A study of the multitime evolution equation with
time-nonlocal conditions
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Abstract. The aim of this paper is to prove existence, uniqueness, and
continuous dependence upon the data of solutions to the multitime evo-
lution equations with nonlocal initial conditions. The proofs are based on
a priori estimates established in non-classical function spaces and on the
density of the range of the operator generated by the studied problem.
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1 Introduction

The classical time-dependent partial differential equations (PDEs) of mathematical
physics involve evolution in one-dimensional time. Space can be multidimensional, but
time stayed one dimensional until 1932, then the adjective multitime was introduced
for the first time in physics by Dirac (1932) where he considered the multitime wave
functions via m-time evolution equation and later it was used in mathematics.
Multitime evolution equation arise for example in Brownian motion [1], Transport the-
ory (Fokker-plank-type equations ), biology (age structured population dynamics)[18],
wave and maxell’s equations [3], [17], mechanics, physics and cosmology([24], [31]).
The important step in the theoretical study of multidimensional time problems
was made by Friedman and Littman ([13], [20]) where they have proved the ex-
istence and uniqueness of the following mixed problem with two-dimensional time
Uty b, — Lu = F(2,t), U |t,=0= U |t,=0= U |zcop, where L is a second order elliptic
self-adjoint differential operator. The further development of the theory was elabo-
rated in the series of papers by Brish and Yurchuk ([4], [5], [6]) and Rebbani, Zouyed
and Boussetila ([22], [35], [23]) for the Mixed and Goursat problems, hyperbolic equa-
tions and recently by (Rebbani, Zouyed and Boussetila) for the multitime evolution
equations with nonlocal initial conditions, all these works were studied by the energy
inequality method. In [11], Dezin showed for the first time that, for the description
of all solvable extensions of differential operators generated by a general differential
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equation with constant coefficients, one should use not only local but also nonlocal
conditions.

The problems with nonlocal conditions in the time variable for some classes
of PDEs depending on one time variable have attracted much interest in recent
years, and have been studied extensively by many authors, see for instance [21],
[25], Fardigola,[12], Chesalin and Yurchuk [7], [8], [9] Gordeziani and Avalishvili [15],
[16], and Shakhmurov and al. [26]. However, the case of multitime equations with
time-nonlocal conditions does not seem to have been widely investigated and few re-
sults are available, see, e.g., the articles by the authors Rebbani and al [22, 23, 35].
In the present paper, we consider time-nonlocal problems for a class of multitime
evolution equations, and we will apply the same technic used in [35]. We will prove
the existence and the uniqueness of the strong solution, this results are proved by the
energy inequality method.

2 Assumptions and statement of the problem

Throughout this paper H will represent a complex Hilbert space, endowed with the
inner product (.,.) and the norm |.|, and £(H) denote the Banach algebra of bounded
linear operators on H. Let Ty, To > 0, Q =]0,T1[ x ]0, T2[ = Q1 x Qs be a bounded
rectangle in the plane R?. We consider the following problem: Given the data f,p, ¥
and H, find a function u(t1,ts) satisfying the multitime evolution equation

0%y ou ou
2.1 Lu=———+B|—+ — Alt)u = f(t te
(2.1) b 6t16t2+ [6t1+3t2]+ (Bu = f(0), €%
Oyu=uly—0 — Mtly,=1, = @(t2), t2 € Qa,
(2.2)

Z)\Qu =u ‘fa:o - )\QU |t2:T2 = ,l/}(tl)a tl € Q17

where u and f are H-valued functions on €, ¢ (resp. @) is H-valued function on Qg
(resp. Q) and satisfy the compatibility condition

(2.3) ©(0) = Aap(T2) = P(0) — Mp(T1),

A1 and Ay are two complex parameters, A(t) is an unbounded linear operator in H,
with domain of definition ®(A) densely defined and independent of ¢ and B € L(H).
We require the following assumptions -

1. The operator A(t) is self-adjoint for every ¢t € Q and verifies

(2.4) (A(tyu,u) > co [u]>, Yue D(A),
(25) A(O,tz) = A(Tl,tg), to € QQ,
(26) A(tl,O) = A(tl,Tg), t1 € Q1.

where ¢y is a positive constant not depending on w and t.
2. X\ #0 (i = 1,2) such that,

(2.7) a; = |\i?exp(3C(Ty + T)) < 1,

where C is a positive constant depending on B, A(t) and its derivatives and A1, Ao
are tow complex parameters belonging to M, (C, M will be defined later).
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3 Spaces and auxiliary inequalities

3.1 Abstract formulation

Let us reformulate problem ((2.1) — (2.2) = P) as the problem of solving the operator
equation

(3.1) Lu=F = (f,¢,9),

where L = (L,0x,,£,) is generated by (P), with domain of definition ®(L), the
operator L is considered from the Banach space E into the Hilbert space F, which
will be defined later. For this operator we establish an energy inequality

(3-2) lulle < K[| Lulle.

If the operator L is closable then we denote by L the closure of L and by ®(L) its
domain.

Definition 3.1. A solution of the abstract equation Lu = F is called a strongly
generalized solution of problem (P).

Inequality (3.2) can be extended to u € D(L), that is,
(3.3) lulle < [ Tulle, Vu € D).

From this inequality, we obtain the uniqueness of a strong solution, if it exists, and
the equality of the sets R(L) and R(L). Thus, to prove the existence of a strong
solution for any F € F, it remains to prove that the set R(L) is dense in F.

3.2 Function spaces

In this subsection, we introduce and study certain fundamental function spaces. For
this purpose, let us denote by W™ = ©(A"(0)), 0 < r < 1, the space W" endowed
with the inner product (z,y), = (A"(0)z, A"(0)z) and the norm |z|, = |A"(0)z| is a
Hilbert space. We show that the operator A(t) (resp. Az(t)) is bounded from W1
(resp. W2) into H, i.e., A(t) (vesp. Az(t)) € LW H) (vesp. L(W=; H)) (see [19]).
Thus, we have the following results

Proposition 3.1. [6] If the function Q >t — A(t) € L(W?'; H) is continuous with
respect to the topology of L(W?; H), then there exist positive constants ¢ and co such
that

(3.4) clulr < JA@u| < exlulr, Yu e wt,
(3.5) Ver luly < A3 (8l < e luly, Yue Wh

Lemma 3.2. If the function Q >t —— A(t) € LW, H) admits bounded derivatives
with respect to t; and ty with respect to the simple topology in L(W'; H), then we
have the estimates

DA(t)z

_% <
o A) 5

L(H)

(3.6) A(t)!

, (1=1,2),
L(H)

DA(t)
ot
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NG

T+ 5)2 ———ds. (see [19], Lemma 1.9, p. 186).

where § = fo

1
Proposition 3.3. The operators OA(t) A7, OA(t)z

1 ot at;
ie., 8’§t(?)A(t)—1 , %A(t)—% € Loo(Q; L(H)), (i =1,2).

A(t)fé are uniformly bounded,

To show the estimate (3.2) we introduce the following spaces
HY1(Q; W) is the space obtained by completing C*°(£2; W) with respect to the norm

2 2
Julft, = [ (]af;; + |u?> i
Q
Let H'(Q;;W2) be the obtained space by completing C>(Q;; W2), (i = 1,2) with
respect to the norms [|¢|? = ? <’g0/’2 + |<,0|2§) dty, vl = ? (‘77!1,‘2 + |¢|2;> dty.
By completing C>°(€; W) WiSh respect to the norm ’

g = (J(V)? sup (llulre, JIE + lluC 2)I17)

TE

ou

2 ou 2 N
, ot

oty

1

where J(\) = %, we obtain the space E.
Denoting by F the Hilbert space Lo(€2; H) x V1(Qg; W2) x V1(Qy; W2), consisting
of vector-valued functions F = (f,¢,) for which the norm || F||2 = || f||*> + H(le
[9]12, is finite. V(Qq; W2) x V1(Qy; W2) is the closed subspace of H'(Qa; W 2) x
H'(Q,;Wz) composed of elements (¢, 1)) satisfying (2.3).

To prove the existence of the strong generalized solution we need the following
Hilbert structure.
Let HY1(Q; H) be the Hilbert space obtained by completion of C>(Q; H) with respect

2
2] dt
o, )

Let H'(Q2; H) be the Hilbert space obtained by completion of the space C>(Qa; H)
with respect to the norm ||¢||? = ||| + [|¢[|%.
We construct H'(Qq; H) in a similar manner.
Denoting by £ the Hilbert space La(2; H) x VY(Qa; H) x VY(Q1; H) composed of
elements F = (f, p, 1) such that the norm || F||Z = || ||+ |l¢l|Z+||¢||3 is finite, where
VY(Qa; H) x VYH(Qq; H) is the closed subspace of HY(Q2; H) x HY(Qy; H) composed
of elements (i, 1) such that Aap(0) — p(T2) = A19(0) — Y(T1).

Hy' (W) = {u € HMY QW) : by ,u=0, ly,u= 0} is the closed subspace of
HYLY(Q; W),

Hy'Y(Q; H) = {u € HYY (O H) : by, u=0, ly,u= 0} is the closed subspace of

HY (Q; H)

2
du
oty

2
%u
Ot10ts + +

to the norm [jul|? ; = [
)

1,1 - _
Hy (9 H) = {u € HY Y (G H) + M |i—0 —u [i,=1y,= 0, Aot [1,=0 —U |11, = 0},
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is the closed subspace of H!(§), H). We further denote

M={(A,A2) €C*: N, #0ando; <1, (i=1,2)}.

4 Uniqueness and continuous dependence

We are now in a position to state and to prove the main theorem of this section
for the operator L = (L,¥€x,,£y,) acting from E into F with domain of definition
D(L) = HY(; W) C E, from which we conclude the uniqueness and continuous
dependence of the solution with respect to the data.

Theorem 4.1. Let the function Q > t — A(t) € L(W?; H) have bounded derivatives
with respect to t; and ty with respect to the simple convergence topology of L(W?'; H)
and the conditions (2.4), (2.5), (2.6) and (2.7) be fulfilled. Then we have

(4.1) lull < S| Lullz, Vue HYH(Q; W),
where S is a positive constant independent of A1, Ao and u.

Lemma 4.2. (generalized Gronwall’s lemma)
(GV1) Letv(t,ta) and F(ty,t2) be two non negative integrable functions on ) such

that the function F(t1,t9) is non-decreasing with respect to the variables t1 and ts.
ty

to
Then the inequality v(t1,t2) < c3 {f v(r1,te) dr + [v(ty, 2) dTQ} + F (t1,t2),
0 0

(cs > 0), gives v(t1,t3) < exp (203(151 + t2)>F(t1,t2).

(GV2) Letwv(t1,ta) and G(t1,t2) be two non negative integrable functions on £ such
that the function G(t1,t2) is non-increasing with respect to the variables t; and ts.
Tl T2
Then the inequality v(t1,t2) < caq [v(m,t2)dm + [ v(t1,72) dTQ} + G (t1,t2),
ta

t1

(04 Z O), yields ’U(tl,tg) S exp (204(T1 =+ T2 — tl — t2)>G(t1,t2).

Proof. see [35]. O
1

Lemma 4.3. Let |.|;, be the norm in W™ (m = 2 1), g be a function of variable

te [0,T) in W™, and let h; = g(0) — \jg(T), (i = 1,2). Then, if the condition (2.7)

holds, we have 05|g(0)|2, — (14 a;)|g(T)[2, < 63 (1fai)

=rm) hi|72n= 93 = |)(\11L|2 (Z = 1,2).

Proof. Tt sufficient to use the € inequality with € = (12770‘), (1=1,2). |

73

Lemma 4.4. [The method of continuity]

Let Xy, X5 be two Banach spaces and Ly, L1 be bounded operators from Xy into Xs.
For each r € [0,1], set L, = (1 —r)Lo + rL1 and suppose that there is a constant k
such that ||ul|x, < k||Lru|x, for v € [0,1]. Then Ly maps Xy onto X if and only if
Lo maps Xy onto Xs. (see [14], Th. 5.2, p.75).

We also need the e-inequality: 2(a,b) < ¢la|? + e71[b]?, € > 0. Let us return now to
the demonstration of the theorem 4.1.
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Proof. The proof is based on detailed analysis of the forms [ 2Re(Lu, Mu)dtidts,

ol
where Mu = STU + gTu and Q D Q, = (0,7) x (0,72), (0,71) x (0,T%), (0,71) X
1 2

(0,72), (11,T1) X (72, T2) and by making use some technical elementary estimates,
propositions (3.1, 3.3) and lemmas (3.6, 4.2, 4.3) we get ||ul|z < S| Lull?, Yu € D(L).
]

It follows from estimation (4.1), that there is a bounded inverse operator L~! on
the range R(L) of L. However, since we have no information concerning R(L), except
that R(L) C F, we must extend L so that the estimation (4.1), holds for the extension
and its range is the whole space. We first show that L : E — T, with the domain
D(L), has a closure.

Proposition 4.5. If the conditions of theorem 4.1 are satisfied, then the operator L
admits a closure L with domain of definition denoted by D(L).

The solution of the equation
(4.2) Lu=F, FEe€F,

is called a strong generalized solution of problem (P). Passing to the limit, we extend
the inequality (4.1) to the strong generalized solution, we obtain

(43) lull < S| Tul;, vueD(D),

from which we deduce

Corollary 4.6. From the inequality (4.3) we deduce that, if the strong generalized so-
lution exists, then this solution is unique and it depends continuously on F = (f, p, ).

Corollary 4.7. The set of values R(L) of the operator L is equal to the closure R(L)
of R(L) and (L)' = L-1.

This corollary allows us to claim that, to establish the existence of the strong gen-
eralized solution to problem (P) it suffices to prove the density of the set R(L) in
F.

5 Existence of a solution
To show the existence, we need the following condition
Condition (H) Q3>t+— A(t) € £(2; W) admits mixed derivatives

P2A  PA . 9A ., 0A

5 A0 Brogp. With A” A7 € Ly(Q; L(H)).
o605 0on "M oA o € La(HL(H)

We are now, in a position to state and to prove the main result of this paper i.e., estab-
lish the density of R(L) in F, who is equivalent to show that, R(L)* = {(0,0,0)} for
this purpose, we meet some difficulties (derivation), and to surmount these difficulties
we introduces the regularization operators, so we use the regularization technique.
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Definition 5.1. We put A.(t) = (I +cA(t)), Jo(t) = A7 () = (I +A(t))!,

R.(t) = A(t)(I +cA(t))t = é([ —Je(t)), &>0,and call R.(t) the Yosida approz-
imation of A(t).

Theorem 5.1. Under the conditions of the Theorem (4.1) and the condition (H),
the set R(L) is dense in F.

Proof. We use the method of continuity given in the book [14]. We introduce the
family of operators L, = (L, lx,,lx,), w € [0,1], where

2

0 0
Lo = Ot 0t } ’

FwB+A(t) = (1-w)Lo +wLs, B=B[at1+at2

Let’s start with showing the result (i.e., R(Lo)* = {(0,0,0)}) in the case w = 0, and
by means of the method of continuity, we establish the general case.

First step w =0. Let V = (v,v1,v2) be an orthogonal element to R(Lg). Then
we have

(5.1) (Lou, Vg = (Lou,v) + (Ix,u,v1) + (Ia,u,v2) =0, VYu € HH(Q,W?).
Let’s show that V' = (0,0,0), but £,,, £), are independent and their ranges are dense,
then it is sufficient to prove the following proposition

Proposition 5.2. If for every v € La(Q2; H) we have

0%u

(5.2) (Lou,v) = <8tlc92

+ A(t)u, v> =0,Yu € Hé’l(Q; W), then v =0.

Proof. Let w = A-1v and h = A.u, then the relation (5.2) becomes

d%h d d

5.3 — —(Bi.h) — =——(B3.h) + Bi.h,w ) = —(h, A

( ) <8t18t2 8t2( le ) 8151( 2e )+ 3e ’w> < ) w>7

h € Hy'(9;H) and By € L(H), (i = 1,2,3) are given by Bj, = 92471 —
2

B,  Bj =eS92A7' - BB =ezlf-ATt —eBSAAT —eBSA AT, (%) denotes

the symbol of the adjoint.

Since the equation (5.3) is true for all function h € Hy''(Q; H) , it remains true for
h € C§°(2; H), what gives to the sense of distributions

0w ow ow

4 ——— + Bie— + Boe— = —(h, (A + Bs.)w), 5°(Q; H).
(5.4) <h, oo, T Py, T B2 8t1>D, (h,(A+ Bs.)w), YheC5(Q;H)
We define the following operators

~ =11 ~ 0%u ou ou
(55) @(ﬁ) _HO (Q,H), Lu = m"‘Bzgaitl“rBlE@itQ,
~ ~ 0%u 0 0

] 7 — Hl,l O H 1y — _ B* _ B* .

(5 6) ,'D(‘C ) 0 ( ’ )7 L' 8t18t2 8151( 25“’) atg( 1au)
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According to (5.3) and (5.4), we can show that £’ = (£)*. Let’s come back to the
equation (5.4), we have, for each € # 0, w is the weak solution to the problem

< d*w ow ow
Ew:mﬁ—BlgaitQ‘i‘BQEaitl

bHw= Aw lty=0 — W t,=1, =0,

= (B3, A7le + AA  e)v,
(5.7)

Zkzw = w lty=0 — W |ta=, =0,

where v € Lo(Q; H), Bj.€ L(H), (7 =1,2,3).

We are going to show that, w is a solution in the strong sense of the problem (5.7)
and that it verifies an a priori estimate, then we shows that v =0.

To establish these results, we can show that the operator L = (£,11,,1s,) acting from
HYY(Q; H) into & is isomorphism

Proposition 5.3. The operator L is isomorphism from HY(Q; H) into £.

Proof. We must show that R(L) = £ and

(5-8) (i) |Lul? < dillulf,, VueHY(QH),

(5.9) (i) Jul?, < dol|Zul?, Ve HYN(Q: H),

where dy and dy are positive constants independent of .
(1) Tt is easy to show

(5.10) I£ul? < 4max(1,C?) [lull},, Yue H'(QH).

By virtue of the continuity of the operators £y, , £, from H>'(Q; H) into H'(Qy; H),
H'(Qq; H) respectively and the inequality (5.10), we obtain the estimate (7).

(74) We use the same techniques to those used to establish the estimate (4.1) in
Theorem (4.1), then we establish the estimate (5.9).
From the continuity of the operator L and the inequality (5.10), we conclude that
the operator L is an isomorphism from H1(Q; H) into the closed subspace R(L) =
L (H“Y(Q; H)).
It remains to show that ’R(E) = &, for this purpose, we introduce the family of

operators {L"}ne[o | defined by

ZU:(ZnaZ)\uZ)\z)’ 776[0’1];

~ 0%u ou ou
5.11 L,y =——+nB ith B.u = Bye— + Bio—
( ) nU O, 0ty +nbeu, Wi eU 268751 + laat27

D(L,) = HY (Q, H).

We proceed by the method of continuity, we can show that R(L;) = R(L) = £. This
proves the proposition (5.3). |
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Proposition 5.4. The operator L =L is closed
Proof. The proof is similar to the proof of Proposition 4.6 in [35]. |
From the properties of the operators with closed range, it follows

N(L') =R(L)* = Ly(; H)* = {0},
R(L')=R(L")=N(L)* = {0}" = La( H).

Hence L' is an isomorphism from Hy''(Q; H) into Ly(Q; H) and it is closed in the
topology of La(Q2; H).

Definition 5.2. We Denote by £ = (Z’ ) the weak extension of the operator £
defined by

(5.12) <£~’u,v> = <u,ﬁv> =(u,f), Yue Hy'(Q,H)andLv=fe Ly(Q,H)

Proposition 5.5. The weak extension L of the operator L coincides with its strong

extension (ﬁ) = E.
Proof. see[35]. O

From the proposition (5.5), we deduce that the weak solution to problem (5.7)
coincides with its strong solution. Hence w € HY(Q; H) N La(2, W1) and satisfies
the problem (5.7) in the strong sense, i.e.,

D(L) = Hy' (% H),

(5.13) o2
w ow ow
B By, Aw = —Bz.w = f.
Lw = 8t18t2+ 28 + 1a + Aw = 3cW = f

By a similar calculations to those used to establish theorem (4.1), we show
Proposition 5.6. Under the assumptions of the theorem (4.1) we have the estimate

(5.14) A2 w|)? < dg|| Bsewl||2, Vw € Hy' (2 H),

1 d
from (5.14) and (2.4) it follows |wl|]? < — Az w|®> < =8| Bs.w|]?, replacing w by
Co Co

AZ'v in the last inequality, we obtain

(5.15) JAZ ))? < *||B3s o2,

We have

e < {Ji-n () vern-olfo-a (2
+ 2Bl | (- a2 ang) (410 —0)
+ H(I—A;)(B%A Ny +H(z AZY (B g::A )U’}—m, £ 0,




22 A. Benrabah, F. Rebbani and N. Boussetila

While taking account of the last inequality, and while passing to the limit in (5.15),
when ¢ — 0 and applying the properties of AZ!, we obtain v = 0. This completes
the proof of proposition (5.2). O

Let us go back now to (5.1), by virtue of proposition (5.2), we obtain (€x,u,vi), +
(€x,u,v2), = 0. Since £y, £y, are independent and the ranges of the operators £, £y,
are dense in the corresponding spaces, we obtain v; = vo = 0. Hence V = (0,0, 0),
therefor R(L,) = F for w = 0.

Second step w # 0. We need the following lemma

Lemma 5.7. The operator (L1 — L) is bounded, and we have
(5.16) (L1 = Lo)ulle < Kljulle,
where the constant k does not depend on u .

Proof. The equation L,u = F can be written as

(5.17) u+ (w—wo)(Luwy) (L1 — Lo)u = (Ly,) ' F.

From (4.3) and (5.16) we have ||(L.,) "' Flle < VS| Flle, and ||(Lo,) " (L1 — Lo)ullg <
Ly,

m||u|g, where m = kv/S. Let |w—wp| < p < L, putting A = (w—wg)(Lw,) (L1 — Lo)
and N = (L) 'F, (5.17) can be written as u + Au = N.

A
Observing that [|A]| = sup [[Aul]y < 1. The Neumann series u = »_~ (—=A)"N
ueD(Ly) [[ull1

is then a solution to equation (5.17). We have thus proved that if R(L,,,) = F and

1 _
|w—wo| < p < —, then R(L,) =F. Proceeding step by step in this way we establish
m

that R(L,,) = F for every w € [0,1]. For the case w = 1, we have R(L) = F. The
proof of theorem (5.1) is achieved. O

Theorem 5.8. For every element F = (f,p,0) € F there exists a unique strong
generalized solution uw = (L)~1F = (L=1)F to problem (P) satisfying the estimate

lullg < SliZullg, Vue HWY(Q W),

where S is a positive constant independent of A1, Ao and u.
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