tensor.
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If the iv)-th assumption is satisfied, then the Finsler metric F' is strongly pseudo-
convex, this means that the complex indicatrix Ip, = {n € T)M | F(z,n) < 1} is
strongly pseudo-convex.

A main problem in this geometry is to determine a (c.n.c.) related only to the
fundamental metric tensor g;; of the complex Finsler space (M, F'), (for more details
see [16]).

A Hermitian connection D on the sections of To(T'M), of (1,0)—type, which
satisfies in addition D;xY = JDxY, for X horizontal vectors and .J the natural
complex structure of the manifold, is the Chern-Finsler connection (see [16]). This
connection is locally given by the following coefficients:

C Agim , N . . .
(22)  Nj=g™ZEn Lix = g™ 0kgim = 0N Cix = 9™ Okgjm,

and L;‘E = C;E = 0, where Jy, here and subsequently, is the adapted frame of the
Chern-Finsler (c.n.c.) and D;, d; = Lz-kéi, Dakéj = C}ka'i, etc. The h—, v—, h—, v—

M N ‘77 N_"
)

covariant derivatives with respect to Chern-Finsler connection is noted by | .
and ”T”, respectively.

The complex Cartan tensors are the following C3, = Bkgij and Cj = 8.,5915.

In [1] a complex Finsler space (M, F') is weakly Kdhler if gi;T;knjﬁl = 0, Kdhler if
T;knj =0, and strongly Kdhler if T;k = 0, where T;k = L;k — L};j. In [12] it is proved
that the strongly Kéhler and the Kahler notions coincide. In the particular case when
the complex Finsler space is purely Hermitian, i.e. g;; = g¢,7(%), all those nuances of
Kéhler are the same.

According to [1, 16, 2], the holomorphic curvature of the complex Finsler space
(M, F) in direction 7 is Kr(z,1) = & G(R(x, X)X, X), where x := *§; is the hori-
zontal lift. Locally it has the following expression (see [2])

2 s e —
(2.3) Kr(z,m) = ﬁijchjﬂka where Ry, = —gus (55 N7

Generally the Chern-Finsler (c.n.c.), does not derive from a spray, but it always
determines a complex spray, with local coefficients G* = %N ;nj .

In [5] it is proved, that the complex Finsler space (M, F') is generalized Berwald
if and only if 9;,G* = 0, and (M, F) is a complex Berwald space if and only if it is
Kéhler and generalized Berwald. o

In [1] a comp}eX ge'zodesic_ curve is given by DTh+ﬁTh = 0*(T",T"), where 0* =
g™ gip(LY, — LY, )dz' Adz. Locally, the equations of a complex geodesic z = z(t)
of (M, L), with t as a real parameter, in [1]’s sense can be rewritten as

d2z* & dz ; dz
— +2 —) =6 —)i=1,...
o+ 2GH (1), D) = 00, T = om,
where by 24(t), i=1,...,n, are denoted the coordinates along the curve z = z(t).

Let L be another complex Finsler metric on the underlying manifold M.

Definition 2.1. [4] The complex Finsler metrics L and L on the manifold M, are
called projectively related if they have the same complex geodesics as point sets.
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In [4] several necessary and sufficient conditions are given for when two complex
Finsler metrics are projectively related:

Theorem 2.1. /4] Let L and L be complex Finsler metrics on the manifold M. Then
L and L are projectively related if and only if there is a smooth function P in T'M
with complex values, such as G' = G* + Q' + Pn®, i =1,...,n.

Theorem 2.2. [4] Let L and L be the complex Finsler metrics on the same manifold
M. Then, L and L are projectively related if and only if

(2.4) e (0r )t + 2(0:GH(D ) = %(M)nk(é;i);
(2.5) Q= —ie*l(ai)nr; P- %[(m)n’f + 07D,

(r=1,...,n) Moreover, the projective change is G* = G* + ﬁ(éki)nkni.

3 The complex Beil metric on a complex Finsler
space

Following the ideas from real cases, [7, 8, 11], we shall introduce a new class of
complex metrics. Let (M, F') be an n—dimensional complex Finsler space, and gj its
fundamental metric tensor. Assume that (M, F) is endowed with a complex Finsler
vector field B = B¥(z,1)0r and let By(z,n)dz" be a differential (1,0)—form with
By = grm B™, where B™ := B™. The lowering and rising of indices will be done with
(9i7) and (¢7%), where g;;0’% = &%, respectively.

Also, we consider o : T"M — R, a real valued function, on 7"M. By these objects
we set

(3.1) “9i3(2,m) = 9i3(2,m) + 0 (2,m) Bi(2,1) B3(2, ).
We have proved in [18] that
Proposition 3.1. For the d—tensor *g;; from (8.1) we have,
i) det(*giz) = (1 + oB*)det(g;);
i) If 1+ oB? # 0, the djtensgr gi7 18 noll-degenemte, and its inverse has the
following expression *¢’* = ¢ — *oB'B’, with *0 = 725,
where B? = B; B = g;;B*B? (the length of B with respect to g;;).

Under the assumption 14 oB? # 0 the functions (*g;;) from (3.1) are called the
complex Beil metric.

From [16] we know that *g;; is reducible to a complex Finsler metric, if and only
if the complex Cartan tensor fields associated to this metric *Cip = (é)k*gz-j and
“Cigk = 5,;* gi7 satisfy the following conditions:

?

- * _ .k _ * . .
(i) Cz’jk = Ck:ji7 Oijk = ik
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(4) *Cijr = *Chip;

(ii1) *Cipn® = *Chin' = *Cygpif = *Cizz0" = 0.
Using (3.1) we can prove
Theorem 3.2. The complex Beil metric defined in (3.1) is the fundamental metric
tensor of a complex Finsler space (M, *F) if and only if the following system of
equations is satisfied

(0x0)BiBj + 0(0xB; - Bj + Ok Bj - B;) = (0;0)BxBj + 0(0; By, - Bj + 0;B; - By);

(3.2)(0k0)BiBin"* + 0(0xB; - B; + 0y B; - Bi)n* = 0.

In general *g;;(2,7) is not reducible to a complex Finsler metric. We found a case
when *g;; is a complex Finsler metric as follows.

Proposition 3.3. If B; = B;(z) and 0 = o(z) > —%, then (M,* g;;) becames a

complex Finsler space, with
(3.3) *F2=F? 1+ 0(2)|B]?, where B = B;(2)n".

Remark 3.1. The condition § = 0 and B; = B;(z) are incompatible, because they
imply that B = 0.

Further on, we work under the assumptions that B; = B;(z) and 0 = o(z) > —%.

Then the complex Beil metric will take the following form:
(3-4) “9i7(2,m) = giz(2,m) + 0(2) Bi(2) B3(2).

Example 3.2. We set an example of complex Beil metric of complex dimension two.
To avoid confusions, we rename the local coordinates z!, 22, n',n? as z, w,n, 6,
respectively. On the a complex domain D = {(z,w) € C?| |w| < |2}, let us define
the purely Hermitian metric

2 1 o
9i5 = 9215 (log 22 — |w2|) . L(z,w,n,0) = gim'’,

where |2%)? := 22, 2' € {z,w}, ' € {n,0}. After a direct computation, we obtain
9oz =212 —[w’  gow = —Zw;  guws = 2Jw|* — 2%
o AulPoleP? e A gy 2P e
2(]2]> = Jw[?)?’ 2(]2] = w]?)?’ 2(]2* = w]?)*
_ 2 = 2
Choosing B, = w, B,, = z and ¢ = 1, we have B* = —%, BY = —%.

As a result of the above, we obtain a complex Finsler metric *g;; = gi; + 0 B; By,
and the Lagrangian of the complex Beil metric *L = 2(|z|2|n|? + |w|?|0|?), which, in
turn, is the double of the complex Fuclidean metric.
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The non-linear connections play an important role in Finsler geometry. These
connections allow us to work with d—tensors. It is very useful when the (c.n.c.)
derives from the fundamental metric tensor of the space. This is an argument for
which we try to express the Chern-Finsler (c.n.c.) of (M,* F).

The local coefficients of the Chern-Finsler (c.n.c.) associated the to complex Finsler

space (M,* F), *N; = *gm%np, can be rewritten as
(3.5) *Nj = N} + A}, where A} = *gmi(aBme)Un”.

Note that A% defined in (3.5) is a d—tensor, (1,0)—homogeneous in 7).

In the complex Finsler space (M,* F) the adapted horizontal frame will be notated
by *5k = 8k - *N,znam = 5k - A}C"é)m

Now we are able to give the expressions of the Chern-Finsler (c.l.c.) *CT' =

(*N;,* L;k,* C;k7070)'

Proposition 3.4. In the complex Finsler space (M,* F), with *F given in (3.3), the
local coefficients of the Chern-Finsler (c.l.c.) *CT are

(3.6) *Lij, = Li, + 0;A; e =Cly =" 0B'B" Cjmp.

The non-vanishing components of the torsions of the N — (c.l.c.) *CI' are the
following

(3.7) The = Th, + 0, A5, — 9;Al; *Qly = O =" 0 B™ B'Cjymi,
"0 = O — pip Ny T R A Tojp = Pl ORAj,
where T}, ©!; and p; are the local torsion expressions of the Chern-Finsler (c.l.c.)
on (M, F), [16].
In the following we compute the holomorphic curvature in direction of n with

respect to *CT. Transcribing (2.3), we obtain K« p(2,n) = =35 *Ryi'n", with * Ry, =
—*gi3(* 05" N})” -

2
Kep(zn) = (1 — ”'ﬂ > Kp +

2
s (1= 200 ) [0 Mg - Gty - oBBC o).
Subsequently, we emphasize other geometrical properties of the complex Finsler
space with the complex Beil metric (3.4).
It is known that a complex Finsler metric is purely Hermitian if and only if the
associated complex Cartan tensors are vanishing. For the complex Finsler metric
given in (3.4), the conditions *Cizx = 0 and *C;; = 0 lead to:

Proposition 3.5. The complex Finsler space (M,* F') with complex Beil metric is
purely Hermitian if and only if (M, F) is purely Hermitian.

Taking into account the first relation from (3.7), the weakly Kéahler condition
associated to (3.3) is

9" T ' = Thn® (i + 0BB;) + [0k(0B;By) — 0 BB, LY, In* ' — * g, AL =0

Then, we have the following assertion:
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Proposition 3.6. Let (M, F) be a Kihler complex Finsler space. The complex Finsler
space (M,* F), with *F from (3.3), is weakly Kahler if and only if

9;(a|B*) — do(0B;Bg) — * b AL =0, j=1,...,n

A similar calculus leads us to determine the Kéhler condition corresponding to
the metric (3.3):

Proposition 3.7. Let (M, F) a Kdhler complex Finsler space. The complex Finsler
space (M,* F), with *F from (3.8), is Kdhler if and only if

*9™100(0BjBn) — 0;(0BoBm) — *CpmjAgl =0, j=1,....n.

Further on, by direct computations, we establish the necessary and sufficient con-
ditions by which the metric (3.3) can be generalized Berwald and Berwald.

Proposition 3.8. Let (M, F) be a generalized Berwald space. The complex Finsler
space (M,* F) with *F from (3.3) is generalized Berwald if and only if

(3.8) 99" (0BpB)on” =0,

Corollary 3.9. Let (M, F) be a complex Berwald space. (M,* F') with *F from (3.3)
is a complex Berwald space if an only if the following conditions are satisfied

i) *9g™(0y(0 BxBm) — Ok (0 BoBy,) — *CpmipAf] = 0;

The next step in our study is centered on finding when the complex Finsler metrics
L and *L are projectively related. The link between the complex spray G* and
Gt = %*N}n], corresponding to N; and *N; is below

A 1
(3.9) G = SN =G S A, =1,

Based on this, we prove the following main result of this section:

Theorem 3.10. The complex Finsler metrics L and *L = L+ o|B|?, both defined on
M, are projectively related, i.e.

(3.101G" = G"+Q"+ Pn",
r Lo Sik A s ryop— r i, g Jirpk =p = 3
Q= 50 THO DTN, P =~ (Ajnj +4g T}fjnpnk) (0;°L),

(r=1,...,n), and the projective change is *G" = G" + %A;nj.

Proof. A simple calculation shows that, §*¢ = gﬁngﬁpﬁk. By replacing this relation
in (2.5), (3.10) becomes true. As a result, by using Theorem 2.1, the complex Finsler
metrics are projectively related. O
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Example 3.3. The complex version of the Antonelli-Shimada metric
1
Las(z,w,n,0) := e (In|* +10[*)* , with 7,6 # 0,

is a generalized Berwald metric, defined on a domain D from ﬁ\?, dimeM = 2,
such that its metric tensor is non-degenerated, (for more details see [5]). The local
coordinates 21, 2%, n', n? are denoted by z,w,n, d, respectively, and f(z) is a real-
valued function. Our aim is to find proper expressions for o(z) and B;(z), such that
the complex Finsler space (M,* L) to be generalized Berwald. For this, we choose
o(z) = e/, and 8 = 1. With these objects, we obtain a complex Beil metric

“L(zyw,m,0) = ¢ [(Inl* +1601)* + Inl?]

which is generalized Berwald.

4 The variational problem in a perturbed weakly
gravitational space

Let (M, L) be a 2—dimensional complex Finsler space with

23 , 20\ , ., . 20\ ,_ 20
(4.1) L = <1+ 02> Int? —i (1 - 02) it i (1 — 02> n’it — (1 - 02) n?|?

the weakly gravitational metric, studied in [17, 6]. It is a purely Hermitian metric
with the fundamental metric tensor:

22 _(1-22
(4.2) (98) = <z(11+—2‘1’) —((11—2%?))>’

c2

1 :=+/—1, j,k = 1,2, where ® is a real valued smooth function on 7'M, & > g,
1 —i
. 3 =
where ¢ € R*. The inverse matrix of (g;z) is (g’” (z, 77)) B =1; 1+23 ).
jk=1,2 2 _2(17%)
Also, from [6] we have the coefficients of the Chern-Finsler (c.n.c.) corresponding

0(4.1): Nl =0; N} = ﬁ(nl — in?)®y, where &, := %, k=12

In this section, we perturb the weakly gravitational metric (4.1) to a complex Beil
metric with an electromagnetic potential, a|3|> = aB;(2)Bg(2)n’n*, where a > 0.
And so, we obtain a complex Finsler metric which arises from the weakly gravitational
metric *L = L + a|B|?, with the fundamental metric tensor

e v 1+ 2 +aBB  —i(1-%)+aBiB;
(4.3) Cojr) = <@ (1-22) 4 aByB; —(1-2%) +aB,B; )

and its inverse *g’;j = g]_“j — *aBEBj, where "a =
weakly gravitational Beil metric.

2m271- Lhis metric is called by us
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Using the general results form the previous sections we get the local coefficients
of the Chern-Finsler (c.n.c.) of (M,* L):

2

(4.4) *Ni = N]g + a*gmj ak(Bme)np + m(nl — ZnQ)‘I)kBmB2
c

Subsequently, we study the variational problem for the weakly gravitational Beil
metric *L = L + a|B|? in the canonical parametrization of a curve on the complex
manifold M with respect to the purely Hermitian weakly gravitational metric (4.1).

Let us consider ¢(t), ¢ € R a C™ curve on complex manifold M, and (2*(t),n* =

di) its extension to T/ M. The Euler-Lagrange equations with respect to a complex

Lagrangian *L are

o*L d [0*L
4.5 E(L)y=—F—-——|=+]=0, k=1,2
( ) k?( ) 92k dt (ank) ) )
where *L is considered along the curve ¢ on T'M. Generally, the solutions of the
Euler-Lagrange equations are extremal curves with respect to arc length.
After we develop the calculus in (4.5), for *L = L + a|3|?, where a > 0, along the
extremal curve c on 7'M, we have achieved

Proposition 4.1. The Euler-Lagrange equations with respect to *L = L + a|f|? are
(4.6) Ex(*L) = By(L) + aBy(|B)*) =0, k=1,2.

Now, we choose s(t) the arc length of the curve ¢ on T"M with respect to the
weakly gravitational metric F' as a parametrization of the curve ¢ on T'M. Since
ds? = L(z, gj)dtQ it yields L(z, 92) = 1. In the following steps, we calculate Ej(L)
and Ex(|8]?), k = 1,2, in the canonical parametrization.

2 ‘ »
E(L) = @'+ in?)[—i(®1 — i®2)n® — 577] —
28\ d2z! 4232
L1+ —i
(+%) % (%) @
2 n '_ d2 s1 d222
Bal) = S il e vie) - 1 (1-2) (1G5 - G5 )
d?z
Ex(IB]?) = [ak(Bqu)—ap(BkBq)]ﬁpﬁq—3ﬁ(BkBq)77pﬁq—LBkBQ@,k 1,2.

Substituting the formulas of Ey(L) and Ex(|5]?) in (4.6), we obtain the Euler-
Lagrange equations of (M,* L) in the canonical parametrization.

Following the same arguments as in [16, 3], the equations of a complex geodesics
for (M,* L) are:

% L .
(@7) SO =)@ + ") (1~ i®2)n" + aldk(ByBy) = Op(BBy)n"7i* = 0,

; d2z4 d2z4
(4.8) (6k—15k)( +1i7 )(Pjﬁ]-i-Lgkq@—i-a 05(BrB7)1’7? + LB, Bj—- o | = 0,
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for k =1, 2. The conjugate of (4.8) contracted with *gkm it leads tor

dzzm 2 T 5 dzt dz? dz? 2 dzP dz4
4.9 Lok dmo ok 2m ot ot I | Pt * knba B:B)—="_ —0
(4.9) d32+02(g g )<ds st) 7 ds @9 p(kq)ds ds ’
m=1,2.

We note that (4.9) can be rewritten in the form d%zm +2G™(2(t),n(t)) = 0, where
Gm = L(rg"™ + i*g®™) (n' —in?) @m0 + 2*g"™9;(ByBy)nn’. Using the changes
of complex coordinates on T M, we can prove by direct computation, that the func-
tions G™ are the coefficients of a complex spray on T"M. Keeping that a (c.n.c.) by
contraction with 7 determines a complex spray, i.e. Njn/ = 2G*, from (4.9) we can
conclude that the functions

m 2 * 1m % 2m . * _km
(4.10) N (zm) = 5 ("g"™ +i%g*™) (n' = in®) @5 + a"g"" 0 (B By)n*

are coefficients of a (c.n.c.). Upon closer inspection of (4.10), we can point out that:

Theorem 4.2. The (c.n.c.) N,i and the Chern-Finsler (c.n.c.) associated to the com-
plex Finsler space (M, L + a|B|?) coincide.

Proof. Using the formulas (4.3) and (4.4), we obtain a relation between the local
coefficients of the (c.n.c.) Nj and the Chern-Finsler (c.n.c.) *Nj :

29

e~ 2 : 1 .5 i
(4.11) N]} =N} - = aBI®,(n' — in?) (Bl +iB* — Bgl> .

c2

In explicit form we have By = gopBP = gy B! 4 g93B? = i(1-22) (B! +iB?).
Replacing this result in (4.11), the statement is proven. |

To find the geodesics of the complex Finsler space with weakly gravitational Beil
metric we must analyse the equation (4.7), related to the weakly Kéahler condition,
according to [16]. Indeed, the relation (4.7)

2, . : _
=00~ 0i) (11" +in*) (@1 — i®2)n" + a[dk(B,By) — 0p(BrBg)li"11" = 0,

becomes true for the weakly Kéhler conditions of the Chern-Finsler (c.n.c.) associated
to the complex Beil metric, formulated in Proposition 3.6. But we have proved in
Theorem 3.2 that the complex Finsler metrics L and *L are projectively related. This
means that, as point sets, they have the same complex geodesics. So, if we find the
geodesics of (M, L) with weakly gravitational metric, our goal will be achieved. For
this we use an important result, namely, Theorem 3.6 from [6].

Using the arguments presented above, we can formulate the following result:

Theorem 4.3. Let F be the purely Hermitian metric (4.1) on the manifold M. If
*F =+/F + a|B|? is Kdhler, then the geodesic curves of (M,* F') are the following:

Y(s) = (A1s+ p1, Aes +p2), Ak, pk €, A #0, k=1,2.
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Example 4.1. Consider a charged particle moving along a weakly gravitational field.
The path parameter is taken to be the proper time t. The position of the particle
is given by z*(t), and the velocity and acceleration are n* = % and a* = %,
respectively.

Now we assume that B; is the electromagnetic potential A;(z). Then we obtain
a model, when the particle is acted upon only by an electromagnetic field from the
potential A7. As a result, if the condition a|8|?> = constant is satisfied, then the
equation of motion in a weakly gravitational field, which is given by the metric (4.2),

is )
—21

25
(1-%)
Example 4.2. Let ®(z) = §622+22+i(zl_21) a real valued function on C2. Given the

condition ¢ > %, we obtain the Hermitian complex Finsler metric

a® + [65 - *aAkAg] (' —in*)*a®;n’ =0, k=1,2.

L=@1+e)n'* —i(1 —e?)n'n? +i(1 — e“)ni" — (1 =),

where Z := 22 + 2% 4+ i(z! — z'), defined on D := {z € C? | Rez? — Imz' > 0}, (see
[6]). For the function ®, the relation i®y = ®; is satisfied, and so the metric L is
Kihler. If we add a|8|? = a|2'|?|n!|? to this metric, we obtain a weakly gravitational
Beil metric:

(412) "L = (1+e? +al2' M) —i(1 = e)n'n® +i(1 — P’ — (1= 7).

The associated Chern-Finsler (c.n.c.) has the following local expression:

az!

4.13 *NI =N/ 4+ —
( ) k k+a\21|2+2

0 (8] —i83)%

Due to the fact that the spray coefficients of the (c.n.c.) (4.13) are holomorphic
in n, we deduce that (4.12) is a generalized Berwald metric. Moreover, because *L
satisfies the conditions from Proposition 3.6, we deduce that it is weakly Kéhler. In
conclusion, from the above, we obtain that the (4.12) metric is a complex Berwald
one.

The holomorphic curvature of the metric (4.12) is Ky, = —%ZQ|771 —in?]?2+c2(1—
e?)], and the holomorphic curvature of the weakly gravitational Beil metrics (4.12) is
Kep = %ICL - Whﬂ"‘. Moreover, if Z < In (1 + %) then the holomorphic
curvature of *L is negative for any a > 0.
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