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Abstract. In this paper we investigate several properties of indefinite
Kéhler manifold of complex dimension n (n > 2) with the Krupka-type
curvature tensor, and present several classes of indefinite complex sub-
manifolds of an indefinite complex space form.
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1 Introduction

In 1990, H. Kitahara, K. Matsuo and J. S. Pak ([6, 7]) defined a new tensor field on
a Hermitian manifold which is conformally invariant and studied several properties
of the new tensor field. This new tensor field is said to be the conformal curvature
tensor for briefness.

In 2006, S. Funabashi, Y.-M. Kim, the first and third authors ([5]) defined traceless
component of the conformal curvature tensor field C' on a Kihler manifold analogous
to the trace decomposition problems of D. Krupka ([8]). Hereafter, this tensor C is
called the Krupka-type curvature tensor.

In this point of view, we investigate several properties of an indefinite Kéahler
manifold of the complex dimension n (n > 2) with the Krupka-type curvature tensor,
and study the relations between the Krupka-type curvature tensor C, the Bochner
curvature tensor B, the conformal curvature tensor C, the Weyl curvature tensor W
and the concircular curvature tensor Z, and determine several classes of indefinite
complex submanifolds of an indefinite complex space form. Specifically, in Section 2
of this paper we recall a brief summary of the complex version of indefinite Ké&hler
manifolds and some fundamental formulas of indefinite complex submanifolds of an
indefinite Kéhler manifold. Section 3 is devoted to investigate some properties of an
indefinite Kéhler manifold with parallel or vanishing Krupka-type curvature tensor,
and study the relations between C’, B, C, W and Z. In section 4 we present several
classes of indefinite complex submanifolds of an indefinite complex space form.
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All manifolds are assumed connected and all manifolds and maps are assumed
smooth(class C*°) unless otherwise stated. Notation and definitions not explicitly
introduced may be found in [11] or [13].

2 Indefinite Kahler manifolds

We adopt the notation and terminology from [11]. We start this section by introducing
some basic formulas concerning indefinite K&hler manifolds. Let M be a complex
n(> 2)-dimensional connected indefinite Kéhler manifold equipped with Kéhler metric
tensor g and almost complex structure J. Then for the indefinite Kahler structure
(g,J), it is known that J is integrable and the index of g is even, say 2s(0 < s < n).

A local unitary frame field {Fy, ..., E,} on a neighborhood of M can be chosen.
This is a complex linear frame which is orthonormal with respect to the Kahler metric,
that is, (E;, E;) = €;0;;, where ¢; = +1 and 4,5 = 1,2,--- ,n. The dual frame field
{wi,...,wn} (4,j = 1,2,---,n) of the frame field {E;} consists of complex-valued
1-forms w; of type (1,0) on M such that w;(E;) = €;0;; and {w1,...,wn,@1,...,Wn}
is linearly independent. Then we see that the Kahler metric g of M can be expressed
as g = 23, ew; ®Wj. Associated with the frame field {E};}, there exist complex-
valued 1-forms w;;, which are usually connection forms on M such that they satisfy
the structure equations of M:

dw; + Zgjwij Nwj = 0, wij + Wy = 0,
J

(2.1) duoig + 3 euwin Awiy = Qs
k
Qij = ZEkElejkiwk N wi,
Tl

where 2;;(resp. jokj) denotes the curvature form (resp. the components of the
Riemannian curvature tensor R) on M. The second equation of (2.1) means the
skew-hermitian symmetry of €;;, which is equivalent to the symmetric condition

(2.2) szki = Rﬁz% )

for 4,5,k,l =1,2,--- 'n. The Bianchi identity obtained by the exterior derivatives of
(2.1) gives 3, £;0;; Aw; = 0, which yields the following further symmetric relations

(2.3) Rijki = Rikﬂ = Rijki = Rikﬁ-

Now, with respect to the frame field chosen above, the Ricci tensor S of M is
given by

S = 22&‘6]‘517&)1' K wj,
i,j

where Sﬁ = Zk exRp.7 = Sji = g{f Moreover we can express the scalar curvature
r as the identity r = 2 tj 5ij3.
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The indefinite K&hler manifold M is said to be FEinstein if the Ricci tensor S is
given by

(2.4) S5, = ag;dij,

where a = 5.
n

The components R;;7,, and R 7 (vesp. S, and S;;z) of the covariant deriva-
tive of the Riemannian curvature tensor R (resp. the Ricci tensor S) are defined by

the following equation (2.5) (resp. (2.6))

Z Em (B jpimwWm + Bijpm@m) = dRz
m

(2.5)
= em(Roji@mi + Ry + B jpim + Rijpm@mi),
(26) Z Ek(S}ikUJk; + S}ZEwk> = dS}z — Z Ek(Sjkwm‘ + ngwkj)
k k
The second Bianchi formula is given by R;j Kim = Rijmik and hence we have
(2.7) Sﬁk = S}ki = ZEleikil’ T = 225165@'1@7
l k

where dr =}, ¢;(r;jw; + r;w;). A plane section P of the tangent space T, M of M
at any point x is said to be non-degenerate, provided that g, |1, ar is non-degenerate.
It is easily seen that P is non-degenerate if and only if it has a basis {u,v} such
that g(u,u)g(v,v) — g(u,v)? # 0, and a holomorphic plane spanned by u and Ju
is non-degenerate if and only if it contains some v with g(v,v) # 0. The sectional
curvature of the non-degenerate holomorphic plane P spanned by u and Ju is called
the holomorphic sectional curvature which is denoted by H(P) = H(u). The indefinite
Kahler manifold M is said to be of constant holomorphic sectional curvature if its
holomorphic sectional curvature H(P) is constant for all P and for all points of M.
An indefinite Kahler manifold M of constant holomorphic sectional curvature, say c,
is called an indefinite complex space form and is denoted by M (c) if M is of complex
dimension n and of index 2s.

It is known that the standard models of indefinite complex space forms are the
following ([2, 13]):

(1) indefinite complex Euclidean space C?,

(2) indefinite complex projective space PI'C)

(3) indefinite complex hyperbolic space HIC.

It is shown in [2] and [13] that for any integer s(0 < s < n) the above three
models are the only complete, simply connected and connected indefinite complex
space forms of dimension n and of index 2s, according as ¢ =0, ¢ > 0 and ¢ < 0
respectively. We also we recall that the Riemannian curvature tensor 1, ; of M7 (c)
is given by
c

(2.8) Rijki = 263‘6]@(5”‘(5“ + 6ird1)-
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From now on let M’ be an (n + p)-dimensional connected indefinite Kahler manifold
of index 2(s +t)(0 < s <n, 0<t<p)andlet M be an n-dimensional connected
indefinite complex submanifold of M’ of index 2s.

Then M is the indefinite Kédhler manifold endowed with the induced metric tensor
g. We choose a local unitary frame field {E4} = {Ex,..., E,4,} on a neighborhood
of M’ in such a way that restricted to M, E1, ..., E, are tangent to M and the others
are normal to M. Here and in the sequel the following convention on the range of
indices is used unless otherwise stated:

A B, C,... =1,....,n,n+1,..., n+p,
i, J, k... =1,...,n,
T, Y, Z,... =n+1,..., n+p.

With respect to the above frame field {E}, let {wa} = {w;,w,} be its dual frame
field. Then the Kahler metric tensor ¢’ of M’ is given by

g = QZSAwA ®w4.
A

The connection forms on M’ are denoted by wapg. The canonical forms w4 and
the connection forms wap of the ambient space satisfy the structure equations (2.1).

Restricting these forms to the submanifold M, we have w, = 0 and the induced
indefinite Kahler metric tensor g of index 2s of M is given by g = 2 Ej Ejw; @ wj.
Then {E;} is a local unitary frame field with respect to this metric and {w;} is a
local dual frame field due to {E;} which consists of complex-valued 1-forms of type
(1,0) on M. Moreover {wy, -+ ,wy, w1, - ,wn} is linearly independent and they are
canonical forms on M. It follows from w, = 0 and the Cartan lemma that the exterior
derivatives of w, = 0 give rise to

(2.9) wei = > _eshfw;, hi =hi,.
J

The quadratic form ZZ . Eisjswh'fjwi ®w; ® B, with values in the normal bundle is
called the second fundamental form of the submanifold M ([1]). From the structure
equations of M’ it follows that the structure equations of M are similarly given by
(2.1). Moreover the following relationships are defined:

dwyy + ZSZsz AWy = gy,

z

wa = E gkelR?ykfwk Nwy,
kI

(2.10)

where (1, is called the normal curvature form of M.
For the Riemannian curvature tensors R and R’ of M and M’ respectively, it
follows from the third equation of (2.1) and (2.9) that the Gauss equation

(2.11) Ry = Ry — D eahfihy
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holds and by means of (2.2), (2.9) and (2.10) we can see that
e T
Ry = R;ykl Zgjhkjhjl'
J

It is easy to compute that the components of the Ricci tensor S and the scalar
curvature r of M satisfy the identities, respectively

(2.12) Z xRz — (h5,)°

(2.13) r= 2ZsjekR§jkz — 2h,

where (h3;)* =3, 5T5$h”h,,j and he =, &;(hz;)%
Hereafter, let the ambient space be an indefinite complex space form M’ =
MFP(c). Then from (2.8) and (2.11)-(2.13), we say that

/

C T
(2.14) Rij = 5ei€k(050k + Oindji) — > enhfihi,
n+ 1)
(2.15) S5 = %Eié‘ij = (h3,)?%,
(2.16) r=n(n+1)c — 2hs.

3 Several results on an indefinite Kahler manifold

Let M be a complex n(> 2)-dimensional indefinite Kéhler manifold. The Krupka-type
curvature tensor C' with components C 11 Oof M is given by

. 1 2(n — 2)
G = Bijua — (€301 + endy;0m) — m@%‘l%
3.1
) ME.E SiiSur — (n+4)r cier b
m2(n+1) 7 T T a2 (n 1)(2n — 1) 7RO

which may be found in [5]. Let S denote the Ricci contraction of C’, that is,
(3.2) Ski = Z5iéiiki~
From (3.1) and (3.2), it is clear that

_ 2(n-2) T

(33) Skz— n(2n_ 1) (Ssz %skékl).
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Summing up the equation (3.3) for k and I and taking account of r = 23", ex.S,7, we
obtain

(3.4) > e =0.
k

If the Ricci contraction S vanishes everywhere i.e., S w1 = 0 and n > 2, then we obtain
Si7 = 5=k because of (3.3). Since this equation represents the first Chern class,
it follows that r is constant. Thus M is Einstein by means of (2.4). Conversely, if M
is Einstein, then we see that Ski = 0 with the aid of (2.4) and (3.3).

Thus we get the following lemma.

Lemma 3.1. Let M be an indefinite Kihler manifold of complex dimension n(n > 2).
Then the Ricci contraction S of the Krupka-type curvature tensor C of M wvanishes
everywhere if and only if M is FEinstein.

Remark 3.1. The real version of lemma 3.1 was proved by S. Funabashi, Y.-M. Kim,
the first and third authors ([4]).

The Bochner curvature tensor B with components ngkz of the indefinite Kahler
manifold is given by

Bijki = Rijki
1
(3.5) B m(5j5ij5ki+5kszj5kl + ki S;; +€555.051)
T
+ .
2(n+1)(n+2)

which was introduced by S. Bochner ([3]). Thus, from (3.1) and (3.5), we know that

€j€k(0350k + 0irdj1),

A 2(n —2)
Ciant = B = g5 =7y 50155

(n? —n+4)r
1) SO0

5 {erdinS;; + €550 —
r
h m(g]’éijskf + Eksij(skl — ﬁejekéijékl).

If n > 2, then by means of (3.3) and the last equation (3.6), we obtain

Cijii = Bijua +€50555,

n(2n — 1) - .
(3.7) T S 2)(n ) RS T EiSadn)
2n—1 N A
—(n T2 (n-2) (Ejdijskj + 5kS§j5kl)-

Assume that €' = B and n > 2. Then the equation (3.7) reduces to

n(Ek(SlkS +5351k53l) (sjéijﬁkf—i-skﬁgj&kl)
2(n+2)(n—2)

m—1 6j5ﬂS§k =0.



68 Hyang Sook Kim, Jung-Hwan Kwon and Jin Suk Pak

Summing up the above equation for ¢ and &k and making use of (3.4), we get Sﬂ =0.
Conversely, if S’ﬂ =0 and n > 2, then the equation (3.7) implies C = B.
Furthermore owing to Lemma 3.1, we can have

Proposition 3.2. Let M be an indefinite Kahler manifold of compler dimension
n(n > 2). Then the Krupka-type curvature tensor is equal to the Bochner curvature
tensor on M if and only if M is Einstein.

The conformal curvature tensor C' with components C;j w1 of M is given by

1
ijkf = R{jkf — g(gjéijSzk + €kng5k;l)
(n+2)r
2n2(n+1)

(3.8)

€;€k0:0k1 — €€k0ikIj1,

_r
2n(n+1)
which was introduced in [6].
The last equation (3.8) combined with (3.1) yields
A 2(n —2) r

(3.9) Cijui = Cijwa — m(%k = 5, Ek0ik)E;0j1-

Assume that ¢ = C and n > 2. Then the equation (3.9) gives S, = 5-crdik.

Conversely, if S, = 5-exdix, then we say that C = C by means of (3.9).
Thus we obtain

Proposition 3.3. Let M be an indefinite Kahler manifold of compler dimension
n(n > 2). Then the Krupka-type curvature tensor is equal to the conformal curvature
tensor on M if and only if M is Einstein.

Remark 3.2. Let M be an indefinite Kahler manifold of complex dimension 2. Then
the Krupka-type curvature tensor is equal to the conformal curvature tensor on M.

Remark 3.3. Making use of the Proposition 3.2 in [10], we can also prove the above
Proposition 3.3.

Remark 3.4. Let M be an indefinite K&hler manifold of complex dimension n(n > 2).
The Weyl curvature tensor W with components W;,; is defined by

1
Woikt = By — ntl (€j0i Sk + 5k5iksﬂ)-
It is easy to know that the Weyl curvature tensor is equal to the Bochner curvature
tensor if and only if M is Einstein.

Remark 3.5. Let M be an indefinite Kéhler manifold of complex dimension n(n > 2)
and let Z be a concircular curvature tensor is defined in [12]. Then the concircular
curvature tensor is equal to the Weyl curvature tensor if and only if M is Einstein.

Remark 3.6. Let M be an indefinite Kéhler manifold of complex dimension n(n > 2).
Then any two tensors among B, C, é, W and Z are equal to each other if and only
if M is Einstein. In fact, with the help of Proposition 3.2, 3.3, Remark 3.4 and 3.5,
we can see that our assertion is true.
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The components ,SA'gj . and S% i of the covariant derivative of the Ricci contraction

S of the Krupka-type curvature tensor C are defined by
(310) Z €k(§€jkw;f + S'gjgwk) = ds'zj — Z 6]@(3%]4@]”' + S’zk,wkj)-
k k

Since we see that dr = . ¢;(rjw; + r;w;), taking account of (2.1), (2.6), (3.3) and
(3.10), we get

Z 5k(*§2jkwk + S'Zjﬁwk)

k
2(n —2) _ 1 _
= —m zk:ék{S;jkwk + S;jgwk — %sjdij(rkwk + ’I"%wk)}
so that
; n(n —2)
ik = —m( ik~ 5 €30Th);
A1
(3:11) & n(n —2) g 1 5
= *m( ik~ 5,30 TE)-

Assume that the Ricci contraction § is parallel, i.e., S”gjk = 0 and S’m =0. If
n > 2, then from (3.11) it turns out to be

1 1
(3.12) Sie = 560k, S

k= 5 ik = 5,50 "E

Then the last equation (3.12) coupled with (2.7) reduces to r, = 0 and 77 = 0.
Substituting these equations into (3.12), we obtain S;;, = 0 and S, = 0, that is, the
Ricci tensor is parallel.

Conversely, if the Ricci tensor is parallel, then 3, = 0 and r; = 0, and consequently
S;jk =0 and SEjE = 0 with the help of (3.11).

Thus we established the following

Proposition 3.4. Let M be an indefinite Kahler manifold of complex dimension
n(n > 2). Then the Ricci contraction of the Krupka-type curvature tensor is parallel
if and only if the Ricci tensor is parallel.

Remark 3.7. The real version of proposition 3.4 was proved by S. Funabashi, Y.-M.
Kim, the first and third authors ([4]).

Owing to Proposition 3.4 and Theorem due to the second author ([9]), the following
result is immediate

Corollary 3.5. Let M be an indefinite Kaehlerian manifold of complex dimension
n(n > 2). Then the following assertions are equivalent to each other:
(1) the Ricci contraction of the Krupka-type curvature tensor of M is parallel,
(2) M has harmonic curvature,
(3) the Ricci tensor of M is cyclic-parallel.
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Let M be an indefinite K&hler manifold of complex dimension n(n > 2). The com-

ponents CA’;]. wim and CA’;J. w7 Of the covariant derivative of the Krupka-type curvature

tensor C' are defined by

Z em(é{jkimw’” + éijkfmwm) = dé{jki - Z 5m(é{jkiwmi
+ C-

imk

1wWmj + Cjpiwmk + Cjpm@mi)-

Since dr = 3, €j(rjw; +r5W;), it follows from (2.1), (2.5), (2.6), (3.1) and (3.13) that

1
ngkim = Rfjkfm - E<Ej6ijsk1m + Eksgjmé‘kl)
2n - 2) (04 D1
_ I LRSI
(314) n(2n _ 1)6] JlSzk:m + 2n2(n+ 1)6J5k JUkl
(n+4)rn,

C2n2(n+1)(2n—1)

€j€k0ik0j1,

Cijkim = Rijkim
2(n—2)
Cn2n—1)
(n+4)rm
S 22(n+1)(2n - 1)

- (sjdl-ijkm + 6]65* *5kl)

jm

3=

€055 +%€j5k5ij5kl

(3.15) w22 (n + 1)

Ejsk(Sikéjl.

If the Krupka-type curvature tensor of M is parallel, then we kkow that S Jim = 0

and Sﬂm = 0, that is, the Ricci contraction S is parallel. Thus, making use of

Proposition 3.4, we say that the Ricci tensor is parallel, provided n > 2, which

together with (3.11) yields r,, = 0 = rm. Hence using (3.14) and (3.15), we obtain

R;ipim = 0 and Ry = 0, that is, M is locally symmetric. Conversely, if M is

locally symmetric, then we get S; =0, Sﬂm = 0,7, = 0 and r7 = 0. Thus, from

(3.14) and (3.15), we can see that the Krupka-type curvature tensor of M is parallel.
Hence we have proved

Theorem 3.6. Let M be an indefinite Kahler manifold of complex dimension n(n >
2). Then M is locally symmetric if and only if the Krupka-type curvature tensor of
M is parallel.

Moreover from Theorem 3.6 and Theorem in [10], we conclude

Theorem 3.7. Let M be an indefinite Kahler manifold of complex dimension n(n >
2). Then the conformal curvature tensor of M is parallel if and only if the Krupka-type
curvature tensor of M is parallel.

4 Indefinite complex submanifolds

This section is concerned with indefinite complex submanifold of an indefinite complex
space form.
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Let M’ = M!/F(c') be an indefinite complex space form of index 2(s +¢) (0 <
s <n, 0<t<p). Then we can easily see that the Krupka-type curvature tensor on
M’ vanishes.

In this discussion we introduce a theorem (Theorem 3.6 in [10]).

Theorem A. Let M’ be an (n + 1)-dimensional indefinite Kdehler manifold of
index 2(s +t),t =0 or 1, and with vanishing conformal curvature tensor, and let M
be an indefinite complex hypersurface of index 2s of M’ (n > 2). Then the following
assertions are equivalent to each other:

(1) M has the vanishing conformal curvature tensor,

(2) M is totally geodesic.

Consequently, owing to the above Theorem A and Proposition 3.3, we are ready to
prove the following

Theorem 4.1. Let M’ be an (n + 1)-dimensional indefinite complex space form of
index 2(s +t),t =0 or 1, and let M be an indefinite complex hypersurface of index
2s of M' (n > 2). Then the following assertions are equivalent to each other :

(1) M has the vanishing Krupka-type curvature tensor,

(2) M is totally geodesic.

Proof. Since the Krupka-type curvature tensor on M’ vanishes, we know that M’
is Einstein by Lemma 3.1 and so the Krupka-type curvature tensor is equal to the
conformal curvature tensor on M’ by Proposition 3.3. Hence the conformal curvature
tensor on M’ vanishes.

Assume that M has the vanishing Krupka-type curvature tensor. Then M is
Einstein due to Lemma 3.1, which impliesthat the Krupka-type curvature tensor is
equal to the conformal curvature tensor on M because of Proposition 3.3. Hence the
conformal curvature tensor on M vanishes. From Theorem A, we have M is totally
geodesic.

Conversely, assume that M is totally geodesic, then the conformal curvature tensor
on M vanishes by means of Theorem A, and so we have M is Einstein using the lemma
in [10]. Thus Proposition 3.3 implies that the Krupka-type curvature tensor is equal
to the conformal curvature tensor field on M. Therefore M has the vanishing Krupka-
type curvature tensor. (Il
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